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VECTO
II TRONG KHONG GIAN

| CHUONG |

BAI: BIEU THUC TQA PQ CUA CAC PHEP TOAN VECTO

@ LY THUYET.

I. BIEU THUC TQA PQ CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO, PHEP NHAN
MOQT SO VOI MOT VECTO

Trong khong gian Oxyz , cho hai vecto a=(x;y;z) va 6=(x’; y’;2'"). Taco:
d+b=(x+x;y+y,z+2');

d-b=(x-x;y-y;z-7');

ka = (kx; ky;kz) véi k 1a mot so thyc.

Nhan xét: Vecto @=(x;y;z) clng phuong véi vecto b =(x;y’;2")#0 khi va chi khi ton tai sb thuc

X =kx'
! A ' . X y YA
k saocho 3y =ky'. (Neu x.y".z'#0 thi —===—)
z=kz' x>yt

Trong khong gian Oxyz , cho ba diém khong thang hang A(X,;Va;2, ), B(Xg; Ve;25) va
C(Xc;Ye:ze )- Khi do:

Toa d6 trung diém cta doan thing AB 1a (XA ; Xs X Ya ; Ye X Za ; % j;

Toa do trong tim cua tam giac ABC 1&‘1(XA+X;+XC;yA+);,B+yC;ZA+Z§+ZCj.

I1. BIEU THUC TQA PQ CUA TiCH VO HUONG
Trong khong gian Oxyz , tich v huéng cia hai vecto d=(x;y;z) va b =(X’;y’;z') duoc x4c dinh boi
cong thirc: &-b = xx'+ yy'+ 2z’
Nhan xét:

-dlbexX+yy+22'=0
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X'+ yy'+ zz'

-Néu a=0,b =0 thi 005(3;5)2\/X2+y2+22_\/x,z+y,z+z,z

Chl y: Néu A(X; YaiZa) Va B(Xg; VgiZg)

thi AB :‘E‘ =\/(xB X3 )+ (Vs = Va) +(zs-2,)" -

Dic biét, khi B tring O ta nhan dugc cong thac OA = /X2 + Y5 + 4 .

I11. VAN DUNG TQA PO CUA VECTO TRONG MOQT SO BAI TOAN CO LIEN QUAN PEN THUC
TIEN

Vi du 5: Trong khdng gian véi mot hé truc toa do cho trude (don vi do 1dy theo kilomét), ra da phat
hién mot chiéc may bay di chuyén véi van toc va huéng khong doi tr diem A(800;500;7) dén diem
B(940;550;8) trong 10 pht. Néu may bay tiép tuc giir nguyén van toc va huéng bay thi toa do cua
may bay sau 5 phut tiép theo la gi?

Hinh 2.49

Lai gidi

Goi C(x;y;2) lavi tri ciia may bay sau 5 phut tiép theo. Vi huéng cia may bay khong ddi nén AB

va BC cung hudng. Do vén téc ciia may bay khong ddi va thoi gian bay tir A dén B gap doi thoi
gian bay tr B dén C nén AB=2BC.

Do dé E:%ﬁ=(940_800;550_500;8;7]=(7o;25;0,5).

2 2

Xx—940=70

Mit khac, BC =(x—940;y—550;z-8) nén 1 y—550=25
z-8=0,5.
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x=1010
Tirdo < y=>575 vavivéy C(1010;575;8,5).
2=8,5

Vay toa do cua may bay sau 5 pht tiép theo la (1010;575;8,5).

Luyén tap 5 trang 76 SGK

Véi céc gia thiét nhu trong Vi du 5, hay xac dinh toa d6 cua cac chiéc may bay sau 10 phut tiép theo
(tinh tr thoi diém may bay & diém B).

Loi gidi
Goi D(x;y; z) lavi tri cia may bay sau 10 phut bay tiép theo (tinh tir thoi diém may bay ¢ diém B

). Vi huéng cua may bay khong ddi nén AB va BD cung hudng. Do van téc may bay khong ddi va
thoi gian bay tir A dén B béng thoi gian bay tr B ¢én D nén AB =BD. Do do,
BD = AB = (140;50;1).

x—940=140 x =1080
Mit khac: BD = (x—940;y —550;z—8) nén {y-550=50 <> {y =600

z-8=1 z=9
Vay D(1 080; 600; 9). Vay toa &6 ciia may bay trong 10 phut tiép theo la (1080; 600; 9).
Vi du 6: Hay tra 1oi cau hoi trong tinh huéng mé dau.
Gidi. Vidiém A’ c6 toa do la (240;450;0) nén khoang cach tir A" dén cac truc Ox,Oy lan luot 12
450 cm va 240 cm. Suy ra A’A=450 cm va A'O’ =240 cm. T gia thiét suy ra
AB’=(-120;0;300), do d6 A'B'=|A'B|=/(~120)° +0°+300° = 60v/29 ~323( cm).

Vi O'O=A'A=450 cm va O' ndm trén tryc Oy nén toa do cua diém O’ 1a (0;450;0).

Do d6 OB’ =(120;0;300) va O'B'=|O'B/| =120 +0° +300° = 60v/29 ~323( cm).

