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VECTO
I TRONG KHONG GIAN

| CHUONG |

BAI: VECTO TRONG KHONG GIAN

@ LY THUYET.

I. VECTO TRONG KHONG GIAN
Vecto trong khong gian 1a mot doan thang ¢ hudng.
Do dai cua vecto trong khong gian 1a khoang cach giira diém dau va diém cudi cua vecto do.
Chii y: Tuong ty nhu vecto trong mit phang, d6i véi vecto trong khong gian ta ciing ¢ cac ki hiéu va
khéi niém sau:
Vecto ¢6 diém dau 1a A va diém cudi la B dugc ki higu 1a AB.
Khi khong can chi rd diém du va diém cudi cua vecto thi vecto con duoc ki hiéu 1a &, 6, X, Y,...

Do dai cua vecto AB duoc ki hiéu la ‘ﬁ

, 0 dai cta vecto a dugc ki hi¢u 1a |a].

Puong thang di qua diem dau va diém cudi cua mdt vecto dugc goi la gia cua vecto do

Hai vecto duoc goi la cung phwong néu ching c6 gia song song hoac tring nhau.

Néu hai vecto cling phuong thi ching cing huéng hozc nguoc hudng.

Hai vecto & va b duogc goi 1a bing nhau, ki hiéu a=b , néu chung c6 cing do dai va cing huéng.
Chu y: Tuong tu nhu vecto trong mit phang, ta c¢d tinh chat va cac quy ude sau déi voi vecto trong
khbng gian:

Trong khong gian, véi mdi diém O va vecto a cho trudc, ¢6 duy nhat diém M sao cho

OM =4.

Céc vecto c6 diém dau va diém cudi triing nhau, vi du nhu AA, BB,... goi la cac vecto -khdng.

Ta quy udc vecto-khong c6 d6 dai la 0,cung hudng (va vi vay cung phuong) vai moi vecto. Do do, cac

vecto-khong du bing nhau va dwoc ki hiéu chung 12 0 .
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I1. TONG VA HIEU CUA HAI VECTO TRONG KHONG GIAN
a) Tong cia hai vecto trong khong gian
Trong khong gian, cho hai vecto d va b . Ly mot diém A bét ki va cac diém B,C sao cho
AB =3,BC =b . Khi d6, vecto AC duoc goi |2 tdng cua hai vecto d va b , ki hieula a+b .
Trong khong gian, phép lay tong cia hai vecto duoc goi la phép cong vecto.
Bén diém A, B, A', B’ dong phang va ti gidc ABB'A’ 1 hinh binh hanh.
Ch0 y: Tuong tu nhu phép cong vecto trong mit phang, phép cong vecto trong khong gian c6 cac
tinh chat sau:
Tinh chét giao hoén: Néu & va b 14 hai vecto batkithi a+b=b+4a.
Tinh chit két hop: Néu d,b va € 1a ba vecto bat ki thi (a +b )+ = a+(6 + 6) .
Tinh chét cong véi vecto 0: Néu & 1a mot vecto batkithi a+0=0+a=4.
Tir tinh chét két hop cua phép cong vecto trong khong gian, ta c6 thé viét tdng cua ba vecto a,b va
C 1a a+b+¢ makhong can sir dung cac dau ngoic. Tuong ty dbi véi tong cua nhidu vecto trong
khong gian.
Cho hinh hop ABCD.A'B'C'D’. Khi dd, ta coAB+ AD + AA = AC’.
b) Hiéu ciia hai vecto trong khong gian
Trong khong gian, vecto c6 cung d dai va nguoc hudng véi vecto a duoc goi la vecto doi cua vecto
a, ki hiéu la -a.
Chay:
Hai vecto 1a d6i nhau néu va chi néu tong cua ching bang 0 .
Vecto BA 13 mot vecto doi cua vecto AB .
Vecto 0 dugc coi 1a vecto ddi caa chinh no.

