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VECTO

BAI 3: TICH CUA VECTO VOI MOT SO

<0> LY THUYET.

1. PINH NGHIA:

?ﬁ%@ Trung tim BDVH Unix Thing Long - Website: trungtamunix.edu.vn - zalo: 0835.221183
&)

| CHUONG |¢

Tich cia mot vecto a#0 voi mot s thue & >0 1a mot vecto, ki hiéu 1a ka , cung hudng

v6i a vacd df dai bang k‘a‘.

Tich ctia mot vecto a#0 vi mot s6 thuc k<0 1a mot vecto, ki hiéu 1a ka , nguoc

huong Vi a va ¢ do dai bang (= )|a.

TOM LAI: Cho s6 & #0 va mt vecto G # 0. Tich ctia vecto d véi sb k 12 mot vecto, ki hiéu

ki , cing huéng véi @ néu k>0, nguoc huéng véi d néu k<0 va co do dai bang |k| ﬁ| )
Chii y: Ta quy u6c ka=0 néu a =0 hodc k=0.
> Luyén tap 1.

Cho duong thang d di qua hai diém phan biét 4 va B (H.4.25). Nhitng khang dinh nao sau
day la dang?

Hinh 4.25

a) Diém M thudc dudng thing d khi va chi khi ton tai sb ¢ dé AM =tAB .
re e R £, 1 s ., —— AM —
b) Véidiém M batki, taludén c6 AM = EAB.
¢) Diém M thudc tia dbi ctia tia 4B khi va chi khi ton tai sb 1 <0 dé AM =t AB.
Giai ‘7
Nhing khang dinh dung 12 a); c).
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2. CAC TINH CHAT CUA PHEP NHAN VECTO VOI MOT SO

Vi hai vecto a, b va hai sb thuc k,¢, ta luon co:
° k(tZZ)Z(kt)&;
. k(Zz+13)=kZz+k13; k(&—B):kZz—kB;

. (k+t)Zz:kZz+tZz;

o la=a; (—1)a=—a.

> Luyén tap 2.

Cho tam gidc ABC c6 trong tim G . Ching minh rang véi diém O tiy ¥, ta co
OA+0B+0C =30G.

Giai

G 1a trong tdm tam giac ABC khi va chi khi GA+GB+GC =0 (Vi du 3b, Bai 8).

Ta co: @+@+&?=W¥+@+@+@+@+TC=3@+(@+@+@)=30?

e Diém / la trung diém clia doan thang 4B khi va chi khi IA+IB=0.
e Diém G latrong tim cta tam gidc ABC khi va chi khi GA+GB+GC =0.
> Luyén tap 3.

Trong hinh 4.27, hay biéu thi mdi vecto ﬁ,; theo hai vecto ;z,l; , tire 1a tim céc sd x, V,Z,t dé

;=X;+y5, ;=t21+zg.

Hinh 4.27

Giai

, {&:szia
Ta co:

v=-2a+3b '
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Chi y: Cho hai vecto khong cing phuong a,b (H.4.28).

Hinh 4.28

Khi d6, moi vecto u déu bién thi (phan tich) dugc mdt

cach duy nhét theo hai vecto a,b, nghia 14 ¢6 duy nhét

cip s6 (x;») sao cho u=xa+yb.

CHUY

1) Néu [ 1a trung diém cta doan thing 4B thi voi moi diém M ta cd MA+MB =2Mi .

2) Néu G 1a trong tAm cua tam gidc ABC thi v&i moi diém M ta ¢ MA+ MB + MC =3MG .

3) Piéu kién can va du dé hai vecto @ va 5 (b =0 ) cung phuong 1a c6 mot s thuc & dé

a=kb.

Nhén xét: Ba diém phan biét 4, B, C thang hang khi va chi khi c6 s6 & khac 0 dé

@ Vi DU MINH HQA.

