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VECTO

BAI 8: TONG VA HIEU HAI VECTO

 CHUONG |

@ LY THUYET.

1. TONG CUA HAI VECTO
1.1. Pinh nghia: Cho hai vecto G va b . Liy mot diém 4 tuy ¥, v& AB=a, BC=b. Vecto

AC duoc goi la téng cta hai vecto @ va b , ki hiéu a+b. Vay AC=a+b.

1.2. Cac quy tic:
+ Quy tdc ba diém: Véibadiém 4, B, C,taludn co: AB+BC = AC.
+ Quy tdc hinh binh hanh: Tt gidc ABCD 1a hinh binh hanh, ta c6: AB+ AD = AC .

B C
4 )
1.3. Tinh chét: Véiba vecto a, b , ¢ tuy v, ta co
+ Tinh chit giao hoan: G+b=b+a.

+ Tinh chat két hop: (@ +b)+¢ =a+(b+¢).
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CHUYEN DPE IV —- VECTO

> Luyén tap 1. Cho hinh thoi ABCD véi canh c6 do dai bing 1
va BAD =120°. Tinh d¢ dai cta cac vecto CB+CD, DB+CD+ BA.

m
O

A D

L.

Loi giai

Ap dung quy tic hinh binh hanh ta c6 CB+CD=CA.

Do hinh thoi ABCD ¢6 BAD =120° nén tam giac ABC déu.

Vay ‘C—ZHC—D‘:‘@‘:CA:I.

Ta c6 ﬁ+@+§4=@+(ﬁ+ﬂ)=@+ﬂ=a.
Do d6 ‘ﬁ+c—1)+ﬂ‘=c/1=1.

2. HIEU CUA HAI VECTO
1.1. Dinh nghia:
+ Vecto do6i cua vecto a, ki hi€éu 1a —a, 1a mot vecto ngugc hudng va cé cung do dai véi vecto
a.
+ Vecto 0 duoc coi 1a ddi vecto cta chinh no.
+ Cho hai vecto @ va b . Ta goi hiéu cua hai vecto a va b 1a vecto a +(—Z; ) ,kihiéu a—>b .
1.2. Quy tic vé hiéu vecto:
Quy tac hiéu: Vi ba diém O, M, N ta co MN =ON -OM.
Chu y:
+Piém I 1a trung diém cua doan thing 4B khi va chi khi 74 +IB=0.
+Piém G 1a trong tdm cua tam gidc ABC khi va chi khi GA+GB+GC =0.
Luyén tap 2. Cho tir gisc ABCD. Goi M , N lan luot 13 trung diém cila cac canh 4B ,CD va O 1a trung

diém ctia MN . Chimg minh ring O4A+OB+OC+O0D = 0.
Giai

Ta c6 OA+OB+OC +OD = OM + MA+OM + MB+ON + NC+ON + ND
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:(OM+W)+(m+ﬁ)+(OM++W)+(W+N—D)

b

,.....,.,z‘.p
e
[
fka?g?;
@i

=0
Chi y: Phép cong vec to twong tmg voi cac quy tic tong hop luc, tong hop van téc.
> Van dung.
Tinh lwc kéo can thiét dé kéo mot khau phao co trong luong 22148N ( tmg v6i khdi lwong xap

xi 2260kg ) 1én mot con dbc nghiéng 30° so voi phuong nam ngang (H.4.18). Néu luc kéo ctia
mdi ngudi bang 100N , thi can ti thiéu bao nhiéu ngudi dé kéo phao?

Chu y: Tacoi khéu phéo chiu tac dong cua ba luc: Trong luc f’( c6 do l6n ‘?" =22148N , co
phuong vudng goc véi phuong nam ngang va hudng xudng dudi), phan luc w (c6dolén
M = ‘13‘ c0s30°, c6 phuong vudng goc v6i mit doc va hudng 1én trén) va luc kéo F (theo
phuong doc, hudng tir chan doc 1én dinh doc).