Vay mdi cin nha gd cd chiéu dai 1a 450 cm, chiéu rong la 240 cm, mdi canh bén cia mit tién c6 do
dai la 323 cm.

Luyén tap 6 trang 71 SGK
Trong tinh huéng mé dau, hiy tinh d6 16n cua goc « .

Léi giai
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AP

Theo Vi du 6 ta c6: A'B’ =(~120;0;300);| AB'| = 60v/29cm, O’ (0; 450; 0), A’ (240; 450;0)

Do d6, A'O’=(-240;0;0) = |A'O’|= 240 cm

_ AB-AQ  (-120)(-240)+0.0+300.0 2./29
\ﬁ? AO 60+/29.240 29

Ta co: cos(A’—B';A'—O')

= B'A'0’'~68°. Vay a ~68°

Vi du 7: Hai chiéc kHinh khi cau bay Ién tir cling mét dia diém. Chiéc thir nhat nam cach diém xuat
phat 2 km vé phia nam va 1 km vé phia dong, dong thoi cach mit dat 0,5 km . Chiéc tht hai nam
cach diém xuat phat 1 km vé phia bac va 1,5 km Vvé phia tay, ddng thoi cach mat dat 0,8 km.

Chon hé truc toa do Oxyz véi goc O dat tai diém xuat phat cua hai kHinh khi cau, mat phang (Oxy)
tring véi mat dat véi truc Ox hudng vé phia nam, truc Oy huéng vé phia dong va truc Oz hudng
thang ding 1én troi (H.2.50), don vi do 13y theo kildmét.

a) Tim toa d6 cua mdi chiéc kHinh khi cau ddi véi hé toa do da chon.

b) Xac dinh khoang cach giita hai kHinh khi cau (1am tron két qua dén chit s6 thap phan tha hai).

Hinh 2.50

4 | Th.s Lé Viét (THPT Thang Long, Ha Ndi) — Chuyén gia Chién lwoc Gido duc va Su nghiép



ety

i @El!l
gl
a“«:.rc;] Trung tdm BDVH Unix Thiang Long - Website: trungtamunix.edu.vn
[ s
Thay L& Viét toan Thang Long “Khai M& Tw duy — Kién Tao Van Ménh” (zalo):0835.221183

3,

Loi gidi
a) Chiéc kHinh khi cau tht nhét va tht hai c6 toa d6 lan luot 1a (2;1,0,5) va (-1,-1,5;0,8).

b) Khoang céch giira hai chiéc kHinh khi cau la

\/(—1— 2)* +(-1,5-1)* +(0,8-0,5)* =4/15,34 ~ 3,92( km).

Luyén tap 7 trang 72 SGK

Trong Vi du 7, khinh khi cau thi nhat hay tha hai ¢ xa diém xuat phat hon? Giai thich vi sao.
Loi gidi

Theo Vi du 7 ta c6, khinh khi cau thi nhét c6 toa d6 1a A(2;1;0,5), khinh khi cau thi hai ¢6 toa d¢ 1a

B(-1-15;0,8).
Taco: OA=12" +1°+0,5° :gkm’OB = (-1 +(-15)° +0,8" =_f§9- km

Vi gdc O dit tai diém xuit phat va OA > OB nén khinh khi cau thir hai gan diém xuat phat hon.
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1. Hé truc toa d¢ Oxyz:
P [] Hé truc gom ba truc Ox, Oy, Oz doi mot vudng goc nhau.
[ Truc OX: truc hoanh, c6 vecto don vi i=(L0;0).
E= 00 [ Truc Oy : truc tung, ¢ vecto don vi j =(0;10).
[ Truc Oz truc cao, ¢ vecto don vi k = (0;0;1).
Oi =000 | 0 Diém 0(0;0;0) la géc toa dp.
Y /i =0:10) 2. Toa d§ vecto: Vecto [U=Xi+Yyj+zk < u=(Xy;z)|.
Cho a=(a;a,;3,), b=(byb,;b,). Tace:
(] d+b=(a +h;a,+b,; a,+b,) . L
= [1 a cung phuong b <a=kb (keR)
0 ka = (ka,; ka,; ka,)
a, = kb 2 a a
L ar% = aZ:kb2<:>E:b—2:b—, (b, b,, b, =0).
a= a, =
Ry 2 /) a3 — kbs 2 3
a, =h,
0 ab=ah +ab,+a,b, 0 lal = \Jaf + a2 +aZ O 52:‘5‘2:af+a§+a§
L L _ -~ ab +a,b, +ab
Nl albeab=0sab +ab,+ab, =0 [ cos(a, b) = = a0 + 80, + Ay

|al.

bl a2 +a2 +a2.\Jb? +b? +b?

