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HAM SO LUONG GIAC
VA PHUONG TRINH LUQNG GIAC

BAI 3: HAM SO SO LUQONG GIAC

<0> LY THUYET.

1. Pinh nghia ham so6 lwong giac

Quy tac dat twong tng méi sb thure x véi sé thire sinx dwgc goi la ham so sin, ki hiéu

la y = sinx.

Tap xac dinh cla ham sbé sin la R.

Quy tac dat twong trng méi sb thire x véi sd thue cosx dugc goi la ham sb césin,

ki hiéu la y = cosx.

Tap xac dinh cla ham sé césin 1a R.

sin x

oS X
[ |

Tap xac dinh clia ham sé tang la Iw‘z':\l%+ kn|k e uj

Ham sé cho bang céng thirc y = duoc goi la ham sb tang, ki hiéu la y = tanx.

Ham s6 cho bang céng thic y = % dugc goi la ham so cétang, ki hiéu la y = cotx.
I

Tap xac dinh clia ham sé cétang la R\ (kx| k e Z}.

2. Ham so chan, ham so 1é, ham so tuan hoan

a) Ham so chan, ham so 1é

Cho ham s y = f(x) co tap xac dinh la D.

« Ham s6 f(x) duoc goi la ham s6 chan néu Yx eD thi —x e D va f(—x) = f(x).

D6 thi clia m6t ham sb chan nhan truc tung la truc déi xang.
« Ham sb f(x) dugc goila ham sb |1é néu vx e D thi —x e D va f(-x) = —f(x).

D4 thi clia m6t ham sb |é nhan géc toa dé 1a tam ddi xdrng.
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b) Ham so0 tuan hoan

Ham sé y = f(x) c6 tap xac dinh D dugc goi la ham sé tuan hoan néu tén tai s6 T =0
sao cho vdi moi x € D ta co;

) x+TeDva x-TeD,

i) f(x +T) = F(x).
S6 T dwong nhoé nhat thod mén céc diéu kién trén (néu cé) dwoc goi la chu ki clua
ham so6 tuan hoan do.

3. Do thi va tinh chat ciia ham s6 y =sin x

Ham sb y=sinx xac dinh trén R, nhan gié tri trén doan [—l; 1] va

La ham s0 1¢ vi: sin(—x)=—sinx, Vx eR.
La ham s6 tuan hoan véi chu ky 27 .

Ham s6 y =sinx nhan cac gia tri dac biét:

sinx=0<x=kr,keZ.

sinx:1<:>x=§+k27r,keZ.

sinx=—1c>x=—%+k27r,ke 7z
D6 thi ham sé y =sinx :

?\_/ZH ) . "
-1

4. D6 thi va tinh chét ciia ham sé y = cos x

Ham s0 y =cosx xéc dinh trén R, nhan gié trj trén doan [-1;1] va
La ham s0 chan vi: cos(—x)=cosx,VxeR.
La ham s6 tuan hoan véi chu ky 27 .

Ham s6 y =cosx nhén cac gia tri dac biét:

cosx:0<:>x:%+kﬂ,keZ.

cosx=lox=k2r,keZ.
cosx=—-1ox=rn+k2r,keZ

Do thi ham s6 y =cosx:
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5. P thi va tinh chit ciia ham sé y = tan x

sin x

. e , . n v N e, e A N
Hamso y=tanx = xac dinh trén R\ {E +kr,k e Z} ,nhan gid tri trén R va

COS X

La ham s6 chan vi: tan (—x)=tanx,Vx € R\{%+kﬂ',k € Z} .

La ham s6 tuan hoan véi chu ky .

Ham s6 y =tanx nhan cac gia tri dac biét:

tanx=0<x=kn,keZ.

tanx=1<:>x=%+k7z,keZ.

tanx=—1<:>x=—%+k7r,keZ

Do thi ham sé y =tanx:

I

7 g

O N R

bbb obow

6. D6 thi va tinh chét ciia ham sé y = cotx

COS X

Ham sd y =cotx = xéc dinh trén R\{kz,k € Z}, nhan gia trj trén R va

sin x
La ham sd 1é vi: cot (-x)=—cotx,Vxe R\{kz;k e Z}.

La ham s6 tuan hoan véi chu ky 7.
Ham s6 y = cotx nhan cac gia tri dac biét:

COtX=0©X=%+k7Z,kEZ.
Ve
cotx:1<:>x=2+k7r,keZ.

COtX=—1C>x=—%+k7Z,kE 7
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D6 thi ham sé y =cotx:

™

@ HE THONG BAI TAP TU LUAN

DANG 1. TAP XAC PINH CUA HAM SO

<0 KIEN THUC CAN THIET.

TAP XAC DINH CUA HAM SO LUQONG GIAC CO BAN.

b

Ham s6 y =sinx ;y =cosx cotap xac dinh1a R .
Ham sé y = tan x co tap x4c dinh 1a R\{%+k7z,keZ}.

Ham sb y =cotx co tap xac dinh la R\{kﬂ',k eZ} .
PHUONG PHAP

+ Tim diéu kién dé ham s6 c6 nghia

+ Giai ra diéu kién

+ Suy ra tip x4c dinh ciia ham s

Chii y: Cho ham s6 y = f(x) x4c dinh béi:

+ y:f(x)z%lu'uy Q(x);tO

+ y=f(x)=%0(x) thi y=f(x) conghiakhi O(x)>0

P(x)
2 Q(x)

+y=f(x)= lu’u}'lQ(x)>O

+ y=tan(u(x)) x4c dinh <:>u(x)¢g+kn; kel.

