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IV NGUYEN HAM
TICH PHAN

BAI. NGUYEN HAM

@ LY THUYET.

1. NGUYEN HAM CUA MQT HAM SO: Cho ham s6 f (x) xac dinh trén mot khoang K (hozc mot
doan hogc mot nira khoang). Ham sé F (x) duoc goi 1 nguyén ham cua ham so f (x)trén K
néu F'(x) = f (x) véi moi x thuoc K.

Trwong hop K =[a;b] thi cac dang thire F'(a)=f(a) va F’ (b)=f(b) duwoc hiéu la
dao ham bén phai tai diém x =a va dao ham bén trai tai diém x = b clia ham sé F(x), tirc 1a

Xli[ra[%—) =f(a) va lim w =f(b).

Gid sirham s6 F(x) 1a mot nguyén ham cia f (x) trén K. Khi do:

a) V6i mdi hang s6 C, ham s6 F(x)+C ciing la mdt nguyén ham cua f (x) trén K;

b) Néu ham s6 G(x) 1a mot nguyén ham cua f (x) trén K thi ton tai mét hing s6 C sao cho
G(x)=F(x)+C véimoi xeK.

Nhu vay, néu F(x) 1a mot nguyén ham cua f (x) trén K thi moi nguy&n ham cua ham sé

f (x) trén K déu cé dang F(x)+C. Tagoi F(x)+C Ia ho cac nguyén ham cua f (x) trén
K ky hiéu boi I x)dx=F(x)+C.

Chuy:
a) Dé tim ho cac nguyén ham (goi tit la tim nguyén ham) ciia ham sé f (x) trén K, ta chi can

tim mot nguyén ham F(x) cua f(x) trén K va khi d6 If(x)dx: F(x)+C, C lahang so.
b) Ngudi ta chimg minh dugc rang, néu ham s f (x) lién tuc trén khoang K thi f (x) co
nguyén ham trén khoang do.

c) Biéu thirc f(x)dx goi la vi phan ciia nguyén ham F(x), ki hiéu 1a dF (x). Vay

dF (x)=F'(x)dx = f (x)dx.

d) Khi tim nguyén ham cua mot ham sé ma khéng chi rd tap K, ta hiéu 1a tim nguyén ham cua
ham s6 d6 trén tap xac dinh cua né.
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2. TINH CHAT CO BAN CUA NGUYEN HAM.

Cho f(x),g(x) Iahai ham s6 lién tuc trén K . Khi do:
a) [kf (x)dx =k [ f (x)dx véi moi s thuc k khac 0.

Suy raj[k.f(x)n.g(x)]dx: kj f(x)dx+|jg(x)dx
b) I[f(x)ig(x)]dx=ff(x)dxijg(x)dx.

3. NGUYEN HAM CUA MQT SO HAM SO THUONG GAP

a) Nguyén ham cia ham s liiy thira

Hamsé Y =X", véi a e R, duoc goi 1 ham s liy thura.

Tap xac dinh cua ham sé Iy thra Y = X" tily thudc vao gia tri cua « . Cu thé:
+) V6i o nguyén duong, tap xac dinh la R.

+) V6i a. nguyén am hoac o =0, tap xac dinh 1a R\{0}=RR".
+) V6i o khong nguyén, tap xac dinh la (0;+).

!

+) Ham s ldiy thira Y = X* (v6i o.eR) c6 dao ham tai moi diém x>0 va (X“) = 0LX

o-1

a+l

+C (a=-1); I%:In|x|+C (x=0)

X
Tir dé ta cé: jx“dx -
X

a+1
b) Nguyén ham ciia ham sé hrong giac
Icos xdx =sinx+C

J'sin Xdx =—cosx+C

J. —dx=tanx+C Vi X# 2 vk
COs” X 2

I ——dx=-cotx+C Véi x=kr
sin® x

¢) Nguyén ham ciia ham s6 mii:
J'exdx:eX +C

aX
na

J.axdx:I +C (0<a=1)

@ HE THONG BAI TAP TU LUAN.

Cau 1:

Xac dinh nguyén ham cua cac ham sé sau:

1) f(x)=e>

2) f(x)=sinx—6x’
2 1

3) f(X)=x"-3x—=
X
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4) f(x)=4x+sinx

5) f(x):eX+2x—1+2
X

6) f(x)=cosx—

sin® x
7) f(x)=4x°+2x+1
8) f(x)=2"+cosx
9) f(x)=cosx+1
10) f(x)=2"+x
11) f(x)=5x+l

X
12) f(x)=x*—cosx

13) f(x)=3"5""
14) f(x)=
15) f(x)=e (1— Zi)

Loi giai
2x-1 1 (ez)x 1e” 1 .0
1) Taco [ f(x)dx=[edx= j :E|n(e2)+c S5 +C=5e"1+C,
2)_|. .[smx 6x° )dx:—cosx—2x3+C

