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HAM SO LUONG GIAC
VA PHUONG TRINH LUQNG GIAC

[CHUUNG}

BAI 4: PHUONG TRINH LUQNG GIAC CO BAN

@ LY THUYET.

1. KHAI NIEM PHUONG TRINH TUONG PUONG

* Hai phuong trinh dwoc goi la twong dwong khi chung cé cung tap nghiém.
« Néu phuong trinh f(x)=0 tuwong dwong véi phuong trinh g(x)=0 thi ta viét
f(x)=0< g(x)=0.

2. PHUONG TRINH sinx = m (1).

+ Trudng hop |m| >1, phuong trinh v6 nghiém.

\ A : A A w7 2 = . ,
+ Truong hop |m| <1, ton tai duy nhat mot s0 « € [—E,E} théa man sina =m. Ta co

) f x=a+k2x
sinx=sina < (keZ).
x=rn—-a+k2x
R , o —£<0{<—
Neéu so thuc O thoa man: 2 2 thi ta viét o =arcsinm. Ta c6
sina=m
. x=arcsinm+k2rx
sinx=m < . (keZ).
x=m—arcsinm+k2x

Chu y:
+ Mot sb truong hop dic biét

sinx=0< x=kz,(keZ)
sinx=1<:>x:%+k27z,(keZ)

siny =—1< x:—%+k27r,(k A
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x=B°+k.360°

+ Phuong trinh sin x =sin g° < (keZ).
x=180°— B°+£.360°

Trong mdt cong thirc vé& nghiém ciia phuong trinh luong giac, khong dugce ding dong thoi hai
don vi d6 va radian.

3. PHUONG TRINH cosx=m (1).

+ Truong hop |m| >1 phuong trinh v6 nghiém.

+ Truong hop |m| <1, khi d6: Ton tai duy nhat mot sd thue o € {—g,g} sao cho cosa=m.

Ta co
x=a+k2x
COSX =COS O & (keZ).
x=—a+k2r
LA .~ J0sasm . & .
.Néu so0 thuc o thdéa man: thi ta viet a =arccosa. Ta co:
cosa =a
cosx=a <> x=xarccosa+k2rx, (keZ).
Chu y:

+ Mot sb truong hop dic biét

cosx=0 <:>x:£+k7r;(keZ)
2
cosx=1 <:>x=k27r;(k€Z)

cosx=—1<x= (2k+1)7z;(keZ)

x=f°+k.360°

+ Ph trinh cosx =cos ° < ,(keZ).
uong trin ﬁ |:X=—ﬁo+k~3600 ( )

Trong mot cong thirc nghiém vé nghiém ctia phuong trinh luong giac, khong dugc dung dong
thoi hai don vi @6 va radian.
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4. PHUONG TRINH tanx =m (1) VA cotx=m (2).

@ LY THUYET.

tanx = m(1) cotx =m(2)

Piéu kién x¢g+kn véi keZ x % kn véi keZ
Tong quét Tdn tai mot s6 o sao cho m = tan & Tén tai mot s o sao cho

(1)< tanx =tana < x = o +km (keZ) m=cota

(2) <> cotx =cota < x=o+kn (keZ)

tanx=0< x=km;(k € Z) cotx:0<:>x:%+k7z;(keZ)
Chay I: tanx=1<:>x:£+k7r;(keZ) cotx=1<:>x=£+k7r(keZ)
Pic biét: 4 4 ’

7

tanx:—1<:>x:—z+k7z,(keZ) cotx=—1<:>x:—%+k7r;(keZ)
Chuy 2: T g S4 th hoa min: O<a<rx .;

S6 thyc o thoa man: 2 2 taviét 0 thyc a thoa man: cota =m ta viet

HEr =g o =arccot m .

o =arctanm . (2) & x=arccotm+krz,k e Z

(1) x=arctanm+kz,k € Z
Cha y 3: tanx = tanB° <> x =P°+k.180° (keZ) cotx =cotB° < x =B°+k.180° (keZ)

Chu y 4 : Trong mdt cong thirc nghiém vé phuong trinh luong giac, khong dugc ding dong
thoi hai don vi d6 va radian.