Twong tu nhu hiéu cua hai vecto trong mit phang,
ta c6 dinh nghia vé hiéu cua hai vecto trong khong gian:
Vecto a+(—6) duoc goi 12 hiu ciia hai vecto & va b vaki hicula a—b .
Trong khong gian, phép lay hiéu cua hai vecto dugc goi 1a phép trir vecto.
III. TICH CUA MQT SO VOI MQT VECTO TRONG KHONG GIAN
Trong khong gian, tich caa mot sé thuc k =0 véi mot vecto @ =0 13 mot vecto, ki hiéu 1a ka , duoc
xac dinh nhu sau:
Cung huéng véi vecto a néu k > 0; nguge huéng vai vecto @ néu k <0;
C6 do dai bang |k|-|al.
Trong khong gian, phép lay tich caa mot s6 voi mot vecto dugc goi 1a phép nhan mot sé véi mot
vecto.
Chay:
Quy udc kd =0 néu k=0 hoiac a=0.
Néu ka =0 thi k=0 hoac a=0.
Trong khong gian, diéu kién cAn va du dé hai vecto & va b (5 #* 6) cung phuong 1 c6 mot s6 thuc k
saocho a=kb .
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Ch0 y: Tuong ty nhu phép nhan mot s6 Vi mét vecto trong mit phang, phép nhan mot s voi mot
vecto trong khong gian c6 cac tinh chat sau:
Tinh chét két hop: Néu h,k 1a hai s6 thuc va & 1a mot vecto bat ki thi h(ka)=(hk)a.
Tinh chat phan phéi: Néu h,k 1 hai s6 thuc va &b 1a hai vecto bat ki thi (h+k)d=hd+ka va
k(a+b)=ka+kb.
Tinh chat nhan véi 1 va -1: Néu & 1a mot vecto bat ki thi 1d=4 va (-1)a=-4.
Chu y: Twong tu nhu trong mat phang, néu G 1a trong tdm cua tam giac ABC thi voi diém O tuy y,
ta c6 OA+OB +0C =30G
IV. TICH VO HUONG CUA HAI VECTO TRONG KHONG GIAN
a) GOc giira hai vecto trong khong gian
Trong khong gian, cho hai vecto &,b khac 0. LAy mot diém O bét ki va goi A, B 14 hai diém sao

cho OA=4,0B =b . Khi dé, goc AOB(0° < AOB £180°) dugc goi 12 goc giira hai vecto d va b , ki

higu 1 (5,6).

&)

Néu géc gilka hai vecto & va
b 1a 90° thi ta ndi hai vecto
a va b vuéng gbe véi nhau
vakihigulad 1 b.

m

Hinh 2. 22
chay:
Pé x4c dinh goc gitra hai vecto AB va CD trong khdng gian ta cd thé lay diém E sao cho AE =CD
, khi d6 (AB,CD)=BAE(H.2.23).
Quy wdc goc gitta mot vecto bat ki va 0 co thé nhan mot gié tri tuy y tir 0° dén 180°.
B

T

b) Tich v6 huéng ciia hai vecto trong khong gian

Trong khong gian, cho hai vecto &,b déu khac 0. Tich v hudng cua hai vecto & va b 1a mot sb,
ki hiéu 1a a-b , duoc xac dinh bai cong thic:

a-b =‘é|-|5‘-cos(é,5).
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Chay:
Quy uéc néu a=0 hoic b=0 thi a-b =0.

Cho hai vecto a,b déu khac 0.Khidé: a Lb < 4d-b=0.
Vi moi vecto &, taco a° = af.

Qy
(SN

Néu a,b 13 hai vecto khac O thi cos(é,B):

D)
o

SO PO HE THONG HOA

thing ¢6 hudng

ab | =B
cing hudng a=b AT .
Dinh nghia Do dai cua vecto la

A , , -~
khoang céch gitra ‘%
. — noang cach git AB‘:AB
Hal vecto duchgol .I,a N diém dau va diém

cung ppuorng neu gla Cuoi cua vecto do

cua chlng song song
hodc trung nhau. Vecto — khong 1a vecto ¢6 diém

dau va diém cuoi trung nhau.

Vecto 1a mot doan} AI AB >

v

ab | =P [as
nguoc hudng d6i nhau
S VECTO
—— TRONG - - -
Mét so hé thire vecto R Cé&c pheép toan
trong tdm KHONG vecto

‘ GIAN
I 12 trong tdm caa hé n diém Quy tac 3 diém:
ALAA AB+BC=AC
SIA+IA+..+1A =0
Arih A Phép tru:
OB-OA=AB
v

a,b khong cung phuong thi a,b va
¢ ddng phang khi va chi khi ton tai
cap s6 (m;n) sao cho ¢ =ma+nb

Sy dong ding
cua ba vecto

Néu ABCD Ia hinh binh hanh thi
AB+AD = AC

Néu ABCD.A'B'C'D’ Ia hinh hop thi
AC’ = AB + AD + AA’
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@ HE THONG BAI TAP TU LUAN.