+ y=c0t(u(x)) xac dinh < u(x)#km; keZ.
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<¢> BAITAP.

Cau 1: Tim tip x4c dinh ctia ham sd y = tan(x — %)
Loi giai
A 2
biéu kién: cos(x—%) 20 x—%¢%+kﬂ' S x# 7”+k7z

TXD: D :R\{ZT”+/€7[, keZ}.
A 0 A , . o \ A 2 27[
Cau 2: Tim tap xac dinh cua ham s0 y = cot (? -3x)
Loi giai
2

Diéu kién: sin(%z—%c) # 0@277[—3)675/(72' @xi——k%

TXD: D:R\{%Tﬂc%, keZ}.

) ‘ tan 2
Cau 3: Tim tap xéac dinh cia ham s6 y = 'an * cot(3x + Z)
sin x +1 6
Loi gidi.
sinx # —1 ’x¢—%+k27r

Diéu kién: { pa e
sin(3x +g) #0 2 w  km

Vay TXD: D=R\|-Zikor—-Z 5 p ez
2 18 3

A o A ok s 1 K tan Sx
Cau4: Tim tdp xac dinh ctiahamsd6 y=———
sin4x —cos3x

Loi giai.

Ta co: sin4x—cos3x =sin4x—sin (%—3)6)

x ). (Ix =«
=2cos| —+— [sin| ———
5559
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T 4
cosSx#0 x¢E+k§

Diéu kién: {cos 20T 020 olxzlikon
2 4 2

I 7 T k2rx
: - X#——t—
sm(2 +4)¢0 L 14 7

Vay TXD: D = R\{” PLLS S kz”}.

10 572 14

Cau 5: Tim tap xac dinh ciia ham s6 y=+3+2cosx
Loi giai
ham s6 xac dinh khi 3+2c0sx20<:>cosx2—% (ding VxeR), vi -1<cosx<1,VxeR.

Suy ra tap xac dinh la D=R.

2

Céau 6:  Tim tip xac dinh cua ham sd y =sin P
x p—

Loi gidi

2

ham s6 xac dinh <

prey

Cau7: Tim tép x4c dinh ctia ham s6 y =3cot(2x+3)

y— xac dinh < 2x-120< x;t%.Tap x4c dinh cua ham s
x_

Loi giai
3cos(2x+3)

y=3cot(2x+3)= Sin(2v13)

ham s0 xé4c dinh < sin(2x+3)#0

< 2x+3#kn <:>x¢—3+k77[,(keZ).

Tap xac dinh ctia ham s6 D = R\{—%+k—”|k Z}

A A s 1a A sin x
Cau 8: Tim tap xdc dinh ciaham 6 y = —————
sin” x—cos” x

Loi giai
sin x sin x sinx

y=—7 = =— ham s0 xac dinh <> cos2x #0
sin“ x—cos” X —cCoS2x cos2x

<:>2x¢2+k7r<:>x¢4+k7keZ Tap xac dinh ctia ham s6 D = R\{Z k”|keZ}.
Cau 9: Tim tap xac dinh cua cac ham s6 sau
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I+t
a) y=sinx+cosx b). y=sinvx+4 c) y= 'anx d).y=tan(x+§]
sin x

T 1+sinx sinx
€) y=cot| —+x .y=~3-2cosx = h y=———M—
)y (2 j .7 8y \Jcos x )Y sin? x —cos* x

tan 2x

i)y:cot£3x+gj+ j) y:\/5+2cot2x—sinx+cot(§+xj

sinx+1
Loi giai

a) Tacoé ham s6 y =sinx ;y =cosx cé tdp xac dinh 1a R nén ham s6 y =sinx+cosx co tap

xacdinhla R.

b) Bicu ki¢én xac dinh cua ham so la

X+4>0c x>—-4.Vay D=[-4;+).

¢) biéu ki¢n xac dinh cua ham s6 1a

{sinx #0

Ssin2xz0 2x2kns x# k—”, ke Z
cosx =0 2

Vay tap xac dinh cia ham s61a D= R\{kjﬂ;k € Z} .
d) Diéu kién x4c dinh ctia ham s 1a
cos(erzj;tO <:>x+£¢ £+k7z<:>x¢ £+k7r;ke 7

4 4 2 4
Vay tap xac dinh ctia ham sé 1a D=R\{%+kﬂ;kez}.
e) Diéu kién xac dinh cua ham sb 1a
sin(x+£j¢0<:>x+1¢k7r<:>x¢—£+k7z key.

2 2 2
Vay tap xac dinh ctia ham sd 1a D=R\{—%+kﬂ;k EZ}.
f) biéu kién xé4c dinh cua ham sb 1a

3—-2cosx20<=2cosx<3 < cosx< %Vxe RVﬁytép Xac dlnh cua ham Sé) la D=R.

g) Piéu kién xac dinh cua ham s 1a

cosx >0 < x E(%+k2ﬂ';%+k2ﬂ'j;k eZ
vay D =(%+k2ﬂ';%+k2ﬂ'j kel

h) Diéu kién x4c dinh ctia ham s6 1a
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. Vs T kr
sin“x—cos’x#0 < —cos2x #0 < 2x # E+k7r<:>x¢ —+—keZ.