Loi giai
Ta c6: Trong luc P ¢ do 16n ‘TD‘ =22148N , c6 phuong vudng goc v4i phuong nam ngang va
hudng xudng dudi

B

Phan luc w c6 do 16n M - \73| c0s30° = 21842,

c6 phuong vudng goc vo1 mat doc va hudng 1én trén)

Goi 171:?’+7v ta co

7| =0c =BT =B0* = ||F[ ~[w[ =1174N

Dé kéo dugc khau phéo lén dc thi [F|>|F;

b

(B i
nghia 1a s0 nguoi kéo phao phai 16n hon— =——=11,74
100 100

Vay can t6i thiéu 12 ngudi dé kéo phao.

<‘> BAI TAP SACH GIAO KHOA.

4.6. Cho bén diém batky 4, B, C,D. Hay chimg minh rang
a) AB+BC+CD+DA=0. b) AC—AD=BC-BD
Loi giai
a) Ta c6 ﬁ+ﬁ?+@+ﬂ=(E+?C)+(CT)+@)=TC+CT4=6_
AC—AD=DC

b)Taco \— ——= —— nén AC-AD=BC-BD
BC—-BD=DC
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CHUYEN DPE IV —- VECTO

4.7. Cho hinh binh hanh ABCD. Hay tim diém M dé BM = AB+ AD. Tim mdi quan hé giita hai vec to
CDva CM .

Loi giai

/A\/\M

D C

Ta c6 thep quy tic hinh binh hanh BM = AB+ AD <> BM = AC nén M la dinh tht tu cua
hinh binh hanh BACM ( nhu hinh v§).

4.8. Cho tam giac déu ABC canh a. Tinh d6 dai cac vec to AB - E, AB+ AC.
Loi giai
a) Tinh d6 dai vecto AB—AC
Ta c6 AB— AC = CBnén ‘E—E‘z‘@‘ =CB=a
b) Tinh do dai vecto 4B+ AC
B D

A C

Goi H la trung diém cia BC = AH 1 BC. Suyra AH =

BC\/g _ a\/g
— T,

2
Dung D la diém sao cho tir gisc ABDC 14 hinh thoi.

Ta lai c6 ‘AB+AC‘ ‘AD‘ AD =2AH = 2“\/_ a3.

4.9. Hinh 4.19 biéu dién hai luc ]71, 1?'2 cung tac dong 1én mot vat, cho }?1 =3N, —2 =2N . Tinh d6 l6n
cua hop luc E‘FE .
- o
F
Hinh 4.19
Loi giai
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Goi AB=F,AC=F,
(@ | o
Taco I +F,=AB+AC=AD=F

) Xét tam giac ABD

F AD = BA> + BD* —2BA.BD.cos60"

1

— - /9+4—2.3.2.—=ﬁ.
A F, 2

4.10. Hai con tau xuat phat ciing lac tir bd bén nay dé sang bd bén kia cia dong séng véi van tdc riéng
khong d6i va c6 do 16n bang nhau. Hai tau ludn duogc giit 14i sao cho chung tao véi bd cing mot
gdc nhon nhung mot tau hudng xudng ha luu, mot tau hudng 1én thuong ngudn ( hinh v&). Van
téc dong nudc 1a dang ké, cac yéu td bén ngoai khac khong anh hudng dén vén tée ctia cac tau.
Hoi tau nao sang bo bén kia trude?

Loi gidi

Goi tau thir nhat 1a tau huéng xudng ha luu ¢ van toc thuc té 1a \71 = E + E

Tau thr hai 13 tau huéng 1én thugng ngudn c6 van tc thyc té 1a vj = 17r -V,

Ta thiy v, > v, nén tau thir nhit s& sang b bén kia trude.

@ HE THONG BAI TAP TU LUAN.

DANG 1: CAC BAI TOAN LIEN QUAN PEN TONG CAC VECTO

CAu 1:  Cho hinh binh hanh 4BCD x4c dinh cac vecto CB+CD  AC+DA
Loi giai
CB+CD=CA va AC+DA=DA+AC=DC.

—_— — — — —

Cau 2: Cho tam giac ABC | x4c dinh cac vecto AB+CA+BC  AB+AC
Loi giai

AB+CA+BC=AB+BC+CA=AC+CA=AA=0

Goi D 1a diém sao cho ABCD 1a hinh binh hanh. Khi d6
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Cau 3:

Cau 4:

Cau 5:

CHUYEN DPE IV —- VECTO

AB+AC=AD.