DANG 1. XAC PINH VECTO VA CHUNG MINH PANG THUC VECTO

<0> PHUONG PHAP.

Van dung cac kién thue sau.

[J Binh nghia cac khai niém lién quan dén vecto;
[] Tinh chat hinh hoc cua céac da giac da hoc;

[J Céc quy tic tinh toan voi vecto;

[ Mét s6 hé thire vecto hay dung;

[] Céc tinh chét caa cac hinh hinh hoc cu thé.

<¢> BAI TAP.

Cau 1: Chohinh hop ABCD.A'B'C'D’. Str dung cac dinh caa hinh hop lam diém dau va diém cudi cua vecto.
a) Hay ké tén cac vecto bang nhau lan lugt bing cac vecto AB, AC, AD, AA' .

b) Hay ké tén cac vecto ludn co do dai bang nhau va bang d6 dai cua vecto BC.
Loi gidi
A!

a) Tacd

+) AB=DC=AB'=DC’.

+) AC=AC’.

+) AD =BC =AD'=B'C’

+) AA'=BB'=CC’ = DD’

b) Tir tinh chat cua hinh binh hanh, ta suy ra cac
vecto ludn c6 do dai bang d6 dai cua vecto BC la
BC,CB, AD, DA, AD',D'A',B'C',C'B'.

Cau 2:  Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh.
a) Chiing minh SA+SC =SB +SD
b) Néu ABCD Ia hinh chi nhat thi SA” +SC° =SB  +SD"
Loi giai
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a) Goi O la tam cta hinh binh hanh ABCD thi O Ia
trung diém ctia mdi duong chéo AC va BD.
Do d6 SA+SC =2SO va SB+SD =2S0
Vay SA+SC =SB+SD

_ _ —\2 _ — _
b) Tacd SA =(SO+OA) =50 +OA +2S00A,
——2 —  ——\2 —2 ——2 _—
SC :(somc) =SO +0C +2S0.0C.
Suyra SA +SC =250 +0A +0C +2%(@+(f)

—2 —2
=2(so +OA )
=2(S0* +0A’)
—2 —2 2 2
Tuong tu. SB” +SD =2(SO” +OB?)
Ma ABCD Ia hinh chit nhat nén OA = OB
Suyra SA +SC =SB +SD’
Cau3: Cho hinh chép S.4ABCD c6 day 14 hinh binh hanh tam 0. Pit SA—d, SB=b, SC=¢, SD=d.

Ching minh: @ +¢ =5 +d.

SA+SC =280
SB+SD=2S0

Vi O la trung diém cua AC va BD nén

_ = — ——

Suyra SA+SC =8B+ 8D hay a +c¢ —b+d.
cau4- Cho hinh chép S.ABCD c¢6 day la hinh binh hanh tdm O. Goi G la diém thoa man

_ —  —  —— —

GS+GA+GB+GC+GD = OChungmlnh GS =40G.
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Tacé GS+GA+GB+GC+GD =0

& GS+4GO+|0A+0B+0C+0D|=0 (do O latam hinh binh hanh)

=0

& GS+4G0=0GS =40G.
Cau5: Chotadién ABCD. Goi G latrong tam cua tir dién, M 1a mot diém trong khéng gian. Chiing minh:

FG:i MA + MB+ MC + MD

Loi giai
—_— —_— —_— —_— —

Do G latrongtam tir diénnéntacé GA+GB+GC+GD =0

— GM+MA + GM+MB + GM +MC + GM +MD =0, VM

:>MG:i MA+ MB+ MC + MD .

— e — & _— —

Cau 6:  Cho hinh hop ABCD.A'B'C'D’. Chiing minh: AB+ BC'+CD+ D'A=0.