. T kr
Vay tap xac dinh ctia ham s6 1a D=R\{Z+7;ke2},

1) Piéu ki¢n xac dinh ctia ham so6 1a

/s -k
Sin£3x+%j¢0 3X+g¢k7l' X¢—8+T
cos2x#0 & 2x¢%+k7z & x¢£+k2—” ke Z
sinx # —1 _r .
x#*—+k2rx x#*—+k27x
L 2 |
Viy tap xdc dinh cia him sé 13 D=R\| 24 K277 pon T M 47
ay tap xac dinh cua ham so 1a 8 3 "yt .

j) Ta c6 diéu kién xac dinh ctia ham so 1a

5+2cot’ x—sinx > 0(1)

sin(§+xj¢0(2)

Ta 65 +2cot” x—sinx = (3—sinx)+2(l+cot2x)= (3—sinx }+ >0Vxe R

sin’ x

(2)<:>x+%¢k7r<:>x¢%+k7r kel
. s
Vay tap x4c dinh ctia ham so 1a D = R\{—E‘i‘kﬂ;k € Z} ;
Cau 10: Tim m déham sb sau x4c dinh trén R.

a) y=~+2m—3cosx b)y= 2

Jsin? x—2sinx+m—1

Loi giai

a) Ham s6 xac dinh trén R khi chi khi:

2m—3cosx >0, Vxe R < 3cosx<2m, VxeR @cosxSZTm VxeR.

2
<:>—m21<:> m Zé.
3 2
b) Ham s6 xé4c dinh trén R khi chi khi:
sinx—2sinx+m—-1>0,Vxe R < m >—sin2x+2sinx+1:2—(sinx—1)2,VxeR
@m>(max)(—sin2x+2sinx+1):2<:>m>2.
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Cau 11:

Co bao nhiéu gia tri nguyén cua tham s6 m dé ham s y = \/5 —msinx—(m+1)cosx xac dinh
trén R.

Loi giai
Ham so6 xac dinh trén R khi chi

khi:5—msinx—(m+1)cosx>0,Vx e R < msinx+(m+1)cosx<5,vxeR.

m . m+1 5
= sin x+ cosx < Vxe R.

m2+(m+l)2 1712+(m+1)2 m2+(m+1)2

<:>sin(x+a)£ > ,Vxe Re ;ZIQ \/§m2+2m+lﬁ5.
m2+(m+1)2 N2m* +2m+1

S 2m’ +2m-24<0 -4<m<3.MameZ=>me{-4-3;-2-1;0;1;2;3}.

DANG 2. XET TINH CHAN LE CUA CAC HAM SO LUOQNG GIAC CO BAN

<0 KIEN THUC CAN THIET.

Pinh nghia: Cho ham s6 y = f(x)xéc dinh trén D
- Ham sb f dugc goi 1a ham s6 chan néu v4i moi x thude D, ta ¢ —x cling thuge D va
S (=x)=71(%).
- Ham sb f duogc goi 1a ham s6 1é néu v6i moi x thude D, ta c6 —x cling thuoc D va
S (=x)==f(x).
Phwong phap giai
Ta thuc hién theo cac budc sau:
Buoc 1: Tim tap xac dinh D cua ham s6, khi do:
Néu D la tap ddi xtng (tic 1a Vx € D = —x € D), ta thyc hién tiép budc 2.

Néu D khoéng phai 1a tap ddi ximg (tic 14 Ixe D ma —x ¢ D ), ta két luan ham sé khong
chén ciing khong 18.

Buée 2: Xac dinh f(—x), khi do:
Néu f(—x) = f(x) két ludn ham s 14 ham chén.
Néu f(-x)=—f(x) két luan ham sé 1a ham I¢.
Ngoai ra két luan ham s6 khong chén ciing khong 1¢é.
Chii y: Véi cac ham sb luong giac co ban, ta co:

1. Him s6 y =sinx la ham so 1é.
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2. Ham s0 y =cosx la ham s6 chan
3. Ham s0 y =tanx 1a ham so 1¢€.
4. Ham s0 y =cotx la ham so 1¢.

* Luu y: Mgt s0 cong thirc lién quan deén viéc xir li dau “ — >
1. Cong thtc hai cung doi nhau:

sin (—x) = —sinx; cos(—x) = cosx; tan(—x) = —tan x; cot(—x)=—cotx
2 4=
3. (—x)" =x" khi n chinva (-x)" =—-x" khi n l¢.

<¢> BAI TAP.

Cau 12: Xét tinh chan 1é cua cac ham so sau

a) y=2xsinx y=2xsinx. b) y =cosx+sin2x.
cos2x 7 )
c) y= . d) y=tan’ 2x.sin5x.
X
Loi giai

a) Tap x4c dinh: D =R 1a tap doi xtmg do d6 Vxe D=—-xe D (1).

bat y = f(x)=2xsinx.
NX: VxeD, f(-x)=2(-x)sin(—x)=2xsinx= f(x) (2).
Tir (1) va (2) ta két luan ham s d3 cho 12 ham sb chin.

b) Tap xé4c dinh: D =R 1a tap d6i xtmg do d6 Vxe D = —xe D.
biat y = f(x)=cosx+sin2x.