3. Toa dj diém: [M(x; y; z) = OM = (X; y;2)

. Cho A(X,; Yai Za) , B(Xg; Vg5 25) » C(XciYei2c) , taco:

0 EZ(XB_XA;yB_yA;ZB_ZA)

0 AB = \/(XB - XA)2 +(Ys — yA)2 +(25 - ZA)2

() Toa do trung diem M ciia doan thang AB:

1 Toa do trong tdm G cua tam giac ABC:

M (XA+XB YatYs. ZA+ZBJ G(XA+XB+XC YatYs+Ye .ZA+ZB+ZCJ
2 2 72 3 ' 3 ’ 3
QUY TAC CHIEU PAC BIET
Chiéu diém trén truc toa do Chiéu diém trén mit phang toa d¢
0 biem M(x,,;y,:2,) (g?;e:gl;(;[;r?; M, (x,,;0,0) L Diem M(x,;5,32,) <(§Zi§$§n0xx{v> M, (xy59,,50)
0 DIem M(x,55,320) Gz rgainsr M5 (05,500 O DIEM M(x,35,320) ~Gia ngminn 5 M3 (033,52,
ODiem Mx,39,320) —Giagnens M, (030:2,,) T DIEM M (373,520 ~Gignsmons o7 M (%33032,,)

Poi xirng diém qua truc toa do

Poi xirng diém qua mit phang toa dé

. . Doi xting qua Ox . .
M(xM’yM ’ZM) (Giit nguyén x; doi ddu y,z) Ml (xM’ yM’ ZM)

. . Doi xting qua Oy _ . .
M(xM’yM’ZM) (Giit nguyén y; doi ddu x,z) MZ( xM’yM’ ZM)

Doi xiing qua Oz
(Gift nguyén z; doi ddu x,y)

M(xM;yM;ZM) M3(_xM;_yM;ZM)

D0oi xiing qua Oxy
(Giit nguyén x, y; doi ddu z)

M(x

ERATE

M, (x);55,5—2

z,,) )

Déi xiing qua Oxz
(Giit nguyén x,z; doi ddu y)

M(xM;yM;ZM) MZ(xM;_yM;ZM)

Déi xting qua Oyz
(Giit nguyén y, z; doi ddu x)

M(xM;yM;ZM) MS(_xM;yM;ZM)
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@ HE THONG BAI TAP TU LUAN.

DANG 1: XAC PINH TQA PQ CUA VECTO VA PQ DAI CUA POAN THANG

Ap dung biéu thirc toa do cua cac phép toan véc to.

Cau 1:  Trong khong gian Oxyz , cho ba vecto 5:(1; -1,2), b= (3;0;-1) va E:(—2;5;1) .Vecto d =a+b-c¢
cO toa do la
Loi giai
X; =1+3-(-2)=6
Taco d=a+b-ce iy, =-1+0-5=-6=d =(6,-6;0).
z;=2+(-1)-1=0
Cau 2:  Trong khdng gian Oxyz , cho vecto d = (2;—1;5). Toa d6 vecto —2a la
Loi giai
Taco: —2a=(—4;2;-10).
Cau3: Trong khong gian véi hé toa &6 Oxyz , cho ba vecto: a=(2;-5;3), b=(0;2;-1), c=(17;2). Tim toa
do vecto d=a-4b-2c.
Léi giai
Taco: a=(2;,-5,3)

4b=(0;8;-4)

2c=(2;14;4)

Suyra; d =a—4b-2c
=(2,-5;3)-(0;8,-4)—(2;14,4)

=(2-0-2,-5-8-14;3+4-4)

(0;-27;3). Vay d =(0;-27;3).
Cau4: Trong khong gian véi hé truc toa do Oxyz, cho hai vecto a=(3;-2;1) va b=(L1-1). Vecto
u=3a-b cétoaddla
Loi giai
Taco: 3d=(9;-6;3) va b =(LL-1). Suyra i=3a-b =(9-1-6-13-(-1))=(8,-7;4).
Cau5:  Trong khong gian véi hé truc toa do Oxyz, cho d=(2;-3;3), b =(0;2;-1), € =(3;-15). Tim toa d¢
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cua vecto U =2a+3b—2C.
Loi giai
Ta co: 28 =(4;-6;6), 30 =(0;6;-3), —2C =(-6;2,—10)
Suy ra U =2d+3b —2C =(-2;2;-7).
Trong khéng gian Oxyz , biét toa do hinh chiéu cia diém A Ién céc truc Ox,Oy,Oz lan luot la
M (10;0), N(0;-2;0), P(0;0;3). Toa d ciia vecto OA 1a
Loi giai
Tacé A(L-2;3)va O(0;0;0) nén OA(L-2;3)
Trong khdng gian Oxyz , cho tam giac ABC cétrongtam G . Biét A(L,-2;,-3), B(3,4;-1),G(21-1)
. Toa do diém C la:

Loi giai
Vi G latrong tdm tam gidc ABC nén ta co:
Xyt Xg X
3 X =3Xg — X, — X X, =3.2-1-3=2
A :L;ercz Ye =3Yo —Ya—VYs €1 Ye=31+2-4=1 =C(21L1).
7,472,472, 2o =325 —1,— 1, z. =3.(-1)+3+1=1
Ze ==}

Trong khong gian Oxyz , cho hai vecto U =(2;1;—3) va V = (4;5,—2) . Tim toa d6 ciua diém M , biét
OM =-30+2v?
Lo giai
Tacé OM =—30+2V = (2;7;5)
Suy ra toa do diém M 1a (2;7;5).
Trong khong gian Oxyz , cho tam giac ABC ¢6 A(L;—1;—2) vatrong tim G(2;1,-3). Toa do ciia vecto
u=AB+AC la
Loi giai
Goi M la trung diém canh BC .