@ HE THONG BAI TAP TU LUAN.

DANG 1: PHUONG TRINH Sinx = m

Cau 1:  Gidi cac phuong trinh sau
a. sinx=—— b. sinx:l.
2 4
d. sinx=1. €. in3x=-—
1 X \/g
. sin3x=— h. sin| —+— |=——.
g. sin3x [2 3) >

c. sin(x—60°) = % .

f. sin(2019x+2020)=2.

i. 2sin(3x+1)=1.

o] 7T . T : /4
j.sin|sin| x+—||=0. k. sin| 2x+— |=sin| x—— |.
3 2 3
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1. sin23x:i. m. sin2x—cosx=0.

) ) ) s
n. sin3x+sinx=0. 0. sinx+cos| 2x+— |=0.
Loi giai

Vs
X=——+k2x
a. sinx:——\/j@sinx:sin[—zja 3

A (keZ).
x=Z ko
3
(1
| X = arcsm[z]+k27r
b. sinx:Zc> (keZ).

X = —arc sin(ij +k27
C. sin(x—60°) = % < sin(x—60°) =sin30°

x—60°=30°+k360° x =90°+ k360°
= (ke Z)= (keZ).
x—60°=150°+k360° x=210°+£k360°

d. sinx=1< x=%+k27r(keZ).
e. Tacd sin3x e[-1;1]= sin3x = —% vO nghiém.
f. Ta co: Sin(2019x+2020) c [—1;1] :>sin(2019x+2020) =2 vo nghiém

3x=2+k2n z Rz

¥ =
. 1 . . T
g. s1n3x=5<:>s1n3x=sm—<:>

T | TS e,
3x =2 +k2r x=Z BT
6 18 3
LIy % ]
X \/5 . (x T 2+ thom
h. sin| =+~ |=—— < sin| —+— |=sin| - — | < (keZ)
2 2 2 3 3 X 4
—+—=—+k27
X2 jon 4
2 3 xX=——+kd4r
= (keZ)<:> 3 (keZ).
%=7Z+k27l’ x=2r+kdr
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T
| - 3x+1:g+k27r
1. 2sin(3x+1):1<:> sin(3x+l):E<:> sin(3x+l):sin—c> (keZ).

3x+1:5?”+k27r

3x=Z _1+k2x _r 1, kr
= 56 (keZ)<:> ;8 31 k; (keZ)

3x=22 _1+k2z =T

6 18 3 3

j. sin{sin(er%H =0 <:>sin(x+73[—]=k7r(ke Z).

Vi Sin(x+§}e[—l;l] vaikeZ néntacd k=0.

:sin(x+%j:0<:>x+§:kﬂ(keZ)Qx:—gHm(keZ).

. T . T
k. Taco s1n(2x+—j = sm(x__j
2 3

2x+—=x——+k27x x=—5—7[+k27r
k = keZ
< T V4 ( EZ) St k2w ( < )
2x+—=7m—-|x—— |+k2x =—+—
2 3 18 3
sin3x=—
1. Tacd sin23x:1<:>
4 3
sin3x=———
i T [ T 27
3x=—+k2n7 x=—+k—
9 3
3v=2Z 1 kon _2T L 2E
= (keZ) < ? 3 (keZ)
T T 27
3x=——+k27 x=——+k—
9 3
3x=4—ﬂ+k27r x:4—ﬂ+k2—ﬂ
L 3 L 9 3

m. Tacd sin2x—cosx=0 < sin2x =cos x

) (7
&sin2x = sm(z—xj
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2x=£—x+k27r x=£+k2—ﬂ
N (kez)s| © 3 (kem).
ax=2 i x+k2r x=Z1kox
2 2
n. Ta cod sin3x+sinx=0
& sin3x =—sinx <>sin3x = sin(—x)
_kﬂ-
3x=—x+k2r (kez) YERY e e
= S = A
3x=rm+x+k2x ( < )<:>x 2( < )
x=—+krx

0. Ta co sinx+ cos(2x+§j =0

) T ) ) T
&sinx = —cos(2x+gJ &Ssinx = s1n(2x —gj

x=2x—£+k27r x=£—k27z
o ; 6 (keZ) <= s i (keZ).
x:—”—2x+k27z x:—”+k—”
6 18 3

Cau 2: Tim nghiém cua phuong trinh sin x = _% trén khoang (0;72’) .