Xét x=£eD:>—x:—£eD.
3 3

(72') r . 2r 1 \/g ( ﬂj ( 7[} ( 27[) 1 3
fl—=|=cos—+sin—=—+—; f| —— |=cos| —— |[+sin| —— |=—— —.
3 3 3 3 3

2 2 3

Ta thay f (%) = f (—%j nén ham s6 da cho khong 14 ham sé chin
\ T T A \ A 2~ A \1a ST

vVa-f (;j # f(—gj nén ham s0 da cho khong 1a ham so 18.

¢) Tap x4c dinh: D =R\{0}1a tap dbi xtmg do d6 Vx e D = —x e D.

bat y= f(x) = c0i2x.

Taco VxeD: f(—x) =- =—f (x).
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Do d6 ham so da cho 1a ham so 1é.

d) Tap xac dinh: D=R\{Z+k—”|keZ}1atapdmxungdodo Vxe D= -xeD.

bat y = f(x)=tan’ 2x.sin5x.

Tacod VxeD: f(—x)=tan’ (—2x)sin(—-5x)=tan’ (2x)sin(5x) = f'(x).
Do d6 ham s6 d4 cho 1a ham sb chan.

Chii y: Poi khi nguoi ta con phat biéu bai todn dudi dang:

Véi cau a) Ching minh d6 thi ham sd y = 2xsin x nhén truc tung lam tryc d6i xtng.

0S2x

. A . . PR £ Y A X PN A I
Vi cau ¢) Ching minh d6 thi ham s6 y = nhén goc toa d) 1am tam doi xtng.

Cau 13: Xét tinh chn 1¢ cua cic ham sb sau
sin?%%%" (x) +2020

cos(x)

a) y=tanx+cotx b) y=sin(2x+9§j c) y= ,NEZL

Loi giai
a) Tap xac dinh: D=R\{k7”|k eZ}lé tap d6i xtmg do d6 Vxe D= -xeD.

Taco VxeD: f(—x)=tan(—x)+cot(—x)=—tanx—cotx=—(tanx+cotx)— f(x)

Do d6 ham s6 da cho 1 ham sb 1¢.

b) Tap xéac dinh: D =R 1a tap d6i xtmg do d6 Vxe D = —xe D.
. O . /4

NX: f(x)= sm(2x+7j = sm(2x+5j = cos(2x).

Taco VxeD: f(-x)=cos(-2x)=cos(2x)= f(x).

Do d6 ham s6 da cho 12 ham sb chén.

c¢) Tap xac dinh: D = R\{z+k7r|keZ}latapd01xungdodo VxeD=—-xeD.

+NX: sin®" (—x) = (—sin x)zozon =sin**"" (x), Vn e Z\{0}
sin*"" (—x)+2020 ~ sin*"" (x)+2020

Doddé VxeD: f(-x)= = = .
0dd VreD: f(=) cos(—x) cos (x) 7 )
Suy ra ham s6 1a ham s6 chin Vn e Z\{0} .
+V6i n=0 thi sin®*" (x)=1.Dod6 VxeD: f(-x)= 2021 2021 =1 (x).

cos(—x) cos(x)
Suy ra ham s0 1a ham s6 chan voi n=0.
Vay ham s6 da cho 1a ham s6 chan Vne Z.

Ciu 14: Xéc dinh tat cd cac gia tri clia tham sb m dé ham sd f (x)=3msin4x+cos2x 1a ham chin.

Loi giai

11 | Th.s Lé Viét (THPT Thing Long, Ha N§i) — Chuyén gia Chién lwoc Gido duc va Sw nghiép



OJEEO)

s"‘}'@,;;p* Trung taim BDVH Unix Thiang Long - Website: trungtamunix.edu.vn
,ﬁ}&i@ 14y L& Viét toan Thiing Long “Khai M& Tw duy — Kién Tao Van Ménh” (zalo):0835.221183

- Tap xac dinh: D =R 1a tap d6i xtmg do d6 Vxe D= -xe D.
- Bé ham s6 di cho 12 ham sb chén thi f(—x) = f(x), Vx e D.
< 3msin(—4x)+cos(—2x) =3msin4x+cos 2x, Vx e D

<> —3msin(4x)+cos(2x) =3msin4x +cos2x, Vx € D

< 6msin(4x) =0, Vxe D

o m=0.

DANG 3: TINH TUAN HOAN CUA HAM SO

<0 KIEN THUC CAN THIET.

Pinh nghia: Hims6 y = f (x) co tép xac dinh 12 D duoc goi la ham s6 tuan hoan, néu ton tai
mét sb 7 # 0 sao cho véi moi x € D ta co:

x—TeD vax+TeD.
f(x+T)=f(x).
S6 duong T’ nho nhit thoa man cac tinh chat trén dugc goi 13 chu ki ham s tuan hoan do.

Nguoi ta chung minh dugc rang ham s6 y =sinx tuan hoan véi chu ki 7' =27 ; ham so
y=cosx tuan hoan véi chu ki 7 =27 ; ham s y =tanx tuan hoan véi chu ki 7' = 7 ; Ham so

y=cotx tuan hoan véichuki T =r.

Str dung dinh nghia ham s6 tuan hoan va tim chu ki cta né.
Str dung cac két qua sau:

2
-Ham s6 y = A.sin(ax+b) (A.a = 0) 1a mot ham s6 tuan hoan voi chu ki T = | 7|T
a
2
-Ham s6 y = A.cos(ax+b) (A.a #0) 1a mot ham s6 tudn hoan véi chu ki T = | 7|T
a

. L . . /4
- Ham s6 y = A.tan(ax +b) (A.a # 0) 1a mot ham s6 tuan hoan véi chu ki T = H
a

-Ham s6 y = A.cot(ax+b) (A.a # 0) 1a mot ham s6 tuan hoan voi chu ki T = d

Jo|

- Néu ham sb y= f(x) chi chira cac ham s lugng giac co6 chu ki lan luot 1a T,T,,..,T, thi
ham s6 f cochuki T 1a boi chung nho nhét cta T,T,,...T,.