Caul: Cho doan thfmg AB va M 1a mot diém nam trén doan AB sao cho AM = %AB. Tim k trong
cac dang thic sau:
a) AM =kAB b) MA=kMB c) MA=kAB
Loi gidi

A M B

AM . .
a) AM:kﬁ:>|k|=‘—:‘:ﬂ=l,mé AM cung huéng AB =
AB‘ AB 5 5

MA . .
S— =MA =l,mé MA ngugc huéng MB :>k=_l.
MB| MB 4 4

b) MA=kMB = |k| =

MA . .
— M—A:l,méj\lA nguoc huéng 4B :>k=_l.

¢) MA=kAB = |k|= =
AB| 4B 5 5
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Cau 2:

Cau 3:

Cau 4:

Trung tﬁm‘BDVH Unix Thing Lopg - Website: trungtamunix.edu.vn - zalo: 0835.221183
Thay Lé Viét — Tw duy Kién tao — Giup em gioéi toan, Cung em chon nghé

Cho G = AB vadiém O. Xac dinh hai diém M va N sao cho: OM =3 ; ON =—4d .

Loi gidi
a
A B
N O 34 M

1r

V& d diqua O vasong song v6i gia ciia d (néu O thudc gia cua d thi d 1a gia cua d).

—Trén d lay diém M sao cho OM = 3|ﬁ

, OM va d cung huéng. Khi d6 OA7 =34 .

—Trén d lay diém N sao cho ON:4|5 , ON va d ngugc hudng nén ON =—4a .

Cho AABC c6 trong tam G . Cho cac diém D, E, F lanluotla trung diém cua cac canh BC,
CA, AB va I lagiao diém cua AD va EF . Dit i = AE v = AF . Hay phan tich cac vecto Al
, E, D—E, DC theo hai vecto u,v.

Loi gidi

D@ thay tir giac AEDF 13 hinh binh hanh dan dén I 1a trung diém ctua AD.

Do d6 Al =+ AD =+ (AE+AF)=~ii+~5.

2 2 2 2
—— 2= 2_ 2 P _Td— AT 05 L
AGZEADZELHEV,DE— A=-AF =01i+(~1)V; DC =FE = AE— AF =ii —v .

Cho tam gidc ABC . Piém M nam trén canh BC sao cho MB =2MC . Hiy phan tich vecto AM

=AC.

<!

theo hai vecto i = 4B,

Loi gidi
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-'F..—

B¢

Tur gia thiét MB =2MC ta d& dang chimg minh dugc BM = % BC.

Do d6 —AM=E+W=TB+§B—C mi BC = AC — AB =

W=Z§+2(Ac AB)_ 25
3 3

1

3

Cau5: Cho tam giac ABC c6 trung tuyén AM . Goi I 1a trung diém AM va K 1a diém thuoc AC sao
cho 4K =%AC. Chung minh ba diém B, I, K thang hang.

Loi gidi

Taco [ 1a trung diém ctia AM — 2Bl =BA+BM .

Mit khac M 1a trung diém ctia BC nén W:%ﬁ

Do dé zﬁ:ﬂ+%ﬁ:@4ﬁ:zﬂ+% (1).

BK = B+ AR = BA+ AC = Bi+(BC-Bd) = Bi+_BC.
< 3BK =2BA+BC (2).

Tir (1) va (2) :>3ﬁ<=4§:>ﬁ<=§ﬁ

Suy ra3 diém B, I, K thing hang.
Ciu 6: Cho tam gidc ABC. Hai diém M, N dugc xéc dinh boi hé thue: BC+MA=0 va
AB—NA-3AC =0. Chimg minh MN // AC .
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e
i
B
@

Loi gidi

Tacd

BC+MA+ AB—NA-3A4AC=0 < AC+MN -34C =0 < MN =2AC (1).
Mit khac, BC+MA=0 < BC = AM .

Do ba diém A, B, C khong thang hang nén bon diém A, B, C, M 1a bdn dinh cta hinh
binh hanh BCMA => badiém A, M, C khong thang hang (2).