Loi giai

— _— RN —_ - _—

Tacé: AB+BC' +CD+D'A=04 DA+ AB+BC' +CD=0 D'C'+CD=0: luon dung
Cau 7:  Cho hinh hgp ABCD.A'B'C'D' tdm O. Goi | la tdm caa hinh hinh hanh ABCD.Chung minh:
Of =2 (AC"+CA'+ BD'+ DF')

Loi gidi

7 | Th.s Lé Viét (THPT Thang Long, Ha Noi) — Chuyén gia Chién lwgc Gido duc va Sy nghiép



us;

5"%:‘@ 4: . .
Trung tAm BDVH Unix Thang Long - Website: trungtamunix.edu.vn

Thay Lé Viét toan Thiing Long “Khai Mé Tw duy — Kién Tao Van Ménh” (zalo):0835.221183

Goi M, N lan luot 13 trung diém cua AB, CD.
Suy ra 7 1a trung didm ciia MN nén OM +ON =201

OA+OB=20M
Taco
OC +0D=20N

Tir do suy ra E:i OA+OB+0C +0D

4

1[_lﬁ_lc,4f_lgpf_lp3f _ Y oA BD DB .
2 2 2 2 8

Cau8: Cho tir dién ABCD, goi M, N lan luot 13 trung diém cuia cac canh AD, BC va G 1a trong tAm cta tam
giac BCD chung minh rang:
2) MN = (B + DC) b) AB+AC + AD = 3AG
Loi giai
a) Ta cé:

W=3(W+|\TC)=1(M—A+E+W+DT:)=1((E+DT:)+(|\/TA+W))=%(E+D—C)

_— — — —  ——

b) Ta cé: AB=AG+GB; AC=AG+GC;AD=AG+GD
Cong cac dang thirc theo vé ta co: AB+ AC + AD +(GB +GC +C$) =3AG

Vi G la trong tdm tam giac BCD nén GB+GC+GD =0.

suy ra AB+AC+AD =3AG.
Cau 9:  Cho hinh hop ABCD.EFGH. Ching minh rang;
a) AB+ AH +GC+FE = AD

b) AB+ AD+ AE+GH +GB = 0

Loi giai
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H

a) Ta co: E+m+§:+ﬁ=(ﬁ+ﬁ)+(ﬁ+&)=6+(ﬁ+ﬁ):ﬁ
b) Ta co: ﬁ+ﬁ+ﬁ+@+@:(ﬁ+m+ﬁ)+(@+@):E+§A:A—A:6

DANG 2. CHUNG MINH BA PIEM THANG HANG, PHAN TICH VECTO

<0> PHUONG PHAP.

- Chirng minh ba vecto dong phang, sir dung mét trong céc cach sau.

+ Chirg minh ba vecto c¢6 gia cling song song voi mot mat phang.

+ Chirng minh hai vecto c6 gia cung song song vi mat phang chira gia cua vecto con lai.
+ Bién d6i vecto dé duoc dang thuc dang c=ma-+nb

- Chung minh ba diém A, B,C thang hang

< 3JkeR:AB=k.AC

< Ik eR:kMA+(1-k).MB =MC

<o> BAI TAP.

Cau 10: Cho tir dien ABCD. Goi M va N lan luot 1a cac diém trén cac canh AD va BC sao cho
AM =2MD, BC =3NC . Ching minh: W:%E-%(ﬁ.

Léi gidi
A

MN = MA+ AB + BN
Taco < . I
2MN:2(MD+DC+CN)

Cong Vvé theo vé& ciia hai dang thire nay ta dugc 3MN = (me ZW)Jr(W + 2m)+(ﬁ + ZE)
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. 2

Do MA+2MD =0,BN +2CN =0 nén W:§AB—§CD

Cau 11: Cho hinh ling tru tam gidc ABC.A'B'C’ ¢6 AA' =a, AB =b, AC =c . Hay phan tich c4c vecto B'C, BC’
qua cac vecto 5, B,E .
Loi gidgi
B G

A!
Taco BC=BB+BC=-AA+AC-AB=-a-b+c

Cau12: Cho hinh chop S-ABC . L4y diém M va N sao cho MS=-2MA y3 NC=-2NB chang minh
3MN =SC +2AB

Léi gidi

Ti gia thiét ta co6 MS +2MA=0;CN +2BN =0
MN =MS +SC +CN
Laicd s _ . .
2MN :2(|v|A+ AB+BN)
Cong vé theo vé ta dugc
3W:(WS+ZW)+(CW+2W)+§+ZE:§+2E
Cau 13: Cho tir dién ABCD. Goi | va J 1a trung diém cua AB va CD.
a) Hay biéu dién vec to 1J theo 3 vecto AB;AC va AD.
b) Goi G 1a trong tam tam giac BCD. Hay biéu dién vec to AG theo 3 vec to AB; AC va AD.