-Néuham s6 y = f(x) tudn hoan véi chu ki T thi ham s6 y = f(x)+c (c 12 hing s6) ciing 1a

ham s0 tuan hoan véi chu ki T.
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OJEEO)

Mt 56 déu hiéu nhin biét ham sé y = f (x) khong phi la ham tudn hoan

Hamsb y=f (x) khong phai 14 ham tudn hoan khi mét trong cac diéu kién sau bi vi pham:
+ Tap xéc dinh ctia ham s6 1a tap hitu han.

+ Tén tai s6 a sao cho ham s6 khong xac dinh v6i x > a hodc x<a.

+ Phuong trinh f(x)=k c6 nghiém nhung s6 nghiém hiru han.

+Phuong trinh f(x)=k c6 v6 s6 nghiém sép thir tu:

<¢> BAI TAP.

Cau 15: Xét tinh tuan hoan va tim chu ki (néu c6) ctia ham s6 sau: y = cos’ x—1.

<X, <X, <.

ma

'xn - ‘xn+1

— 0 hay .

Loi gidi
Ta bién d6i: y=cos’x—1= Trcos2x ) _ lcos2x—l.
2 2 2
2

Do d6 f 1a ham s tuan hoan véi chu ki T = 5=

A r 7 A \ [ R 1 A J4 5 \ A . 2 2
Cau 16: X¢t tinh tuan hoan va tim chu ki (néu c6) cia ham so6 sau: y =sin (—xj.cos[—xj .

Loi giai

Ta bién d6i: y =sin %x .COs gx =lsin ix .
5 5 2 5

Do d6 f 1a ham s tuan hoan véi chu ki T = 27 = i .

4
5
Céu 17: Xét tinh tuan hoan va tim chu ki (néu c6) ctia ham s sau: y = cosx + cos (x/gx)
Loi giai
Gia str ham s da cho tuan hoan= c¢6 s thuc dwong T thoa :

f(x+T):f(x)<:> cos(x+T)+ cos\/3—(x+T)= COSX + €08 \Bx

—3="vo1i,do

\/gT =2mr n

cosT=1 T=2nr
x=0:>c0sT+cos\/§T=2<:> =
cos\/gTzl

M o X1~ o x7Al 1A A g~ A A \
m,n € 7Z,= — 1a s0 hiru ti. Vay ham so da cho khong tuan hoan.
n

1

sin x

Cau 18: Chung minh rang ham sb sau 14 ham s tuan hoan va tim chu ki ctia né: y =
Loi giai
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Tap xac dinh: D = R\{kﬂ,k € Z} .

Ta xét ding thie f(x+T)=f (x)< sin(i+T)= sir11x<:> sin(x+T )= sinx.

Chon ng thi sinx =1 va do d6 sin(%JrTj:l<:>%+T:%+k27r,kez.

S6 duong nho nhét trong cac s6 T 1a 27 .

Rorang VxeD,x+k27 €D, x+k27r €D va f(x+k27z)= sin(x-1|—k27r): silllx:f(x)

Vay f la ham s6 tan hoan véi chu ki T=27.
Cau 19: Cho a,b,c,d 1a cac s6 thuc khac 0. Chirg minh rang ham sd f(x)=asincx+bcosdx 1a ham
sb tudn hoan khi va chi khi < 7 1a s6 hitu ti.
Loi giai
* Gia st f(x) 1aham sb tudn hoan =37 >0: f(x+7) = f(x) Vx

asineT +bcosdT =b cosdl =1
Cho x=0,x=-T= =

—asineT +bcosdT =b sincT =0

dT =2nrx C
= :}—:—EQ
cT =mrx d 2n
*Giasi LecQoaklez: Sk pyr2tk_ 27
d - -al ¢ d
2k _2n
Tacd: f(x+T)=f(x) VxeR = f(x) 1a ham s6 tudn hoan véi chu ki 7= === = -
c

Cau 20: Cho hamsd y= f(x) va y = g(x) 1a hai ham s6 tudn hoan véi chu ky lan lugt 1a 7,,7, . Chimg

S ., T , , .
minh rang néu — 1a so hitu ti thi cic ham s0 f(x)+ g(x); f(x).g(x) la nhitng ham so tuan
2

hoan.
Loi giai

T
Vi =L 1a s6 hitu ti nén t6n tai hai s6 nguyén m,n;n # 0 sao cho
2

=>nl,=ml,=T

mpﬂ
:|§

Khido f(x+T)=f(x+nT)=f(x) va g(x+T)=g(x+mT,)=g(x)

fGHT) @)
gx+T) g(x)
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Tir d6 ta c6 diéu phai chirng minh.
Céu 21: Tim chu ki (néu c6) ctia cac ham sd sau:
a) y=1-sin5x. b) y=cos’x—1.

b) ¢) y=sin(§xj.cos(§xj.d) y=cosx+cos(x/§.x)