Loi giai
| x——£+k27z
Taco sinx=——< 6 (keZ).
2 T
X = ?4‘]{27[

Theo dé bai:

0<-Zik2n<n e L<k<%:kh6ngtck>nta;1i k.
T 7 1 A A .
0<—+k2r <71 —— <k <——= khong ton tai k.
12 12
Vay phuong trinh da cho v6 nghiém.
Cau 3: Tim nghiém cua phuong trinh ZSin(x +40°) =3 trén khoang (—1800;1800) ,
Loi giai

Ta co

J3

2sin(x+40°) =13 <:>sin(x+4oo):7
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(keZ)

x+40°=60°+k360° x =20°+k360°
o (keZ) o
x+40°=120°+k360° x =80°+£k360°

Theo dé bai:
5 4
—-180°<20°+k360°<180° < —§<k<§:> k=0.

-180° < 80°+£360°<180° < —%<k<%3k 0.

Vay phuong trinh ¢6 hai nghiém x=20° va x=80°.

sin3x

Ciau4: Tim nghiém cua phuong trinh =0 trén doan [27r;47r] :

cosx+1
Loi giai
Diéu kién: cosx # -1 x#x+127(1 €Z)
Khi do

sin 3x

=0<:>sin3x=0<:>3x=k7r(keZ)<:>x=k£(keZ)
cosx+1 3

Két hop diéu kién ta duoc: | x = 2 mn (meZ).

Vi xe[27r 47[] nén xe{27r7?ﬂ 8?” 1077[,1177[}

DANG 2: PHUONG TRINH cosx =m (1).

Cau 5:  Gidi cac phuong trinh sau

T 2 2

) 3x—— |=———. b. —2)==.

a cos(x 6) 5 cos(x—2) 5

C. cos(2x+50°)=%. d. 1+2cosx)(3-cosx)=0
T

e. Cos(3x—gJ:1, f. 2cosx=-1.

g. 2019.cos(x+30°)=2020.  h. cos(3x+10°)=—1.
i. sin3x—cos2x=0. j. cos(cos(x+2))=1.
Loi giai
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i T \/5 T RY/4
a. Ta co cos 3x—g :—7<:>cos 3x—g =CcoS—

4
3x—£=3—7r+k27r lel—”+k2—ﬂ
= 6 (keZ) < 36 3 (ke Z).
T RY/4 -1 k27r
3x——=—-——+K27 X=—
6 4 36 3

b. Ta cod cos(x—2):§ <:>x—2:iarccos[§j+k27z
2
@x:iarccos(§j+2+k27z (keZ).

c. Taco cos(2x +50°) = 1 <> cos(2x+50°) = cos 60°

2x+50°=60°+£.360° x=5°+k.180°
o (keZ) < (keZ).
2x+50°=-60°+£.360° x=-55°+k.180°

1+2cosx=0
d. Taco (1+2cosx)(3—cosx)=0 @[
3—cosx=0
1 2r
<:>cosx:—5<:>x:i?+k27r(keZ).

e. Taco cos(3x——j—1<:>3x———k27r(keZ) l+kz—ﬂ(keZ)
6 6 18 3

f. Tacod 2cosx =-1 @cosx=—%<:>x=i2§+k27z(keZ).

2020

g. Ta co 2019.cos(x+30°)=2020 < cos(x+30°) = 5 >1 ( v0 nghiém).

h. Ta co Cos(3x+10°):—1 < 3x+10°=180°+£.360° < x = 170

+k120° (ke Z).

i. Taco sin3x—cos2x =0 <> sin3x =sin %—2):]

3x=2_2x+k2x x=Z o k2m
N (kez)s| 10 3 (kez)
3x=§+2x+k2ﬂ x:%+k27r

j. Tacod COSI:COS(X+2):|=1 < cos(x+2)=k2n (ke Z)
Vi:—1<cos(x+2)<1nén k=0.
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Khi do:

cos(x+2):0<:>x+2:%+m7r<:>x:%—2+mﬁ, (meZ).