—_— — — —s —

AB+OD = AB+ BC = AC
AB+ AE+OD = AO+0OD = AD.

Cho n diém A,4,,4,,..., A, , xac dinh vecto

A A +A A  +A A+ +AA+AA.

Loi giai

A A +A A +A A+ + A4+ AA
=AA+A,A4+..+A A +A A +A A

Dodé 4, A +4

n-2*"n—

A A A A+ AA =AA, .

Cho tam gidc ABC . Bén ngoai ctia tam gidc v€ cac hinh binh hanh ABILJ, BCPQ,CARS . Chiing

minh ring R—J+@+}’—S=6.

Loi giai

Q P

Vay R—J+@+P—S=@

DANG 2: VECTO POI, HIEU CUA HAI VECTO

Cau 6:

Cho tam giac ABC'. Goi M, N, P lan luot 14 trung diém cua BC, CA, AB . Ching minh rang:

a) AP+ AN — AC + BM = 0

b) OA 4+ OB + OC = OM + ON + OP véi O la diém bét ki.

Swu tam va bién sogn
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Loi giai

a) Vit gidc APMN 1a hinh binh hanh nén theo quy tic hinh binh hanhtacé AP + AN = AM

, két hop voi quy tac trix

AP+ AN —AC + BM = AM — AC + BM = CM + BM

Ma CM + BM = 0 do M 1a trung diém cua BC.

Viy AP+ AN — AC +BM = 0.

b) Theo quy tic ba diém ta c6

(7A+O?+%: (E’}—FP_A + OTW'—I-% + O—N'—I-N—C;

— OM +ON +OP + PA+ MB + NC

— OM+ON +0P — BM +CN + AP
BW—!—CTV+E=65uyraOT4+£+O?=OTJ+OT¢+O7’i

Cho hai hinh binh hanh ABCD va AB'C'D' c6 chungdinh A.  Ching
B'B+CC'+D'D =0

Loi giai

Theo quy tic trir va quy tac hinh binh hanh ta c¢6

B'B+CC'+D'D= AB—AB' + AC'—AC + AD— AD'

D —

— AB+AD —AC— AB'+ AD' +AC =0.

Cho tam gidc ABC. Céc diém M, N, P lan luot la trung diém cua AB, AC, BC.

a) Tim AM — AN;MN — NC;MN — PN;BP—CP .

b) Phan tich AM theo hai vecto MN; MP .

Loi giai

minh

rang

7 | Th.s Lé Viét (GV toan THPT Thing Long, Ha N§i) — Chuyén gia Chién lwgc Gido duc va Sw nghiép



Cau 9:

Cau 10:

CHUYEN DPE IV —- VECTO

a) AM — AN = NM

MN — NC=MN—-MP =PN (Vi NC=MP)
MN — PN =MN + NP = MP
BP—CP=BP+PC=BC

b) AM = NP = MP—MN .

Cho 5 diém A, B, C, D, E. Chimg minh rang: AC+ DE —DC—CE+CB = AB
Loi giai

Ta co —RZE; —@zﬁnén

—_— —  — s — s —s — —

_— s s —

-~ AC+CD+DE+EC+CB= AB=VP= dpcm.

Cho n diém phan biét trén mit phang. Ban An ki hiéu ching 1a 4 ..,A,. Ban Binh ki hiéu

25 )

ching 12 B, B,,...,B, (A, # B,). Chimg minh ring: 4B, + 4,B,+...+ 4,8, =0.
Loi giai
Lay diém O bt ki. Khi d6

AB,+ 4,B,+..+ A,B, = (OB, + OB, +..+ OB, )~ (OA, + Od, +...+ O4,)
Vi {B,B,,...B,} ={4,4,,..,.4,} nén

OB +OB. +...+ OB = Od + O +..+ OA

Do d6 A B, + A,B,+..+AB, =0.

DANG 3:CHUNG MINH PANG THUC VECTO

Cau 11:

Cho nam diém A, B,C, D, E . Ching minh ring
a) AB+CD + EA = CB + ED b) AC +CD — EC = AE — DB + CB
Loi giai

a) Bién doi vé trai ta co
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VT = AC+CB +CD+ ED+ DA
— CB+ED + AC+CD + DA
_ CB+ED +AD + DA

— CB+ED = VP.
b) Péng thirc twong duong voi
AC —~AE + CD—CB —EC + DB =0
& EC+BD—EC + DB =0
BD + DB = 0 (ding).
Cau 12: Cho hinh binh hanh ABCD tam O. M 1a mét diém bat ki trong mit phang. Chimg minh rang
2) BA+ DA+ AC =0

b) OA+ OB +0C + 0D = 0

¢) MA + MC = MB + MD.