Loi giai
Ta cé ham s6 y =ksin(ax+b)+c; y=kcos(ax+b)+c la ham sd tudn hoan va ¢ chu
2r

kyT =22
4

\ ) . A \ \ . 2r
a. Ham s0 y =1-sin5x tuan hoan va cé chu ky 7 =?.

cos2x—1

b. Him so y=cos’x—1= tuan hoan va cé chuky 7, =r.

c. Him s6 y =sin (%x}.cos(%x} = %sin(;lxj tuan hoan va c6 chu ky T, = 577[

d. Ham s6 y = cosx + cos (\/gx) khong tuan hoan

Vitacoham sd y=cosx c6chuky 7, =27 va ham s6 y = cos(\/g.x) c6 chu ky
2

b

2r A A c1as A ) Ay oo N
T, = —=nhung khong ton tai boi so chung nho nhatcua 7, =27 va 7, =

NG

Céu 22: Tim chu ky ciia ham s6: £ (x)=sin3x +3cos2x.

Loi giai

Ta c6 ham s6 y =sin3x c6 chuky 7, =2?ﬂvéh2‘1m s0 y=cos2x cochuky 7, =7

z . n- 1A o 2
= chuky 7 ctia ham s6 y =sin3x+3cos2x1a boi chung nho nhat cta 7, = Tﬂva I,=rx

=T=2r.

DANG 4: GIA TRI LON NHAT, GIA TRI NHO NHAT CUA HAM SO LUQNG GIAC

<0 KIEN THUC CAN THIET.

PHUONG PHAP GIAI TOAN
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1){—1£sinx£l 2){0£|Sinx|ﬁl 3){OSsin2xSl Y {Oﬁx/sinxﬁl

—1<cosx<l1 0S|cosx|£1 0<cos’x<1 0<+cosx <1

<¢> BAI TAP.

Cau 23: Tim GTLN - GTNN cuia cac ham s sau:

a.y=2+3cosx. b.y=3sin(x—%)—2,
c.y=+4cos’2x+1 . d.y=3-2sinx]|.

.4 4 ) . T 37
e.y=2(s1n X +cos x)+3 ) f.y=3sin2x—-12 v4i xe —g;? .

g.y=4cos’ (E_%j 7 véi xe[0;7].

Loi giai
a. Tap xac dinh: D=R.
Tacod: —1<cosx<1< -3<3cosx<3 < -1<2+3cosx<5=-1<y<5.
Vay gid tri 16n nhét cia ham s6 18 5 < cosx=1 < x=k2r,keZ.
Gia tri nho nhat cia ham s6 14 -1 < cosx=-1 < x=7+k271,keZ.

b. Tap xac dinh: D=R.

Ta co6: —1<sm(x—gj<1<:> 3<3sm(x—g]<3<:> 5<3$1n(x—gj 2<1=>-5<y<l.

"y : : . 2
Vay gi4 tri 16n nhat cia ham s 13 1 < sm(x—%j=l<:> - Tﬂ+k27r kel.

Gié tri nho nhit cta ham sb 13 -5 < sin(x—%) = lex= —%+k27r,k eZ.

c. Tap xac dinh: D=R.

Tacod: 0<cos’2x<1<>1<4cos’2x+1<5 zlﬁyﬁx/g.
A O A 5 \ A 1 2 . kr
Vay gia tri 16n nhat ciia ham so 1a J5 < cos 2x:1<:>sm2x:O<:>x:7,keZ.

R S S T krx
G1atr1nhonhatcuahamsola1c>00522x=0<:>cost=0c>x=Z+7,keZ.

d. Tap xac dinh: D=R.
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Taco: 0<[sinx|<1 < 0>-2fsinx[>-2<3>y>1.
Vaygiétrjlé‘nnhétcﬁahémsélé3<:>|sinx|=O<:>sinx=0<:>x=k7z,keZ.
cros , X, o \ A 1 . T
Glatrlnhonhatcuahamsola1<:>|smx|=1<:>cosx=0<:>x=3+k7z,keZ.

e. Tap xac dinh: D=R.
y:2(sin4x+cos4 x)+3 :2(1—25in2 X.cOs’ x)+3 =5—sin’2x

Tacod: 0<sin’2x<1 <> 4<5-sin’2x<5 <4< y<5.

Vay gié tri 16n nhat cia ham sb 1a 5 <:>sin2x:0<:>x:k77[,keZ.

R S S . Tk
G1atr1nhonhatcuahamsola4@sm22x:1<:>cos2x=0<:>x=Z+7,keZ.

f.Véi x e —2;3—7[ =2xe —1;3—7[ :—QSsinchl
8 8 4 4 2
@—ﬂ—lzs y<-9.
2
Vay gi4 tri 16n nhat ciia ham s6 v6i x e [—%%} la -9 < sin2x=1< x="2.
Gi tri nho nhét cua ham sd véi xe{—%;%{} la —%—12 <:>sin2x=—gc> x=—§.

g. Taco y=4cos’| -2 |-7=2cos x—zj—S
2 12 6

6 6 6 6

o -3-5<y<-3.