Tu (1) va (2) suyra MN// AC.

Cau7: Chotam giac ABC.Goi M, N, P lan luot 1a trung diém cia BC, CA, AB . Ching minh rang
AM +BN +CP=0.
Loi gidi
Ta cod
AM + BN + CP =1 (4B + AC)+ - (Bd+ BC)+ +(Cd + CB)
2 2 2

=%(E+ﬂ)+%(?€'+@)+%(3—c+c—3)=6.

Cau 8: Cho ti giac ABCD, O la giao diém cua hai duong chéo AC va BD.Goi G, G' theo thur tu 1a
trong tim ctia tam giac O4B va OCD . Chimg minh rang AC+BD=3GG' .
Loi gidi

D

Vi G’ 1a trong tdm ctia tam giac OCD nén ta co:
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Cau 9:
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G—G':§(GO+GC+GD) (1).

Vi G la trong tdm cua tam gidc OAB nén ta co:

@+§4+G7?:5:@=—(@+@) (2).
Tur (1) va (2) aG—GZ%(G—C—@+@—@)=%(TC+B—0)

— AC+BD=3GG'
Cho tam giac ABC v61 H, O, G lan luot 14 truc tAm, tim duodng tron ngoai tiép va trong tam
cua tam gidc. Chirng minh OH =30G.

Loi giai

A

Goi D la diém d6i xting cia A qua O, ta c6

BH // DC (cung vudng goc véi AC) (1).

CH // BD (cung vudng goc v6i AB) (2).

Tur (1) va (2) suy ra tir gidc BHCD 1a hinh binh hanh = ba diém H, M ,D thing hang.
— AH =20M .

Ta c6 OH = OA+AH = OA+20M =OA+OB+OC .

Do G la trong tdm cua tam giac ABC nén OA+OB+0C =30G.

Suy ra OH =30G .

<‘> BAI TAP SACH GIAO KHOA.

4.11. Cho hinh binh hanh ABCD. Goi M 1a trung diém cta canh BC. Hay biéu thi AM theo hai vecto

AB va AD.
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Loi giai

AM =% (AB+AC) =~ 4B +~-L(4B+AD)=> 4B+~ D

2 2 22 4 4

4.12. Cho tir gisc ABCD. Goi M, N tuwong tng la trung diém ctia cic canh 4B, CD. Ching minh rang
BC+AD=2MN = AC+BD.

Loi giai

D
N C

:2MN+(BM+AM)+(N7:+NT)):2W+6+6=21\TN

R‘+A—D:ﬂ+A_C"+E+B—D:(E+E)+E+@:()+E+B—D:E+E
4.13. Cho hai diém phan biét 4 va B.

a) Hay xac dinh diém K sao cho KA+2KB=0.

s = 1 2—
b) Chuing minh rang v6i moi diém O, ta co OK=§OA+§OB .
Loi giai

o) KA+ 2KB =0 < Ki+2(Ki+ 4B) =0 < 3Ki=-24B & AK =% 4B

b) Ta co: KA+2KB=0< KA=-2KB

104+20B =1 (0K + KA)+2(OK +KB)=OK +~Ki+> KB = OK +~(~2KB ) + > KB = OK

3 3 3 3 3 3 3 3
4.14. Cho tam giac ABC.

a) Hay xac dinh diém M dé MA+MB+2MC =0.

b) Chirng minh rang véi moi diém O, ta c6 OA+OB+20C =40M .
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Loi gidi
a)
MA+MB+2MC =0
< MA+MA+ AB+2MA+2A4AC =0
<:>4m:—(ﬁ+214—é)

—_—

o AM =1(E+2E)
4

b) OA+OB+20C = OM + MA+OM + MB +20M +2MC = 40M

4.15. Chat diém A chiu tic dong cua ba lyc E, FZ, 173 nhu Hinh 4.30 va & trang thai can bang (ttc 1a
F,+F,+F, =0 ). Tinh d6 16n cta céc lyc F,, F, , biét F, c6 do 16n 1a 20 N.