Ta c6: G=E+AT:=2.W=2.%.%:3%:(3;6;—3)

Trong khong gian véi hé toa do Oxyz , cho ba diém A(L-15),B(3;4;4),C(4;6;1). Tim toa d¢ diem
M thudc mit phang (Oxy) va cach déu cac diém A, B, C ?

Loi gidi
Goi M (x;y;0)e(Oxy),(x,y € R;x* +y® #0)la diém can tim.
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. e . , AM? =BM?
ViM cach déu A, B, Cnéntaco: MA=MB=MC <
AM? =CM?
(x—l)2 +(y+1)2 +(0—5)2 = (x—3)2 +(y—4)2 +(O—4)2
=
(x—l)2 +(y+1)2+(0—5)2 :(x—4)2 +(y—6)2+(0—1)2

4x+10y-14=0 2X+5y =7 x =16
= =
2Xx+4y-12=0 X+2y=6 y

Vay M (16;-5;0).

Cau 11: Trong khong gian véi hé toa doOxyz cho A(-2;2;-1), B(-2;3;0), C(x;3;—1). Tim cac gid tri cua x
dé tam giac ABC déu?
Loi giai

Goi M 1a trung diém cua doan thang AB

Tacs: M (—z;g;—%)AEﬁﬁ, oM =[x+ 2+

V3 6

\ X
Tam giac ABC déu khi va chi khi CM = AB—— < (x+2)2+1 = o (x+2)° :1:»[

2 2 2 X=-3

=1 s
3 la cac gia tri can tim.

Vay: {

Cau 12: Trong khong gian véi hé truc toa o Oxyz, cho ba vecto @ =(12;3);b =(2;2;-1);¢ =(4;0;-4). Tim
toa do ciavecto d =d-b +2¢
Loi gidi
Taco: d=a-b+2C=(123)—(2,2,-1)+2.(4,0,-4)=(1-2+8;2-2+0;3+1-8) = (7;0;-4)
Cau 13: Trong khong gian vai hé toa do Oxyz, cho a=(2;-3;3), 5=(0; 2;-1), E:(3; —1;5). Tim toa do
Clia vecto U=_2a+3b—2cC.
Loi giai
Tacé: 2a=(4;-6;6); 3b=(0;6;-3); —2c =(~6;2;-10).
Khi d6: u=2a+30-2c=(-2;2;-7).
Cau 14: Trong khong gian Oxyz, cho hai diém A(L—2;-1), B(L4;3). Tinh d¢ dai doan thang AB.

Loi giai

Taco AB=(1-1) +(4+2)' +(3+1)° =2413.
Cau 15: Trong khong gian Oxyz, cho a = (—2;2;0);5:(2; 2;0);6: (2;2;2). Tinh gia tri cua ‘5+5+E‘ .
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<.

Loi giai
Tacé: a+b+c=(-2,2,0)+(2;2,0)+(222)=(2,6;2).
Vay ‘5+5+6‘:\/22+62+22 =211

Cau 16: Trong khong gian véi hé toa do Oxyz , cho cac vecto a= (3; m+1; 3),5 = (1; -3; 2n). Tim m,n dé cac

vecto a,b clng hudng.

Loi giai
3=k k=3 .
avab cing huong < a=kb (k>0) < {m+1=-3k < {m=-10. Viy m=-10,n=>
3=k.2n 1
n==
2

Cau 17: Trong khong gian Ozxyz, cho ba vecto: o= (2;—5;3), b— 0;2;—1 , c= 1;7;2 . Tim toa do vecto

— —

Tz = 4a — lb + 3c.
3
Loi giai

—

- 1 21 =
4a = (8;—20;12), —gb = [0;—5;5], 3c= 3;21;6 .

;;:4;—15+3;: 11;1;§
3 33 )

DANG 2: XAC PINH TQA PQ PIEM

Dung cong thirc biéu thirc toa d§ trung diém, toa dd trong tAm ciia tam giac...

Cau 18: Trong khdng gian Oxyz , cho hai diém A(2;-4;3) vaB(2;2;7). Tim toa d¢ trung diém cia doan thing

AB.
Loi giai
= XatXs
2
s ) +
Goi | 1a trung didm cta AB , ta c6 toa do diém | 12 ]y, =%=—1.
- Lyt ¢
2

Vay 1(2,-1,5).

Cau 19: Trong khdng gian véi hé toa do Oxyz cho tam giac ABC biét A(5;—2;0),B(—2;3;0), C(0;2;3). Tim
toa do trong tim G cua tam giac ABC.
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Loi giai
Goi G(x,Y,2).
Vi G la trong tim cua tam giac ABC nén
o Xat XX X:5+(—2)+O:l
3 3
y=Jae e o y:—_2+33+2:1 Vay G(L11).
Lot t Z=0+O+3=1
3 3

Trong khdng gian véi hé toa d6 Oxyz , cho cac diém A(30;3), B(23,—4), C(-31;2). Tim toa do
diém D sao cho ABCD Ia hinh binh hanh.
Léi gidi

Goi D(x;y;z). Dé ABCD la hinh binh hanh

X=-4
< AB=DC < (1,3,-7)=(-3-Xx1-y;2-7) < y=-2.
z=9

Vay D(—4;-2;9).