Vay gi4 tri 16n nhit ctia ham s6 voi x e [0;7] 1a -3 < cos(x—%j —lex= %

3

Gid tri nho nhat cua ham so v6i x €[0; 7] 1a -3-5 @cos(x—%j:—jcmc: .
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Cau 24: Tim GTLN — GTNN ciia cac ham so sau:
a.y=-2sin’ x+3sinx -1
b. y = cos’ x +2sinx+2

c.y=cosx+2cos2x
d.y:(l—coszx)2—2coszx+l

e. y =2sin’ x —sin x + 2 trén doan [0;72']
f.y=2cosx+cos2x—8 trén doan{—%;%} .

g.y=tan’ x —tan x +1 trén doan[—%;%} )

h.y=sinx+cosx+4sinxcosx+7 .

voL O0<x<r.

PR . , \ £ .2 .
i. Tim min ctia ham s6: y =sin” x+ ———sinx——
sin” x sin x

Loi giai
a.bit sinx =¢ (|t| < 1), ham s6 ¢6 dang: y=-21>+3t—1.

Xétham s6 y=—2¢2+3¢—1 trén [-1;1], ham s ¢6 BBT nhu sau:

|
4
|
00| = || o
—
+
e

Nhin vao BBT ta thay:
Gia tri nho nhdt cia ham s6 bang -6 khi va chi khi r=-1 tic la

sinx =1 @x:—%+k2ﬂ(keZ).

% khi va chi khi t:% tac la

Gia tri 16n nhat cua ham s6 bang
. 3 . (3 . . (3

sinx = 2 &> x =arcsin 2 + k27 hodc x = —arcsin " +k2n(keZ).

b.Ham s6 duge viét lai thanh y=1—-sin’ x+2sinx +2 = —sin’ x + 2sinx+3

Dit ¢ =sinx (|t| < 1) ,xétham s6 y=—>+2¢+3 trén [-1;1] ¢6 BBT nhu sau:
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o
+

| . g o0

0

Nhin vao BBT ta thiy:
khi t=-1 tirc

—

i va ch

5

Gia tri nhd nhat cua ham sO bang O

sinx =1 <:>x=—§+k272'(keZ).

va chi khi ¢r=1 tic la

—

Gia tri 1én nhdt cia ham s6 biang 4  kh
sinx=1<:><:>x:§+k27r(keZ).
c.Tacd y=cosx+2.(2cos’x—1)=4cos’ x+cosx—2

Dt cosx =1 (|f/<1), ham s6 c6 dang: y=41"+1-2.

Xéthamsd y =4+’ +t—2 trén [-1;1] c6 BBT nhu sau:

|
—
ool —
—
+
!

33
16
s 7 . 5 A 5 \ A M 33 . \ ” . ’
Gia tri nho nhat cia ham s6 bang T khi va chi khi t:_g tuc

COSX = —% o x= iarccos(—%j+k2ﬂ (keZ).

Gid tri 16n nhét cia ham s6 bang 3 khi va chi khi £ =1 tirc1a cosx=1< x=k27 (ke Z).
d.Ham s6 dugc viét lai thanh
y=(1—cos2x)2—2coszx+1= (1—20052x+cos4x)—2c0s2x+1=cos4x—4coszx+2

Dit t =cos’x,t €[0;1], xétham s0 y =¢*—4¢+2 trén [0;1] c6 BBT nhu sau:
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=

-

&

£ 0

2

L

Nhin vao BBT ta thay:

Gid tri nho nhat cia ham s6 bang -1  khi va chi khi f=1  tuc
cos’x =1 sinx=0 < kr(keZ).

Giad tri 1én nhat cia ham s6 bang 2 khi va chi khi =0 tic Ia
0052X=0<:>cosx:0<:>x=%+k7r,keZ
e.bat sinx =7 véi xe[O;ﬂ] thi te[O;l],ham $6 o dang: y=2t>—t+2.

Xétham sé y=21> —¢+2 trén [0;1], ham s ¢6 BBT nhu sau:

1
8

1
L ; 0 4

| &

Nhin vao BBT ta thay:
P SR SUIE SRS b I |
Gia tri nho nhat cua ham s6 bang Y khi va chi khi 7= 2 tic 1a sinx = 7

= x=arcsin(ij+k2ﬂ hoac x=ﬂ—arcsin(ij+k27r ,kel.

Gi4 tri 16n nhat ctia ham s6 bang 3 khi va chi khi =1 tirc 1a sinx =1 < x:%+k27z’, kel.
f.Ham s duogc viét lai thanh y=2cosx+2cos’x—1-8=2cos’x+2cosx—9

bat cosx =¢, voi xe[—%'%} thi te[O;l],hém s6 c6 dang: y =26 +2t-9.

b

Xétham s y=2¢7+2¢-9 trén [0;1] c6 BBT nhu sau:
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R 0 1 s

—9

Z

cpo s ; A \ A 13 - s 11 , A
Gia tri nho nhat cua ham s6 bang —9 khi va chi khi £=0 tic cosx=0 < x =3+k7z |

kel.
Gia tri 16n nhat ctia ham s6 bang —5 khi va chikhi 7 =1 tic1a cosx =1 < x=k27, keZ.
g.bit tanx =7, te[—l;l],hém sb ¢co dang: y=1>—1+1.

Xétham sd y=1>—¢+1 trén [—1;1] c6 BBT nhu sau:
t |-oo —1 5 1 +o0

, \3/1

4 7

AW

e . 5 A 5 \ A < . \ » . ]- ’
Gia tri nho nhat cua ham sO bang khi va chi khi t=5 tire

1
tanx-Ec> xX= arctan(2]+krr kel.
Gia tri 16n nhét ctia ham sb bing 3 khi va chi khi =1 tiic la tanx =—1 < x=-2+kr,
kel.
h. Dat f =sinx+cosx = \/§s1n(x+ )(|t| ):>Zsinxcosx=t2—1,h'c‘1m s6 trd thanh:
y=t+2t°-1)+7=2>+1+5.