Léi gidi
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a) Ta co: ﬁ=<ﬁ+A7), mit khac 1A=—Al =—= AB.

A = %(AT: +AD) (tinh chét trung diém)

Do d6: ﬁz—%ﬁ+%?€f+%ﬁ.
AB = AG +GB

b) Tacod: { AC = AG+GC cong theo vé ta dugc:
AD = AG +GD

3AG +GA+GB +GC = AB+ AD + AD

Mt khac GA+GB +GC (do G Ia trong tam tam giac ABC). Do vay AG = AB+AC+AD

Cho tu dién ABCD. LAy cdc diém M va N 1an lugt thuoc AD va BC sao cho AM =3MD; NB =—3NC.
Biét AB=a va CD=bh.
a) Hay biéu dién vecto MN theo a va b.

b) Goi G 1a trung diém cua PQ, chiing minh rang G Ia trong tdm tt dién ABCD.
Loi gidi

a) Taco: MN =MD +DC +CN (1).

Lai co: W=m+ﬁ+ﬁ(2).

Mait khac: MA+3.MD =0; NB+3.NC =0.

Lay (2)+3.(1) ta dugc 4.MN = AB+3.DC.

Dodé MN = 2a_35.
4 4

b) Theo tinh chét trung diém ta co:
GA+GD=2GP — — . . .
- :>GA+GB+GC+GD=2(GP+GQ)
GB+GC =GQ

Mt khac GP+GQ =0=> GA+GB+GC +GD = 0= G la trong tam tir dién ABCD.
Cho hinh hop ABCD.A'B'C'D’. Dt BA=a; BB’ =b; BC =c. Goi M va N lan lugt 13 hai diém nim
trén AC va DC’ sao cho MB//BD’. Tinh ty s6 %

Léi gidi
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3,

Gia su: M—C:nﬁ;mzmﬁ.

Tacé: BD'=BD+DD'=BA+BC+DD'=a+b+c.

Lai ¢c6: MN = MC +CC’+C'N =nAC +b+mC'D

=n.(ﬁ—§&)+5+m(ﬁ+@) =n.(6—5)+5+m(—5+5)=(m—n)5+(1—m)5+n5.

Khi d6 MN //BD’ = MN =k.BD’

2

m==—
m—nzl——m=2=k© 3:w=k=1
1 1 1 n_l B'D’ 3

3

Cau 16: Cho hinh chép S.ABC. Lay cac diém A,B’,C’ lan luot thuoc cac tia SA,SB,SC sao cho
SA=a.SA’,SB=h.SB’,SC =c.SC’, trong d6 a,b,c la céc s thay ddi. Ching minh rang mit phing
(A'B'C') di qua trong tdm cua tam gidc ABC khi va chi khi a+b+c=3.

Loi gidi
Tur gia thiét ta suy ra SA=a.SA’, SB =h.SB’,SC =¢.SC’
Goi G la trong tam ciia tam giac AABC . Tacd SA+SB+SC =3SG
G e(A’B’C’)@@zx.@+y.§+z.§ VoI X+y+z=1
<:>3§:3x.ﬁ+3y.@+3z.f VoI x+y+z=1
< a.SA +b.SB'+¢.SC’ = 3x.SA’ +3y.SB’ +32.5C’
c>(a—3x).S—N+(b—3y).S—B'+(c—32).§7:6
< a-3x=b-3y=c-3z=0
+)Néu G e(AB'C') tacé a—3x=b-3y=c-32=0.
Do d6 a+b+c=3

+) Néu a+b+c=3, ta dat x=g,y:9,z:E thi
3 3 3

a+b+c

X+Yy+2z= =lvaa-3x=b-3y=c-32=0

Do d6 Ge(AB'C).
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Cau 17: Cho t dién ABCD, M va N 1a cac diém Ian lugt thudc AB va CD sao cho MA=—2MB, ND =—2NC ;

cac diém 1,J,K lan lugt thuoc AD,MN, BC sao cho 1A=k.ID,JM =k.JN, KB =k.KC . Ching minh
rang cac diém 1,J, K thang hang.