Trong khong gian véi hé toa do Oxyz, cho céc diém A(2;—5;0), B(—ZL'l; 3) , C (3, 3,0) . Tim toa d0
diém D trén truc hoanh sao cho AD =BC.
Loi giai

Vi DeOx nén D(x;0;0)

Taco: AD =BC & y/(x—2)° +25 = /(3+1)" +(3-1) +(0-3)’.

x=0
J(x=2Y +25 =429 & x2 —4x =0
S (x-2)" + < X2 —4x c{x—4

Vay D(0;0;0), D(4;0;0)

Trong khong gian véi hé toa dd Oxyz, cho hai diém M (3;-2;3),1(10;4). Tim toa do diém N sao
cho | 1a trung diém ciia doan MN.
Loi giai

Goi N(x;y;z). Vi | latrung diém cuia MN nén
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3,

Xy + Xy
X =
Xy = 2X; — Xy Xy =—1
y =PI oy, =2y, -y Y, =2 > M(225),
, a2y Zy =28, ~ 12y Zy =3
' 2

Cau 23: Trong khong gian v6i hé toa do Oxyz cho ba diem A(L-13), B(2,-3;5), C(-1-2;6). Biét diém
M (a;b;c) théa man MA+2MB-2MC =0.Tinh T =a-b+c.

Loi giai

Tacoé MA+2MB—2MC =0 < AM +2BM —2CM =0.
AM =(a-Lb+Lc-3) [(a-1)+2(a-2)-2(a+1)=0 (a=7
Ma {BM =(a-2b+3;,c-5)=1(b+1)+2(b+3)
CM =(a+Lb+2c-6) [(c-3)+2(c-5)-2(c-6)=0 (c=1

|
N
—
(e
+
N
SN
Il
o
Il
|
w

Vay T=a-b+c=7+3+1=11
Cau 24: Trong khong gian m, cho tam giac déu ABC c6 A(5;3;-1),B(2;3;—4)va diém C ndm trong mit
phing (Oxy) c6 tung d nhé hon 3.
1/ Tim toa do diém C .
2/ Tim toa d6 diém D biét ABCD la ti dién déu.
Loi giai
1/ Vi C (Oxy) nén C(x;y;0).
Ta co: E:(—3;0;—3),A—C:(x—5;y—3;l),ﬁ:(x—2y;y—3;4)

. + . |AB=AC AB? = AC?
Tam giac ABC déu nén &
AC=BC |AC?=BC?

(x—5)2+(y—3)2+1:18 {x:l {x:l
=S , , , , e ve
(x=5)" +(y—3) +1=(x—-2) +(y-3) +16 (y=4 |y=2
Vi C ¢6 tung do nho hon 3 nén C(1;2;0).
2/ Goi D(x;y;2).
Khi do: ﬁ:(x—S;y—3;z+1);ﬁ:(x—2;y—3;z+4);ﬁ:(x—ry—2;z).

Vi tam gidc ABC déu nén tir dien ABCD déu khi va chi khi AD=BD =CD = AB =32
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x=5)"+(y=3) +(z+1)" = (x=2)" +(y-3) +(z+4)’
(x=5)"+(y-3) y
& (x—5)2+(y—3)2+(z+1)2=(x—1)2+(y—2)2+z2
(x=5)"+(y-3)"+(z+1)" =18
10
X=_
z=1-x z=1-X X=2 3
<1y =16-5x <4y =16-5x &qy=6 v y:—g.
(x=5)"+(y-3)"+(z+1)" =18  [3x*-16x+20=0 [z=-1 7
‘773
10 2 7
Vay: D(2;6;-1)vD| —;——;——|.
a: D(26-1)v (3 3 3)

Cau 25: Trong khdng gian Oxyz , cho ba diém A(2;-15), B(5;-5;7); M(x;y;1). Khi A, B,M thang hang,
tim gia tri cua x;y
Léi giai
Taco: AB=(3,-4,2); AM =(x-2;y+1-4)

y+l -4 |x=-4
—4 y=7"

Dé ba diém A, B, M thang hang thi XT_Z = -
Cau 26: Trong khong gian Ozyz, cho ba diém A —1;2:—3 ,B 1;0;2 ,C z;y;—2 thang hang. Khi dé, tinh
tong = + v .
Loi giai
AB= 2:-2:5 AC — z+Ty—21

3
r+1 y—2

1
2 -2 5

A, B,C thiang hang < AB cung phuong AC &

Cau 27: Trong khong gian véi hé truc toa do Oxyz , cho hai diém A(L2;-1), B(2;-13). Tim toa do diém |
théa man 1A+2IB =0.
Loi giai
Goi I(xy;z).Khido: IA=(1-x2-y;-1-2), IB=(2-%-1-y;3-2)
= 2IB =(4-2x;-2-2y;6-2z). Nén IA+2IB =(5-3x;-3y;5-32).

x>
5-3x=0 3
Taco: IA+2IB=0< -3y=0 < y=0 ng|(§;o;gj
5-3z=0 5
Z=—
3
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Cach 2: Ap dung cong thic tinh nhanh: Néu diém | thoa min alA+biB=0 thi

| = ax,+bx; ay,+by, az,+b.z, .
a+tb ' a+b ' a+b

1+22 2+2.(-1) -1+23 9.4.9
Suyra | = ; =[=:0=|.
1+2 1+2 1+2 3 3

Trong khdng gian Oxyz, cho ba diém E(1;3;2), F(0;-15), K(2;4;—1) va tam gi4c ABC thoa man
AE + BF +CK =0. Tim toa d¢ trong tam G cua tam giac AABC.