T
Cau 6:  Phuong trinh /2 cos(x +EJ =1 ¢6 bao nhiéu nghiém théa man 0< x <2x?

Loi giai
b4 1
Ta c6 \/Ecos x+Z =1 cos| x+— |=—
( 3) ( 3] V2
x+1:%+k27r x:—£+k27r
S (kez)e| 2 (kez)
x+£:—£+k27z x=—l+k27r
3 4 12
V61 0<x <27 taco
0<-Zikar<on | <k< 237
12 <124 24 < k=1 nghiém la x=="
keZ keZ
0£—7—7[+k27z£27r l<k<£ 177
12 =124 24@/(—13)6—?.
kel keZ

Vay phuong trinh da cho ¢6 hai nghiém théa man 0 < x<2rx.

DANG 3. PHUONG TRINH tanx =m (1) VA cotx=m (2).

Cau 7:  Gidi cac phuong trinh sau

a. tan2x=tan2—n. b. tan > = /3.
7 2
3
C. tan(3x—30°)=—§. d. tan’x=1.
e. tan2x=0. f. cot(4x—gj=\/§.

g. (cot%—lj(cotgﬂj =0, h. tan(%—xj+2tan(x+§} =1.

i. tan(x—30°).cos(2x—150)=0. . (3tanx+\/§)(2sinx—l) -0.

k. tanx.tan2x =-1. . tan4x.cot2x=1.
m. sin2x.cotx=0.

Loi giai
, 2 2 T T
a. Tacod tan2x:tan7 <:>2x:7+k7r <:>x:7+k5,keZ.
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b. Ta co tanfzx/g <:>tan£:tanZ <:>£:£+k7r<:>x:2—7[+k27r,keZ.
2 2 3 2 3 3

c. Tacod tan(3x—30°) = —? <> tan(3x—30°) = tan (-30°)
< 3x-30°=-30°+%k180° < x=k60° ke Z.

d. Tacod tan’x=1 < tanx=+1 < x = 4+k7rkeZ©x—Z+kE kel.

e.Taco tan2x=0 < 2x=knx @xzk%,keZ.
f. Ta co cot 4x—— =3 < cot 4x—— cot£<:>4x—£:£+k7r <:>x:£+kz,keZ.
6 6 6 6 6 12 4

g. Diéu kién: sin%;ﬁO@%;ﬁlﬂ@ xzRrleZ.

Ta c6

X x Iz Vid
. . cot—=1 —=—+krx x=—+k27x
(cot——l}(cot—ﬂj:O@ 2 o2 4 = : ke Z(TM ).
2 2 X
2

cot==—1 i ;R _ A 5
2 2
h. Ta co

tan(%—x}+2tan(x+§]:1 <cotx—2cotx=1<cotx=—1 @x:—%+kﬁ,

keZ.
Vay phuong trinh da cho ¢6 tap nghiém S = {—%+ kr, ke Z} .
i. Diéu kign cos(x—30")#0 <> x#120°+/180°, [ Z.

Vi diéu kién trén, phuong trinh da cho tuong dwong véi

tan (x—30°)=0

t -30° 2x-150°)=0
anx Joos (2 ) <:>[(:os(2)c—150°)=0

x—-30°=£k180° x=30°+£k180°
= = 5
2x—-150°=90°+k180° x=120°+£90°

So sanh voi diéu kién, phuong trinh da cho c6 tap nghiém S = {30° +k180°,k Z} .

j. biéu kién cosx¢0<:>x¢%+l7z, leZ.
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Véi diéu kién trén, phuong trinh da cho tuong dwong véi

x=-Zikn
t 3 x=-Zikn
anx=—— =——
{3ta}nx+x/§—0<:> = x:%+k27r =3 ,kel.
2sinx—1=0 sinxo L s =" ron
2 x=%+k27r

So sanh véi diéu kién, phuong trinh di cho c6 tap nghiém S = {—%Jr ki %‘l‘ k2r, k e Z} .