Léi gidi

Tacé MA=—2MB nén vai diém O bat ky thi OM = OA+208

Tuong tu, ta chi ra dugc

oN - 0D +20C o OA-kOD o OB-—KOC v OM —kON
3 1k 1k 1k
Taco 0J = ——.(OA+20B ~k.OD - 2k.0C)
1-k 3
- —5[(@-K)oT +2(1-k)OK]

:l(mm):la&&
3 3 3

Suy ra (01 ~0J )+ 2(OK ~0J) =0 > =1 +2 K =0 & 1] =2IK
3 3 3 3
Suyra 1,J,K thang hang.

Cau 18: Cho hinh hop ABCD.A'B'C'D’. Goi G,G" lan luot 12 trong tdm cua cac tam giac BDA',CB’'D’. Ching
minh cac diém A, G,G’,C’ thang hang.

Léi gidi
A B
(IR 2
I 3 5
D : =—~=—>(C
\ ! G\,’
\ |A' >3 ¢
N o N
S AL = L NBY!
s _(;_’:\’ ™
P __—"‘ Ay
D’ c

Pt AB=a,AD=h, AN =¢
Taco AC'=a+b+c.
Theo quy tic trong tam, ta co E:%(ﬁ+ﬁ+ﬁ):%(é+6+6)
N TN -T2 T O A S G
AG :—(AC+AB +AD):—(a+b+a+c+b+c):—(a+b+c)

3 3 3
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Vay ﬁ:sngﬁ nén cac diém A G,G’,C’ thiang hang.

Cho ti dién ABCD, cac diém M, N lan luot 13 trung diém cua AB, CD. Goi P, Q lan luot 12 c4c
didm trén cac duong thing AD, BC sao cho PA=2PD, QB =2QC . Chang minh ring 4 diém M,
N, P, Q dong phang.

Loi giai
Taco: PA=2PD @W—WzZ(Wj—W)@W:2W—M_A.
Tuong tu @zZQTf @WQ:ZW—W.
Suy ra MP + MQ:Z(MC+MD)—(W+W§)

=22MN -0 (vi M, N Ian luot I3 trung diém cia AB, CD)
= 4NN .
Vay ba vecto MP, MQ, MN ddng phang hay bén diém M ,N ,P,Q ddng phing (dpcm).

Cho t dién ABCD. Trén canh AD liy diém M saocho AM =2MD; trén canh BC liy diém N sao
cho NB =-2NC . Ching minh ring ba vecto AB, CD va MN ddng phéng.

Léi gidi
A

Taco: AB =AM +MN + NB (1)

DC =DM +MN +NC = 2DC =2DM +2MN +2NC (2)

Cong theo vé (1) va (2) ta duoc: AB+2DC =3MN +(AM +2DM }+(NB+2NC) (3)

Do AM =2MD nén AM +2DM =0: do NB=-2NC nén NB+2NC =0.

Tir (3) = AB+2DC = 3MN :W:%E%D—C :W:%E—EC—D.

Suy ra ba vecto AB, CD va MN ddng phang (dpcm).

Cho tir dién ABCD. Trén canh AD liy diém M sao cho AM =2MD va trén canh BC liy diém N
sao cho NB =—2NC . Ching minh W:%ﬁ+§ﬁ.

Léi giai
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MN =MD + DC +CN
Tir (1) va (2) suyra

~ |MN =MA+ AB+BN MN = MA+ AB + BN (1)
Taco e
2MN = 2MD +2DC +2CN (2)

3W=W+2W+E+2ﬁ+ﬁ+2ﬁ=ﬁ+2ﬁzwzéﬁ+gﬁ

Cho t&r dién ABCD. Lay cac diém M,N,P,Q lan luot thuéoc AB,BC,CD,DA sao cho
m:%mwzgﬁ,m:%mﬁ:ka—c.Hayxéc dinh k d& M,N,P,Q ddng phing.
Léi gidi
Pit DA=a,DB=b,DC =c . Khi dé ta cé :
MN =—2a+25, MP=—-2a-1b+ké, MN =—~a—=b
373 37 3 6 3

Cac diém M,N,P,Q ddng phing khi va chi khi cic vec to MN,MP,MQ ddng phing
< 3X,y: MP = XMN + yMQ
o-2a-Ypikc=x[-2a+2¢]4y[-L1a-1p

37 3 373 6 3

Do cac vec to a,b,c khong ddng phing nén diéu nay tuong duong véi

21,2

3 6 3

1 :—1 <:>x:§,y:1,k:1.
3 3 4 2
zx:k

3

Cho t dién ABCD, cac diém M, N lan luot 1a trung diém cua AB, CD. Goi P, Q lan luot 1a cac
diém trén cac dudng thing AD, BC sao cho PA=2PD, QB =2QC . Chang minh ring 4 diém M ,
N, P, Q ddng phing.