Loi giai
Tacd: AE+BF+CK =0« GE-GA+GF-GB+GK-GC =0
c>§E+éﬁ+éR?(€Z+€§+66)=6
< GE +GF +GK =0.

Suy ra: G ciing la trong tdm cua tam giac AEFK .

1+0+2

Xg = 3 =1

Do do: yG:3_;+4:2.
2+5-1

G~ 3 =2

Trong hé truc toa & OXyz , cho hai vecto PQ = (0,1,-2), PR = (-2,-10) vadiem M (L,-2;2) trung
diém cua doan QR. Tim toa do diém Q.

Loi giai
Xo =Xz =2
Tacéd RQ=PQ-PR=(22-2).Suyra{Y,-Ys =2 (1).
2,23 =-2
Xo Xz =2

Vi diém M (L,-2;2) trung diém cua doan QR nén { Yo + VY, =—4 (2).

Z,+2, =4
Tu (1) va (2) suy ra Q(2-11).
Trong khong gian m, cho tam gidc ABC c6 A(-2;0;-3),B(—4;1,-1),C(—4;—4;1). Goi D la chan
duong phan giac trong goc A cua tam giac ABC. Tim toa do diém D.
Loi giai

Theo tinh chat phan giéc trong, ta co:
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DB_AB_ 55 MBpcp
DC AC AC
Ma: AB=3;AC=6
XC_XD:_Z(XB_XD) ) 1
Tir (1)= DC=-2DB =4y, — Yy =-2(Ys — Yp )= D(_4;__;__j,
2o — 2, =-2(25—2p)
Trong khdng gian vai hé toa 46 Oxyz , cho ba diém A(L2;-1), B(2,-13), C(—4;7;5). Tim toa d

chan duong phén giac trong géc B cua tam gidc ABC.

Loi giai
Taco BA=+/26;BC =226 .
Goi D la chan duong phan giac trong géc B taco %:% :1: DC =2DA.
DC BC 2

_ 2t Xe 2
P 3 3
. s A . A i N =~ 2y,+y. 11
Vi D Ia chan duong phan giac trong nén 2DA+DC =0= 1Y, =—3 3

- ZZA:;- Z: 1

211
Vay D| ——;—:1].
ay o[ -2:5)

Trong khong gian véi hé toa do Oxyz, cho tam gidc ABC, c6 A(0;-4;0); B(-5;6;0), C(3;2;0).
Tim toa d6 chan dwong phén giac ngoai cua goc A.
Loi gidi

Goi F(X;Y;2) la chan dwong phan gidc ngoai cua goc A.

Tacé AB=(-510;0) = AB=55.

— B 5
AC =(3;6;0) > AC=3v5.Dod6 —=-—.
( ) V5 AC 3
Theo tich chat dudng phan gidc ngoai cia tam giac ta co: B = AB = E
FC AC 3
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3,

<.

5 x=2(3-x)
3 x =15
. — b— 5
Tur d6 suy ra FBZEFCQ 6—y=§(2—y) Sqy=—4.
z=0
2=3(-2)
3

Vay toa do chan dudng phan giac ngoai ciia goc 1a A (15,-4;0).

Cau33: Trong khong gian v6i hé toa d6 Oxyz, cho hinh wvudéng ABCD trong d6
A(12;0),B(3;0;8), C(-3;,-6;8). Hai diém M, N lan luot nam trén canh AB, BC théa man

AM = BN =%BC.G()i | (a;b;c) 1a giao diém cua AN, DM . Tinh P=a+b+c.
Léi gidi
AN.DM = AB+§BC : DA+§AB =0= AN L DM

Tacé W:%ﬁ: N (L-2:8)

Tacé AAIM va AABN ddng dang

:>A|=AM'AB= 1 AB,AN=LOAB:>A|=EAN
AN /10 3 10
:—Izim:l 1;5;E :>P=2—1.
10 55 5

DANG 3: TICH VO HUONG VA CAC UNG DUNG CUA TICH VO HUONG

Ap dung biéu thirc toa do cua tich ¢6 hudéng va tmg dung.
Céau 34: Trong khang gian véi hé toa do Oxyz, cho vecto U=(3;0;1) va v=(2;1;0). Tinh tich vo huéng uv

Loi giai
Tacé uv=32+0.1+1.0=6.
Cau 35: Trong khdng gian véi hé toa do Oxyz, cho ba diém A(3;2;1),B(-1;3;2),C(2;4;-3). Tinh tich vo
huéng AB.AC.
Loi giai

AB=(-4;1;1), AC =(-1;2;-4)= ABAC =4+2-4=2,
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Trong khdng gian véi hé toa dd Oxyz , cho hai vécto & va b théa méan |a| = 243, ‘5‘ =3va (é, 5) =30°
. Do dai cua vécto 33 —2b bing
Loi giai
Taco: (3a-2b) =9a*-12ab +4b? =9a*-12/al.Jo].cos(a,b) + 4b°
=9.12-12.2+/3.3.c0530°+ 4.9 = 36
=[3a—2b|=6.