2 ... |cosx#0 )
k. Biéu kién & ,lel.
cos2x #0 T T
X Z+l—

Véi diéu kién trén, phuong trinh da cho tuong dwong véi

tan2x =—

& tan2x = —cotx < tan 2x = tan Z+x
tan x 2

<:>2x=%+x+k7z <:>x=%+k7r, kelZ.

So sanh véi diéu kién, phuong trinh da cho v nghiém.

1=
s ... |sin2x#0 y 2
1. Biéu kién & S leZ.
cos4x #0 T T
ot i+ L
8 4

Véi diéu kién trén, phuong trinh da cho tuong dwong véi

tan4x =

S4x=2x+kr <:>x=k£, kel.
cot2x 2

So sanh véi diéu kién, phuong trinh da cho v nghiém.
m. Pidu kién: sinx#0< x#Ir,leZ.

Véi diéu kién trén, phuong trinh da cho tuong dwong véi

) CcoS X
2sIn X oS x

Sm x

=O<:>cos2x=0<:>cosx=0<:>x=%+k7r, keZ.
So sanh véi diéu kién, phuong trinh di cho c6 tdp nghiém S = {%Jr kr, ke Z} .
. T
Cau 8: Tim so nghiém cua phuong trinh tan x = tan i’_T trén khoang [Z;an.
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Loi giai

Tacod tanx:tan31—7lr <:>x:3—”+k7r, kel.

Vi x e £;27z ,tac6£<3—ﬂ+k7z<27r<:>—L<k<Qsuyra ke{O;l}.
4 4 11 44 11

Vay trén khoang (%, 27zj , phuong trinh da cho c6 hai nghiém.

<‘> BAI TAP TU LUAN TONG HOQP.

7T
Cau 9:  Gidi phuong trinh tan(x+§j =3
Giai:
s s s
Ta co: tan(x+§)=\/§ <= tan[erg):tang <= x+§:§+k7{ < x=kmkel.

Vay phuong trinh ¢6 mot ho nghiém x = kr, k € Z.

V3

Cau 10: Giai phuong trinh tan (3x—30")= =N
Giai:
7 0 \/5 0 0 . 0
Taco tan(3x—30 )=—? = tan(3x—30 ): tan(—SO ) < x=k60",k eZ
Vay phuong trinh ¢6 mot ho nghiém X =k60°, k eZ
e s 7r
Cau 11: Gidai phuong trinh tan (2x+gj+tan (E_XJ =0

m m
2x+—¢5+m7r X#—+—

biéu kién = ,me 7.
T T s
——X#=—+m7 X#———mm
2 6

PT < tan 2x+z =—tan z—x < tan 2x+I =tan —E+x <:>x:_—7r+k7r,k e’
6 3 6 3 2
Két hop vé6i didu kién ta suy ra phuong trinh ¢6 m¢t ho nghiém x = _2_7T +km keZ.
. s s
Cau 12: Giai phuong trinh tan (X—Ej—cot (§+xj =0
Giai:
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T 7 2T
X——#—+mm X #—+mm 5
A A s
biéu kién 6 2 = 3 S xE—+mmw,mel.
T T 3
—+x#Emn X#F——+mm
3 3

s T s s T km
PT <tan| x—— |=cot| —+x |<tan| x—— |=tan| ——x | x=—+—,k € /.
6 3 6 6 6 2

Két hop vai diéu kién ta duoc x = %+ kr,keZ.

Cau 13: Giai phuong trinh 3—+/3 tan (Qx —gj =0 véi % <x< %ﬂ
Giai:
k
Phuong trinh twong duong voi tan(2x —g) =3 ox= % +77T, k eZ.

-7 27 - 7 km 2w T kmw T« =7 2
@_

< R
4 3 2 3 12 2 3
Do keZ nén ke{—l;O}.