Loi giai

D" C

a) Ta co ﬂ—i—ﬂ—i—ﬁz—ﬁ—ﬁ—i—/l—(}”

— — AB+AD +AC

Theo quy tic hinh binh hanhtacé AB + AD = AC suyra

BA+ DA+ AC = —AC + AC = 0
b) Vi ABCD 12 hinh binh hanh nén ta c6: OA = CO = OA +OC = OA+ AO = 0
Tuong tu: 079+@:6:071+0—B'+@+£:6.

¢) Cach 1: Vi ABCD la hinh binh hanh nén AB = DC = BA+ DC = BA+ AB =0

— MA+ MC = MB + BA + MD + DC
— MB + MD + BA+ DC = MB + MD

Céch 2: Pang thiic twong duong voéi
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Cau 13:

Cau 14:

Cau 15:

CHUYEN DPE IV —- VECTO

MA — MB = MD — MC < BA = CD (déng do ABCD 1a hinh binh hanh).
Cho tam giac ABC'. Goi M, N, P lan luot 1a trung diém cia BC, CA, AB. Chimg minh rang:

 —

BM +CN + AP = 0.

Loi giai

Vi PN, MN la duong trung binh cua tam giac ABC nén

PN //BM, MN //BP suy ra ta giac BMNP 1a hinh binh hanh
= BM = PN

N 14 trung diém ctia 4C = CN = N4

Do d6 theo quy tic ba diém ta co

BN 40N+ AP— PR+ NA + AP

— PA+ AP = 0.
Cho hai hinh binh hanh ABCD va AB'C'D' c¢6 chung dinh 4. Ching minh ring
B'B+CC'+D'D=0

Loi giai

Theo quy tic trir va quy tac hinh binh hanh ta c¢6

B'B+CC'+D'D= AB—AB' + AC'—AC + AD— AD'
— AB+AD —AC— AB'+AD' + AC = 0.
Cho hinh binh hanh ABCD.Dung AM = BA, MN — DA, NP = DC, PQ = BC.Chimg
minh rang: A—Q :6.
Loi giai

Theo quy tic ba diém tacé AQ =AM + MN + NP + PQ = BA+ DA+ DC + BC

P —

Mt khic BA + BC = BD, DA+ DC = DB suyra AQ = BD + DB = 0.
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DANG 4: CAC BAI TOAN XAC PINH PIEM THOA PANG THUC VEC TO

Cau 16:

Cau 17:

Cau 18:

Cau 19:

Cau 20:

Cho AABC, tim M thoa MA—-MB+MC=0
Loi giai
MA—-MB+MC =0 < BA+MC < CM =BA.
Suy ra M la diém cubi cia vec to ¢ diém dau 1a C sao cho CM = BA.
Cho A4BC tim M thoa W+FC+E=AW3_
Loi giai
MA+MC+ AB = MB <> MA+ AB+MC = MB <> MB+ MC = MB < CM = O
Suyra M tring C.
AABC tim diém M thoa MA+BC—BM — AB=BA
Loi giai
MA+BC —BM — AB = BA <> MA+ MC = BA+ AB < MA+MC =O
Suy ra M 1a trung diém AC.
AABC tim diém M thoa MC—MB+BM +MA=CM —CB
Loi giai
MC —MB+BM +MA=CM —CB <> BC + BA=BM <> BC —BM = AB <>CM =BA.
Suy ra M 1a diém thoa ABCM 1a hinh binh hanh.
Cho tir gidc ABCD, tim diém M théa A4 — MB + AC + MD =CD .
Loi giai
MA—MB+ AC + MD = CD
< BA+ AC +MD =CD
< BC+MD =CD
< MD = DC+CB

< DM = BD.