Trong khong gian véi hé truc toa @ Oxyz , cho ba diém A(310),B(1;2;-1),C(0;1;1). Tinh goc giira
hai vecto AB va AC .

Loi giai
Taco: AB=(0;1-1), AC =(-10;1).

Nen cos( A8, AC) = ABAC - _00-L_ 1 (355 ) rapy

“[Re|ac] Vi

Trong khong gian Oxyz , cho hai véc to a = (12;0) va b=(-13;0). Tinh géc giita hai véc to do.
Loi gia

—

Taco cos(a,b

(5,6)=45°.

T
ol
|
U

Trong khong gian véi hé truc toa d¢ Oxyz , cho hai vecto ;= (2;1;2) va Ez (1; 0; —2) . Tinh cos(;,g)

Loi giai
Tacs: cos(iB)= ab _ 21+1.0+2.(-2) _ 25
| , |;||Z| V22 12422 .\/12 +0% +(-2)° 15

Trong khdng gian Oxyz cho hai véc to a=(2;1;—-1); b=(L;3;m). Tim m d (5;5):90".
Lo gii
(5;5)=90° salbe ab=0o5-m=0< m=5.
Trong khong gian v&i hé truc toa dd Oxyz, cho hai véc to l]:(2;3; -1) va V= (5;—4;m). Tim m dé
ulv.
Loi gidi
Tacdulv ouv=0 <10-12-m=0 <-2-m=0 <m=-2.

Trong khong gian véi hé truc toa d6 Oxyz, cho J:(x;o;l), Gz(ﬁ;ﬁ;o). Tim x dé goc gitra U va
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v bing 60°.
Loi gidi
Tacé( ) 60°<:>cos(u v) ‘UHV‘ 1 \/—X _%Q\/EX:\/X2+1C>X:1.
u +1
Cau 43: Trong khong gian véi hé toa dd Oxyz, cho ba diem M (2;3;,-1), N(-LL1) va P(m-12). Tim m
dé tam giac MNP vubng tai N .
Loi gidi
Taco
NM =(3;2,-2), NP =(2m-2;1).
Tam gidc MNP vudng tai N khi va chi khi NM.NP =0
<32+2(m-2)-21=0 < m=0.
Vay gia tri can tim caa m 1a m=0.
Cau 44: Trong khong gian véi hé toa &6 OXyz, cho vec to u(LL-2), v(L,0;m). Tim tat ca gia tri cia m dé géc

gitra U, V bing 45°.

Loi giai
1-2m \f 1-2m
Ta co: cos(u v) ‘UH‘<:>c0545° \/_\/1+_m W 1/ 1+m =2-4m
2-4m>0 1
<:>{ ) me , & mgz o m=2-46.
12(1+m?)=(2-4m) M Am—2-0

Cau 45: Trong khong gian Oxyz, cho a, b ¢6 do dai Ian luot 13 1 va 2. Biét |a

=3 khi d6 gbc gilra 2 vecto
a,b la

Lo giai
Taco: [a+b|=3a +2ab+b =9 2ab=9-[af —[o| =9-1-22 = ab=2.

:>cos(5,5)=%:5:13(5,5):00.

Cau 46: Trong khong gian vai hé toa do Oxyz cho hai vecto a,b théa man (5;5) :1200;‘5‘ = 2;‘5‘ =
1) Tinh \5—26\.
2) Tinh goc gitra hai vecto avax=3a+2b.

Loi giai
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1) Taco: ab= ‘5‘.‘5‘.003(5;5) =-3
—(a-2b) =a’ ~4ab+4b"=52= |a—2b|= 213
2) Taco: ax=a(a-2b)=a ~2ab=6 va|x|=,/(3a+2b) =6

=%=§:(&i)=6o°.

Cho ba diém A(5;-1;2), B(1;,-3;7) va M(x;y;1). Véi gia tri ndo cia x,y thi ba diéem A,B,M

-

= cos(é;i)

thang hang?
Loi giai

Tacé AB=(-4;-2;5), AM =(x-5;y+1;-1).

2

Dé ba diém A,B,M thing hang thi ~—>-Y*1_“1_ ] 5
4 2 s 3

=3

Trong khong gian toa d Oxyz cho ba diém A(2;5;1),B(-2-6;2),C(L2;—1) va diém M (m;m;m).

Tim gia tri mdé

MB — ZTC‘ dat gia tri nho nhat.
Loi giai
AC(-1-3,-2),MB(-2—m;~6-m;2-m)

\m’—zA—c\:\/mz +m?+(m—6)" =+/3m? —12m +36 = \3(m=2)’ + 24 > /24,

Dau “=" xay ra khi va chi khi m—2=0

Vaym =2 thi\m—zﬁ\ nhé nhat.