F3
120° =
— F2
AT
F,
Hinh 4.30
Loi giai
\ B3
20° 2
A ?
F,
' Fi
F+F,=F,
E+E+E=6©E:—E:‘—E‘=‘E‘
= . R
Ta co: E:‘E‘.tan30°:M;ﬂ: ‘1‘ :40\/5;
3 cos30° 3

2043

Vay \E\_— N,

40[
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0]
@ HE THONG BAI TAP TU LUAN.

DANG 1: XAC PINH VECTO #kd

Cau 10: Cho hai diém phan biét 4, B. Xéc dinh diém M biét 2MA—-3MB =0

Loi gidi

Ta co:
2MA-3MB =0 < 2MA—-3(MA+ AB) =0 < —-MA—-3A4B =0< AM =3A4B
= AM , AB cung huéng va AM =3A4B.
Cau 11: Cho tam giac ABC
a) Tim diém K sao cho KA+2KB=CB

b) Tim diém M sao cho MA+MB+2MC =0

Loi giai

a) Ta co: KA+2KB=CB <> KA+2KB=KB—KC < KA+KB+KC=0
= K la trong tam cua tam giac ABC.
b) Goi 7 1a trung diém cua AB. Ta c6:
MA+MB +2MC =0 <> 2MI +2MC =0 < MI + MC =0
= M 14 trung diém cta IC.
Cau 12: Cho tam giac déu ABC canh @ . Tinh
a) ‘EJrEJrR“

b) [4B + C|

Loi giai
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a) \E+E+FC’\=\(E+ﬁ)+ﬂ?\=\E+E\=\2E\=2\TC\=2AC=M.
b) Goi H 1a trung diém cua BC. Ta cé:

\E + TC‘ - \2@\ - 2\@\ —2AH =2\ AB* —BH? =2,|d® —(%T =a\3

Céu 13: Cho AABC vuéngtai B c¢6 A=30°, AB=a.Goi I la trung diém cua AC . Hiy tinh:
a) ‘EAH?C‘ b) ‘ﬁﬂTC‘

Loi giai
A
3
a I
B
M C

a\/§ AB a Za\/g

Tacd: BC=ABtan A=atan30’° =——, AC = = ;=
3 cos4 cos30 3

a) ‘EﬁHZYI‘=‘2§‘=2‘E‘=2BI=2.%=AC= 2"3‘/5.

3

2
b) [4B + AC| =[24M| = 2|4M|=24M =2V 4B> + BM* =2, |2’ +{“fj _ a3 .
DANG 2: HAI VECTO CUNG PHUONG, BA PIEM THANG HANG
Cau 14: Cho tam giac ABC c6 trung tuyén AM . Goi I la trung diém AM va K 1a trung diém AC sao

AK = %AC . Chimg minh ba diém B, I, K thang hang.

Loi giai
A
}
K
z,
I§
N\,

v \

M ~

Taco 25 = BA+BM =B+ BC =4BI =2Bi+BC (1)

11 | Th.s Lé Viét (GV toan THPT Thing Long, Ha Ni) — Chuyén gia Chién lwoc Gido duc va Sw nghiép



O] 40
aa

b | X

Cau 15:

DANG 3:
Cau 16:

Cau 17:
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Taco ﬁ:a+ﬁ:a+§ﬁ =ﬂ+%(?€—ﬂ)=§ﬂ+%ﬁ?
= 3BK =2BA+BC (2)
Tir (1) va (2) = 3%:4&:%:%@ = B, I, K thing hang.

Cho tam gidc ABC . Hai diém M , N duoc xac dinh bdi hé thic:

BC+MA=0, AB—NA—-3AC =0 . Chimg minh MN//AC.