Vay M 1a diém d6i ximg v6i B qua D.
DANG 5: CAC BAI TOAN TiNH PQ DAI CUA VEC TO

Cau 21:

Cau 22:

Cho hinh vuéng ABCD c6 canh bang a . Tinh ‘ﬂ) + E‘ .
Loi giai
Theo quy tic dudng chéo hinh binh hanh, ta c6 ‘E + A—B‘ = ‘A—C‘ =AC=AB2 =a\2 .
Cho tam gidc 4BC déu canh . Tinh ‘ZB + E"
Loi giai
Goi M 1a diém sao cho 4ABMC 1 hinh binh hanh. Ta c6 4B = AC nén ABMC 14 hinh thoi. Goi
O Ia tim hinh thoi ABMC . [4B+AC|=|4M|= AM =240 =a+3 .

11| Th.s L& Viét (GV toan THPT Thing Long, Ha Ndi) — Chuyén gia Chién lwgc Gido duc va Sy nghiép



Cau 23:

Cau 24:

Cau 25:

CHUYEN DPE IV —- VECTO

Cho hinh vudéng 4BCD canh 2a. Tinh ‘E+E‘

Loi giai

Taco [4B + AD|=|AC| = AC=2aV2.

Cho tam giac ABC déu c6 canh AB =35, H la trung diém cia BC. Tinh ‘64 —ﬁf‘ .
Loi giai

Goi M 1a diém sao cho CHMA 1a hinh binh hanh.

Ta c6: \Ej —H—C‘ = ‘54 +EI\ = \W\ — CM =2CE (E 13 tam cta hinh binh hanh CHMA).

53

Talai c6: AH = (AABC déu, AH la duong cao).
A
E
/ |
B ' g C

Trong tam gidc HEC vuong tai H , co:

s3) VT J7
EC=~CH?+HE* = [2.5 J{TJ == = |Cd- HC| =2CE=%.
Co6 hai luc fl , 172 cung tac dong vao mot vat ding tai diém O, biét hai luc 171 , f’z déu co cuong
do 1a 50 (N) va ching hop v6i nhau mot géc 60°. Hoi vat d6 phai chiu mot luc téng hop c6
cuong do bang bao nhiéu?

Loi giai
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Gidast F, =04, F,=0B.

Theo quy tac hinh binh hanh, suy ra 1’71 + Fz = OC, nhu hinh v&.
Ta cd AOB =60°, OA=OB =50, nén tam gidc OAB déu, suy ra OC =50+/3 .
Vay |F +F;| =|0C|=5043(N).

UNG DUNG THUC TE VAO TONG HIEU 2 VECTO

Cau 26: Cho ba lyc F1,F,,F3 cung tac dong vao vat dung tai diém O, biét sau khi tac dong luc thi vat
ding yén. Hai luc 1?1,?2 déu co cuong @6 100N va hop véi nhau mot goc 60° . Hoi cuong do

luc F5 1a bao nhiéu?

A
g : /
o
F,
B

Loi giai

~

N

i |
\_\
S

Dung hinh binh hanh O4DB nhu hinh vé.

Ténghqp lyc tac dong vao vat tai O la: 1?=f1+F2+F3 =0A4+OB+0C

|

Vivatdimgyénnén F=0< F+F,+F,=0< 04+0B+0C=0< C:—(@+@).

7| = ‘—(5’4+@)‘ = |04 +0B|=|0D|= 0D = 201 = 2.10(;‘/5 —100+/3 .
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Cau 27:

Cau 28:

Cau 29:

CHUYEN DPE IV —- VECTO

Cho 2 luc F, F, c6 cung diém dit tai O va co cuong do lan lugt bé‘mg 6N, 8N . Tim cuong do
luc téng hop cua F,F, biét goc giira chiing bang 90°.

Loi giai
Dung OB = F , OD=F. .

Ta co: E+E=@+@=2& v6i 1 1a trung diém cta BD.

Do do: ‘f]+ 1*?2

=2|0|=20I = DB =\JOB’ + OD* =6" +8* = 10.

Cho ba luc Fl = m, FZ = m, E = MC cung tac dong vao mot vat tai diém M va vat ding yén.
Cho biét cudng do cua K, F, déu bang 100N va AMB = 60°. Khi d6 cudng d6 luc cia F, la
Loi giai

Ta co:

C

Vat dimg yén nén E+E+E=6@—E=E+E,do do

F, F, +F,|= MC =100/3N .