Trong khong gian toa do Oxyz cho ba diém A(2;5;1),B(-2;-6;2),C (L 2-1) va diém M (m;m;m),
Tim gia tri mdé MA? —MB? —MC? dat gia tri 16n nhat.
Loi giai
Tac6: MA=(2-m;5-m;1-m),MB =(-2—m;-6-m;2—m), MC = (1-m;2—m;-1-m)
MA? — MB? —MC? = —-3m? — 24m —20 = 28—3(m—4)’ < 28

Vay m = 4 thi MA’> — MB? — MC? dat gi4 tri I6n nhat.
Cho ba diém A(L-3), B(-2;6) va C(4-9). Tim diém M trén truc OX sao cho vecto
u=MA+MB+MC c6 dé dai nho nhit.

Loi gidi
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* Cach 1: Taco badiém A, B, C khong thang hang (do hai vecto AB va BC khong cung phuong).
Goi M (m; 0)eOx va G latrong tim AABC suy ra G(1;-2). Khi do

U=MA+MB+MC =3MG =3(1-m;-2)

Do d6 M :3‘W‘=3w/(1—m)2 +4>32=6.Suyra M dat gia tri nho nhat bang 6 khi va chi khi
m=1.

Vay M (10).

* Céch 2: Goi M (m; 0)eOx, tacd MA=(1-m;-3), MB =(-2-m;6), MC =(4-m;-9).
u=MA+MB+MC = ‘ ‘ J(3-3m)* +36 > 6. Suyra‘ ‘datglatnnhonhatbang 6
khi va chi khi m=1.

Trong khdng gian Oxyz, cho ba diém A(0;0;-1), B(-110), C(L0;1). Tim diém M sao cho

(3—3m;—6)

3MA? + 2MB? — MC? dat gi4 tri nho nhét.
Léi giai
m:(x; y;z+1) AM? =x2+y2+(z+1)2
Goi M (xy;2)={BM =(x+Ly-Lz)={BM?=(x+1)" +(y-1)"+2*
CM =(x-Ly;z-1) |CM?=(x-1)"+y?+(z-1)’

= 3MA® + 2MB* =MC? =3 X + y* +(2+1)° |+ 2| (x+1) +(y-1)" +2

2]—[(x—l)z +y2+(z—1)2}

2
:4x2+4y2+422+6x—4y+82+6:(2x+gj +(2y—1)2+(22+2)2—%2—%.
Diu "=" xay ra <:>x:—§, y:l, z=-1, khi do M(—E L. —1].
4 2 4’2’
Trong khéng gian Oxyz, cho ba diem A(12;3),B(0;11),C(L0;-2). Tim toa do diém M ndm trén

mat phang Oxz sao cho MA® +2MB? +3MC? dat gia tri nho nhat.
Loi giai
Goi | a:;b;c 1adiém théa man 1A+21B+3IC =0.

2
a=—
l1-a +2 0-a +31-a =0 3
=4 2-b +21-b +3 0-b =0 & b:g =1 E;E;_lj
3 33 6
3-¢c +2 1-c +3 -2-¢c =0 1
c=—=
6

Ta co.

MA® +2MB? +3MC% = MI+1A +2 MI+IB  +3. Ml +IC
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= MI? +2MI.1A+ A2 + 2MI? + 4MI.1B + 21B? +3MI 2 +6MI.1C +3IC?
—6MI2+2MI. IA+21B+3IC +IA?+2IB%+3IC?
=6MI2 +1A? +2IB% +3IC?
Pé MA? + 2MB? +3MC? dat gia tri nho nhat thi M1 ngan nhat.
Ma M e Oxz nén M Ia hinh chiéu vuéng géc | cualén Oxz .
Viy M [3;0;—1)
3 6
Cau 53: Trong mat phing toa 6 Oxy cho cac diém A(2;0;2), B(0;2;0), C(L0;3). Goi M 1a diém trong

khong gian thoa méan MA? + MC? = MBZ. Tinh MP v¢i P(3,-2;5).
Loi giai

Goi 1(X;y;2) 1a diém thoa mén 1A+1C = 1B (*).

Taco IA=(2-x-Yy;2-2); IB=(-x2-y;-2);IC =(1-x;— y;3-2).

2—X+1-X=-X Xx=3
Khido (*)oi-y-y=2-y &iy=-2=1(3-25)=P.
2—-71+3-72=-12 z2=5

Suyra IA=(-12-3)= IA’=14; IB=(-3;4,—5)= IB* =50;IC =(-2;2,-2) = IC* =12.
Tacd MA? + MC? = MB? < MA? + MC? —MB? =0.
Khi dé MA2+MCZ—MBZ:(W+ﬁ)2+(W+E)2—(W+@)2

=MIZ +1A2 + 2MI.IA+ MI2 + IC2 + 2MI.IC —MI2 — IB2 —2MI .1

=MI?+(IA* +1C? — |Bz)+2W(ﬁ+E—E)=o hay

& MP? +(14+12-50) =0 < MP? =24 = MP =26 .
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