Loi gidi
Taco: PA=2PD @m_w:z(m’_m)cm:zm’_m.
Tuong tu @=2Q_Cf @W=2WC—W§.
Suy ra MP + MQ=2(MC+MD)—(|\TA+W)
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=22MN -0 (vi M, N Iin luot I3 trung diém cia AB, CD)
= 4NN .
Vay ba vecto MP, MQ, MN ddng phang hay bén diém M ,N ,P,Q ddng phing
Chotirdién ABCD. Goi M, N, 1 lan luot 13 trung diém cta cac canh AC,BD, MN va P 1a mot diém
bét ki trong khong gian thoa 4ﬁ:—(@+ﬁ+ﬁ). Chting minh: PA= —%ﬁ
Loi gidi
Tacd M 1a trung diém cua AC nén 2PM = PA+PC .

N 1a trung diém cua BD nén 2PN =PB+PD.
| 1a trung diém cia MN nén 2Pl = PM +PN.

Khi d6
4ﬁ:—(@+ﬁ+ﬁ)<:>3ﬁ:—(ﬁ+@+%+ﬁ):—(2W+2m):—2.2ﬁ:—4ﬁ
— PA=—2pf .

3

Cho hinh hop ABCD.A'B'C'D’. Mot duong thang A cét cac duong thang AA',BC,C'D’ lan luot tai

M,N,P saocho NM =2NP . Tinh m.
MA'

Loi giai
A D
I
I
B l C N
I
| |
/)
7 N4
B ok
M
Pit AD=a,AB=h, AN =C.
Vi M e AA' nén AM =k AA’ =kc
NeBC=BN=IBC=la, PeC'D'=CP=mb
Tacd NM =NB+BA+AM =—-la—b+kc
NP =BN +BB'+B'C'+CP =(1-)a+mb+c
Do NM =2NP = -la-b+kc=2[(1-I)a+mb+c]
~1=2(1-1)
1  MA
<-1=2m <k=2m=-=,1=2.Vay —=2.
(o 2 MA'

Cho tir diégn ABCD. Goi 1,J lan luot la trung diém cua AB va CD, Xac dinh vi tri cia M dé

16 | Th.s Lé Viét (THPT Thang Long, Ha Noi) — Chuyén gia Chién lwoc Gido duc va Sy nghiép



A . .
o r@;ﬁ“ Trung tAim BDVH Unix Thing Long - Website: trungtamunix.edu.vn
Thay Lé Viét toan Thiing Long “Khai Mé Tw duy — Kién Tao Van Ménh” (zalo):0835.221183

‘W+W+WC+W nho nhat.
Loi giai
4

&
Goi G trung diém 1J
Ta co: ‘@+@+ﬁ+®‘:‘(@+@)+(@+@)‘
:\2a+2§\=‘2(a+(ﬁ)‘=\6\=0.
Neén [MA+MB +MC +MD| =0 12 nho nhét khi M =G
Vay M trung diém 1J .
Cau 27: Cho tir dién ABCD c6 trong tm G va | la trung diém cua BC. Tim diém M thoa méan

[MA-+ VB + C + VD) = |A8 + AC].

Loi gidi
Tacd G latrong tdm cua tir dién ABCD nén MA+ MB + MC + MD = 4MG .
| 1a trung diém ciia BC nén AB+ AC =2Al .

Khi do: [MA-+ M8+ MC + MD| [ 4B + AC| < [4MIG] - [2Al| & MG ~Z Al
Vay diém M nam trén mat ciu tdm G véi ban kinh %AI .

DANG 3: GOC GIUA HAI VECTO. TiCH VO HUONG GIUA HAI VECTO

<0> PHUONG PHAP.

Niam duoc dinh nghia goc giita hai vecto, cong thirc tich vo hudng cta hai vecto trong khong gian

@ BAI TAP.

Cau 28: Cho hinh lap phuong ABCD.EFGH . Hay xac dinh géc giira cap vecto AB va DH ?