_|-F

Cho ba luc Fl = MA , FZ = MB , f; =MC cung tac dong vao mot vat tai diém M va vat ding
yén. Cho biét cuong d6 cua I?I , Fz déu bang 25N va goc AMB =60°. Khi d6 cuong do luc cia

F, 1a

Q)\

Loi giai

Vat dimg yén nén ba luc da cho cin bang. Ta dugc F, = —(171 + Fz) .
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Cau 30:

Cau 31:
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Q)\

Dyng hinh binh hanh AMBN . Ta ¢6 —F, — F, = —MA—MB = —MN .

2
3ma _ 2543
2
Hai 6 to cling xuat phét tir 4 theo hai hudng vudéng goc véi nhau, van tdc tuong tmg ciia hai xe
1a x km/h va (100 - x\/g) km/ h . Hoi x bang bao nhiéu dé van toc tuong doi giita xe 6 to thir

Suy ra ‘E‘ :‘—W‘ =MN =

nhat va ngudi ngoi trén xe 6 to thir hai 1a nho nhat:

Loi giai
T (012
v
1
1 p—
UQ

Van toc twong dbi ciia xe 6 t6 thir nhat ddi véi 6 to thir hai 1a: Z = 171 + vj . Theo quy tac hinh
binh hanh thi |y;,|1a dwomg chéo ciia hinh chit nhdt c6 hai canh 1a |v,| va |v,|

Ta co:

o = i =+ 00-x5)

= 4x” =20043x +10000 = (2x - 503 )2 +2500> 2500

= |v,,| = 50k /1

Vay van toc twong di clia xe 6 t6 thir nhat dbi véi nguoi ngdi trén xe 6 t6 thir hai nho nhat
50km/ h.

Hai ban An va Binh cing di chuyén mét xe ddy trén dudng phang bang cach: ban An day xe tir
phia sau theo huéng di chuyén cuia xe bang mot lyc F, = 2N, ban Binh kéo xe tir phia trudc theo
hudng di chuyén cta xe mot luc F, =3 N. Gid su hai ban thuc hién dung k¥ thuat dé xe di chuyén
hiéu qua nhit. Hoi xe di chuyén véi luc tac dong c6 do 16n bang bao nhiéu?

Loi giai
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CHUYEN DPE IV —- VECTO

Khi hai ban An va Binh thuc hién dung k¥ thut dé xe di chuyén hiéu qué nhét thi hai lyc tic dong vao

Cau 32:

Cau 33:

xe la F] va FZ phai cuing huéng. Khi dé, luc tong hop tac dong vao xe 1a F= }71 + FZ c6 do lon
la |F|=F=F+F,=5N.
Cho ba luc E = m, Fz = m, E =MC cung tac dong vao mot vat tai diém M va vat dimng yén

nhu hinh v&. Biét cuong do cta lyc F, 1a 50N, AMB =120°, AMC =150°. Cuong do cia luc F,

la
B
o
A_‘ 120 M
1500
C
Loi giai
/
1200 \
A M »D
30°
150°
Cc

Taco AMB =120°,AMC =150° = BMC =360° —120° —150° = 90°
V& hinh chir nhat MCDB, c6 CMD =180° — AMC =180 —150° =30°
Vi vat duing yén nén tong hop luc tic dong vao vét bang 0= MD = MA =50.

cosCMD :%_1(; = MC = MD.cos30° = 50.? = 25x/§.

F|=F,=MC=25\3N .

Vay
Cho hai luc Fi,F> ¢6 cudng dd luc F, =60N, F, =80 N , diém dit tai O c6 phuong vudng goc

v6i nhau. Cuong d6 luc tong hop cua hai luc Fi,F> la

-—
F1
0 — i
F2
Loi giai
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A C
FT _.1+F2
0 - ¢
F2 8

Dung OA = F,;OB = F, , dung hinh binh hanh 4OBC suy ra AOBC 1 hinh chir nhat.
Khi d6 F, + F, = 04A+0B = OC

Cudng do luc tdng hop cta hai lyc F1,F> 1a

|7y + ;| =|0C| = 0C =JOB* + BC* =60* +80” =100N .
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