Xétham sd y=21>+1+5 trén [—\/5,\/5] c6 BBT nhu sau:

1

bl s —V2

kB

sz . 5 A 5 B A 1.s 39
Gia tri nho nhat cua ham s6 bang <

&
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Gia trj 16n nhat cia ham sé bang 9 + V2.

. . 1 . . : U
i.bat ¢ =sinx+——, voi 0<x <7 thit>2 = sin’ x+ —5—=t"-2, ham s0 tr¢ thanh:

SInx Sin- x

y=t"—t-2.

Xétham sd y=1>—1—2 trén [2;+ oo) c6 BBT nhu sau:

— 0o 2 —+oCo
—+oco
) /
(0]

A s ; Ao \ A1y . 1 . T
Vay gia tri nhd nhat cua ham s6 bang 0 < sinx+ —=2 < sinx=1& x= 5+ k27
sinx

DANG 5: CAC BAI TOAN LIEN QUAN PEN THUC TE

Cau 25: Khi du quay hoat dong, van tdc theo phuong ngang cua mot cabin M phu thudc vao goc lugng
gidc o =(Ox,0M ) theo ham O v, = 0,3sina(m/s).

a) Tim gia tri 16n nhét va gia tri nho nhat cta V.
b) Dya vao do thj ciia ham s6 sin , hdy cho biét trong vong quay déu tién (0<a <27), géc &
¢ trong cac khodng nao thi v_ tang.
Loi giai
a) Do —1<sina <1 nén -0,3 <sina <0,3
Vy gié tri 16n nhat cua v, 1a 0,3( m) va gid tri nho nhat ca v, 1a —0,3( m).
b) Dua vao dd thi ham s sin , ta thiy vong quay dau tién (0 <a< 2a) ; v, tang khi
r<aslr

Cau 26: Trong hinh dudi day, mot chiéc may bay 4 bay & d6 cao 500 m theo mot dudong thang di
ngang qua phia trén tram quan sat 7 & miat dat. Hinh chiéu vudng goc ciia 4 1én mat dat 1a H
va o la goc lugng giac (7x,74)(0< a < 7).
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Cau 27:

Cau 28:

500m

A T 2z . N , \ \ \ A v 2A 1 A
Hay cho biét voi o <a< Y thi x,, nam trong khodng nao. Lam tron két qua dén hang phan

muoi.
Loi giai
a) x,, =500.cotx

b)V(yi%<a<2?ﬂthi V3

<cota <+/3.Vay x, € {-288,7;866} .

Sb gio ¢o anh sang mit troi cia mot thanh phd X & vi 46 40° bac trong ngay thir ¢ ctia mot
nam khong nhuan dugc cho bdi ham s6 d(t) = 3sin{%(t - 80)} +12, teZ,0<t<365. Vao
ngay nao trong nam thi thanh phd X c6 nhidu gio ¢6 anh sang mit troi nhat?

Loi giai

Vi -1<sina <1, Va nén ta co: d(t):3sin{é(t—80)}+12S3.1+12:15.

Suyra d(r) =15 dat dugc khi sin[%(f—%)} —1 @%(f—?m) =%+k27r

& t=1714+364k, keZ.

Vi 0 <t <365 nén ta co: O<171+364k£365:>%<k£% do keZ nén k=0.

Viy vao ngay tht 171 trong nam thi thanh phd X c¢6 nhiéu gid c6 anh sang mit troi nhat.

S6 gid c6 anh sang mat troi ciia mot thanh phd X ¢ vi do 40° béc trong ngay thir ¢ clia mot
ndm khong nhuan duge cho béi ham sé d(r)= 3sin{%(f—80)}+12 ,teZ, 0<t<365.
Vio ngay nao trong nam thi thanh phd X c¢6 it gio ¢6 anh sang mat troi nhat?

Loi giai

Ta co: sin{é(f—SO)} >-1 V¢ =d(t)23.(-1)+12=9.Dau "=" xdy ra khi:

sin| ——(1-80) | =—1 < ——(1-80) = —2 + k27 <1 80 = 91+ 364k < = —11+364k
182 182 2

Mi 0 <7 <365 :>O<—11+364k§365@%dcﬁ%@k:l(keZ):>t:353.

Vay thanh phé X c¢6 it gio c6 anh sang mit troi nhat vao ngay 353 trong nam.
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Ciu 29: Hang ngdy muc nudc cia con kénh 1én xudng theo thuy triéu. P9 sau 4 (mét) cua myc nudc
trong kénh duwoc tinh tai thoi diém ¢  (gid) trong mot ngdy boi cong thic

h= 3cos(%t + %) +12. Muc nudc ciia kénh cao nhat khi ¢ bang bao nhiéu?
Loi giai

Muyc nudce cua kénh cao nhat khi d0 sau cua muc nudc trong kénh 16n nhat.

Taco —1<cos| L+ % |<1 e 9<3cos| 2L+ % |+12<15.
g 4 g 4

max /=15 khi cos(%t+%j:1<:>t=—2+l6k.

: 1 26
Trong 1 ngay c6 24 gido nén 0 < -2+ 4k <24 Qgékﬁg.

VikeZ nén k=1=1=14gio.
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