Loi gidi
E H
F !
1 £
1
I A
_.""-------
P D
B c
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Vi DH = AE (ADHE la hinh vudng)
Nén (ﬁ;ﬁ') = (E; E) = BAE =90° ( ABFE I3 hinh vuéng).

Cau 29: Cho hinh Iap phuong ABCD.EFGH . Hay xac dinh géc giita cap vecto AB va EG?

Lot gidi
E H
F :
i G
]
| A
-‘.L-------
-~ D-
B c

Vi EG = AC (AEGC 4 hinh vudng)
Nén (E;%) =(AB; AC)=BAC =45° (ABCD la hinh vuong).
Cau 30: Chotirdién ABCD c6 AB=AC = AD va BAC = BAD =60°. Hay x4c dinh gdc giira cip vecto AB
va CD?
Loi gidi

A

Taco ABCD = AB(AD-AC)= AB.AD-AB.AC
- o 5: D) A1)
~| AB| .| AD| cos 60° ~ | AB| | AC| cos 60°

Ma AC = AD = ABCD =0=(AB;CD)=90°.

Cau 31: Cho hinh chop S-ABC ¢ SA=SB=SC y3 ASB=BSC =CSA BAC=BAD =60° iy x4c dinh
goc giita cip vecto AB va SC?

Léi gidi
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5

Taco SC.AB = 5C(SB-SA) - SC.56 - SC 5
%@H?B‘ cos(ﬁ;?B)—‘fHﬂ cos(@;sﬁ)
= SC.SB.cos BSC — SC.SA.cos ASC .

Ma SA=SB=SC va BSC = ASC——>SC.AB=0

Do d6 (%;E) —90°.

Cau 32: Cho tu dien ABCD ¢ AB=AC =AD 3 BAC=BAD=60° CAD=90° Gojl va J Ian luot Ia

trung diém cua AB va CD . Hay xéc dinh géc giita cap vecto AB va N 2

Lot gidi
A
I
B C
J
D
Xét tam gi4c ICD ¢6 J 1a trung diém
CD=1J = l(f +5)
2
B ~[AB=AC .
Tam giac ABC co = AABC deu = CI 1L AB
BAC =60°

Tuong tu ta c6 AABD déu nén DI L AB

Tac 1.AB = (IC+ID).AB =2 IC.AB+2 ID.AB =0
2 2 2

:ﬁLﬁ:(ﬁ;ﬁ)zQO"
Cau 33: Cho tu dién ABCD c6 AB L AC va AB L BD. Goi P va Q lan luot 13 trung diém cua AB va CD.
Chuang minh rang AB L PQ.
Loi gidi
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Vi AB L AC va AB L BD nén AC.AB=0;BD.AB=0.
Taco @=ﬁ+A—C+® va @=ﬁ+@+DTQ
Do d6 2PG = AC + BD = 2PG.AB = AC + B ) AB = AC.AB + BD.AB =0
Hay PQ.AB =0.
Vay AB 1 PQ.
Cho hinh Iap phuong ABCD.A'B'C'D" ¢6 canh bing a. Tinh tich v hudng cua hai vecto AB va
A'C'.
Loi giai
Taco: (A'C’, AB)=(AC, AB)=BAC =45°
= A'C'AB = ‘A'C 'HA_B.‘.COS(A'C ﬁ) =aal=a’
Cho tir dién déu ABCD c6 H 1a trung diém ctia canh AB .Hay tinh goc giita cac cip vec to sau day:
a) AB va BC b) CH va AC

a) Dung BE = AB. Khi d6:
(AB,BC)=(BE,BC)=EBC =120°
b) Dung CF = AC . Khi do:
(CH,AC)=(CH,CF) = HCF =150°
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Cau 36: Cho tir dién ABCD c¢6 OA, OB, OC@I@ vudng goc voi nhau tirng do6i mdt, OA = OB =0C = 1.

Goi M 14 trung diém cia AB. Tinh (OM-BC)
Loi giai
Ta co: COS(W,E) = @
‘OM HBC‘

1) [B] - V2w | - L2
+)JOM BC ~(0A-+ OB ) (0C - 08

~~(0AOC - 0A0B + 0BOC - OB OF

__loog--1

2 2

.., OM.BC 1
cos(OM,BC):W:_E

= (W, ﬁ) ~120°
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