Vé6i k=-1thi x="2,v6i k=0 thi x=".
6 3
Vay x:% va ng thoa man yéu cau bai toan.
. s s
Cau 14: Giai phuong trinh tan(§+xj+tan[g+2xj:0,

Papsé x= = KT e
6 U\B

. X X
Cau 15: Giai phuong trinh (COtg_lJ(COtE + 1) =0(1)

.X X
. sin— =0 —# k7 Y= k3
Diéu kién: 3 o3 (keZ)
. X X x# k27
sin—=# 0 — % k7
2 2

cotﬁ—lz() cotﬁzl d
(1) e 3 = 3 o3 o (keZ)
X X X
cot—+1=0 cot—=-1 —
2 2 2
So véi diéu kién cac nghiém nay thoa.
Vay phuong trinh ¢6 nghiém: x = %4. k37w, x = _§+ k27r,(k c Z).

Cu 16: Giai phuong trinh tan(x—30°)cos(2x~150") =0 (1)
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Piéu ki¢n: cos(x—30")# 0 < x—30" % 90° + k180 <> x #120° + k180°, (k € Z).

x—30" =k180° x=30"+£180°
< | 2x-150" =90 +£360" <| x=120°+k180°,(k € Z)
2x—150" =—-90" + £360" x=30"+£180"

(1)<:> tan(x—30°)=0 0

cos(2x—150")
So v6i diéu kién nghiém x = 120° + k180° loai.
Vay phuong trinh ¢6 nghiém: x =30’ +k1800,(k € Z)

Cau 17: Gidi phuong trinh (3tanx+x/§)(25inx—l)=0 (1).

Diéu kién cosx # 0 < x¢§+k7r,(k eZ).

x—5—7T+k7T
tanx——ﬁ 6
(1) 3tanx+\/§=0<:> 3 olx="ikor (keZ)
2sinx—-1=0 . 6
sinx =— -
x=—+K27
6

So véi diéu kién cac nghiém nay thoa.
o . . B oM o N . . 2 o™
Vi tap cac gia tri {x= o +k2m,k € Z ; 1a tap con cua tap cac gia tri {x = ry +km,kel;.
Vay phuong trinh c6 cac nghiém: x = %Jr km,x = %Jr kzﬂ,(k c Z)
Cau 18: Giai phuong trinh cos2x cot[x—ZJ 0

Diéu kién sin(x—%}tO@x—%¢k7r<:>x;t%+k7r,(keZ)

cos2x =0 o =" L kn x_£+k_7f

(1) e T o 2 o 12
cot| x—— |=0 T T 3

4 X——=—+km xX=—-+km

Cau 19:

1 1
+——= 2sm(x+ J (*) (CB CNTP khéi A_2007)
COSX Smnx

Diéu kién: cosx#0, sinx =0
Vi di€u kién trén, (*) < 2(sin x + cos x) = sin 2x(cos x + sin x)
< (sinx+cosx)(1-sin2x)=0

<sinx+cosx=0<tanx=-1
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@xz—%+k7r,keZ..

So v6i diéu kién, nghiém cta phuong trinh 1a: x = _%Jr km,keZ.

Cau 20: sin2x+2cosx—sinx —1 _ 0 (PH D-2011)
tanx+\/§

tanx;t—\/§

cosx#0

Diéu kién:{
Vi diéu kién trén, phuong trinh < sin2x+2cosx —sinx—1=0
< 2sinxcosx+2cosx—(sinx+1)=0

< 2cosx(sinx+1)—(sinx+1)=0

< (sinx+1)(2cosx—1)=0

1 x=iz+k271'
CoSx =—

2 &

. T

sinx =—1 x:—5+k27r

So v6i diéu kién, nghiém cua phuong trinh 1a x = §+ k2n (k e Z)

(1-2sinx)cosx
Cau 21: : = =3 (%) (PH A-2009)
(1+2sinx)(1—sinx)

s ... [14+2sinx=#0
bicu kién: ! 1
1-sinx#0

Vi didu kién trén, (*) < (1—2sinx)cosx =~/3(1+2sinx)(1—sinx)

T T
& cosx —~/3sinx =sin2x + /3 cos2x QCOS(X‘ng =COS[2X—EJ

x+ X oy kor x="1kor
=4 6 & 2 5 keZ
X+t = ox+ Tt k2on x=—2 k2L
3 6 18 3

Két hop véi didu kién (1), nghiém phuong trinh 13 x = — % K 2?”
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