Loi giai
Tac6 BC+MA+AB—NA—3AC =0 hay AC+MN -3AC =0 < MN =2AC.
Vay MN , AC cung phuong.
Theo gia thiét BC =AM .Ma A, B,C khong thang hang nén bon diém A4, B,C, M 1a bon dinh
cta hinh binh hanh = M khoéng thuéc AC.
Vay MN//AC.
BIEU THI MOT VECTO THEO HAI VECTO KHONG CUNG PHUONG
Cho tam giac ABC. Goi M 1a mot diém trén canh BC sao cho MB =2MC . Chimg minh rang:
v =LuB2uc.
3 3

Loi giai

M
L e = o= o = =l = 12—
Ta co: AM=AC+CM:AC—EBC=AC—E(AC—AB)=§AB+§AC (dpcm).

Cho AABC c6 trong tam G . Cho céc diém D, E, F lan luot 1a trung diém cla cac canh
BC, CA, AB va I 1a giao diém cia AD va EF . Dt u = AE,v = AF . Hay phan tich cic vecto

Zf, E, ﬁ, DC theo hai vecto u va v.
Loi giai
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Ta c6: AEDF 13 hinh binh hanh = AD = AE + AF
RSO R [
Taco AIZEAD=E(AE+AF)=§(M+V)

AG =3 AD =% (4E + AF) =% i+

DE = FA=—AF =0u+(-1)v

DC =FE = AE—AF =u—v

Cau 18: Cho AK va BM la hai trung tuyén ciia tam gidc ABC, trong tAm G . Hay phan tich cic vecto
E, ?C, CA theo hai vecto ;t:ﬁ{, v=BM
Loi giai

4
S S B
* AB:AG+GB:§AK—§BM

* B—c’=zB—‘K=z(B—G+G—K)=z%m+§R%R%m

—_—

* CAz—I’:—(E+E):—(E+%FC’)

DANG 4: PANG THUC VECTO CHUA TiCH CUA VECTO VOI MOQT SO

Cau 19: Cho t gidc ABCD. Goi I,J lan luot 13 trung diém cia AC va BD. Chung minh ring:
AB+CD=21J.
Loi giai
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A

T Y = 21J=(IA+IC)+(AB+CD)+(BJ +DJ)
IJ=IC+CD+DJ

, {ﬁ:ﬁ+ﬁ+§/
Ta co:
< 21J=0+AB+CD+0= AB+CD.
Cau 20: Cho tir giac ABCD. Goi E, F lan luot 1a trung diém ciia 4B va CD.
a) Chung minh rang; AC+BD=AD+BC =2EF

b) Goi G la trung diém ctia EF . Chimg minh rang GA+GB+GC+GD=0

Loi giai
B
E
A
G

11 u

n L]
D F C

a) AC+BD =(AE+ EF +FC)+(BE + EF + FD ) =2EF +(AE +BE ) +(FC+ FD)
=2EF +0+0=2EF (1)
AD+ BC = (AE + EF + FD)+(BE + EF + FC) = 2EF +(AE + BE )+ (FD + FC)
=2EF +0+0=2EF (2)
Tir (1) va (2) suy ra: AC+BD = AD+ BC =2EF
b) @+§3’+CTC+G73’=2@5’+2G7=2(@+ﬁ)=26=6.

Céau 21: Cho hinh binh hanh 4BCD. Chiing minh ring: AB+2AC + AD =3A4C

Loi giai
A B
D C
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VT=E+2TC+E=(TB+E)+2E=TC+2ATC=3TC=VP.

Céu 22: Chimg minh rang néu G va G' lin luot 1a trong tdm tam giac ABC 3y AB'C'
3GG'=AA'+ BB'+ CC"

Loi giai

VP=AA'+ BB'+CC'

_—  —s s —s —

~3GG'+ AG+BG+CG+G'A'+G'B'+G'C"

=3GG'-(GA+GB+GC)+G'A'+G'B'+G'C' =3GG' = VP.
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