3)j x)dx = Ix —3x——dx:§—3?—ln|x|+c
4) If(x)dx:j(4x+sin X)dx = 2x* —cos x+C

5)J x)dx = J( +2x—1+= jdx=ex+x2—x+2ln|x|+C

_ 1
6) J'f(x)dx— J'(cosx—sinz

)dx =sinx+cotx+C.
X

x* 2
7)'[ dx f 4x +2x+1)dx 4X 12X ixic=x+x¥+x+C.
4 2
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Céu 2:

Céu 3:

Céau 4:
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X

+sinx+C.
2

8)'[ X)dx = I +cosx)dx:|2

n

9)_|' x)dx = Icosx+1)dx sinx+x+C

10) If(x)dx=j(2x+x)dx=%+%x2+c

. 5
11) _[ x)dx = I(S jdx_m+ln|x|+c
3

12).[ X)dx = j (x* —cos x) dx :%—sinx+C

5.15"

13) [ f(x)dx = [3.5""dx = [ 35" 5dx = 5[ (3.5)"dx = 5[ 15"dx = tC
14) [ £ (x)dx= [ X7 dx = = eoTytac
)_[ X = Ix X=—-—X" + _EX +

§+1
7

15) [ f(x) dx=[e’ ( jdx:j(e —XE) dx=¢ +%+c

Chohamsé f (x)=x*+sinx+1 biét F(x) la mot nguyén ham cia ham sé f (x) va F(0)=1
_Khi d6, tim F ().

Léi gidi

3
Taco F(x)=[(x* +sinx+1)dx =2 C.
aco F(x) I(x +sinx+ ) X == 00s X+ X+

3

Ma F(O)zl@%—cosO+0+C:1<:>C:2.Va§1y F(x)=x’—cosx+Xx+2.

Chohamsé f(x) theaman f'(x)=4-3sinx va f(0)=5. Timhamso f(x)
Loi gidi
Taco f(x):j(4—3sinx)dx:4x+3cosx+c.

Mat khéc f(0)=5<3+c=5=c=2= f(x)=4x+3cosx+2.

Cho ham s6 f(X)=2x+e™. Tim m¢t nguyén ham F(X) cta ham sé f(x) théa man

F(0)=2023
Loi giai

F(x)=[(2x+e™)dx= 2';2 —e*+C=x"—e"+C
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Cau 7:
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F(0)=2023<:>OZ—670+C=2023<:>C=2024

F(x)=x"—e™+2024.

Cho F(x) la mot nguyén ham cua ham sb f(x)=e"+2x thoamanF (0)=2.Tim F(x).
Loi giai

+ Ta c6, F(x):jf(x)dx:j(ex+2x)dx:ex+x2+c,ma F(0)=2=C=1.Dodé

F(x)=e"+x*+1.

Cho hamso f (x)=x*+sinx+1. Biét F(x) la mot nguyén ham cua f (x) va F(0)=1. Tim

F(x).

Léi giai
Do F(x) la mot nguyén ham cua f (x), ta co:

3

F(x)zj f (x)dx:'f(x2 +sin x+1)dx=%—cosx+x+c .

Ma F(0)=1=C-1=1C=2.

3
Vay F(x):%—cosx+x+2.

Ky hiéu h(x) la chiéu cao cua mot cdy ( tinh theo m) sau khi trong X nam. Biét rang sau mot
ndm dau tién cay cao 2,5m. Trong 10 nam tiép theo cay phat trién véi toe do h'(x) :% (m/nam).

a) Xac dinh chiéu cao cua cdy sau X niam ( 1< x<11).

b) Sau bao nhiéu nam cay cao 4m.

Loi giai

a) Xac dinh chiéu cao cua cy sau X nam ( 1< x<11).

Taco h(x)=J.h’(x)dx =J'§dx: Inx+C.

Vi h(1)=2,5nén In1+C=25=C=2,5.

Chiéu cao cua cdy sau X nam ( 1<x<11)la h(x)=Inx+2,5.

b) Sau bao nhiéu nam cay cao 4m.

Tacé h(x)=4<=Inx+25=4<Inx=15< x=e"° ~ 4,48 (nim).

Vay sau 4,48 (nam) thi cay cao 4m.
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Céau 8:

Céau 9:

Cau 10:
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Mot chiée xe dap dang chay véi van tc v, =12m/s thi ting tdc véi gia toc khong doi a = 3m/s?
. Tinh quing duong xe d6 di duoc trong 8 gidy ké tir khi bit du ting toc.
Loi gidi

Taco v(t)=[a(t)dt=[3dt=3t+C.

Vi v(0)=12 nén C=12=v(t)=3t+12.

Khi d6 s(t)=[v(t)dt =I(3t+12)dt=gt2+12t+C’.
Vi 5(0)=0 nén C’zO:s(t):§t2+12t(m).

Quéng dudng xe do di duoc trong 8 gidy ké tir khi bat dau tang toc a s(8) = 2.82 +12.8=192.

Mot vudn wom cdy canh ban mot cay sau 6 nam trong va uén tao dang. Toc do ting trudng trong
sudt 5 ndm dugc tinh xap xi bai cong thic h'(t)=1,6t+4, trong d6 h(t)(cm) la chiéu cao cua

cay khi két thuc t (ndm). Cay con khi dugc trdng cao 12 cm.
a) Tim cdng thtc chi chiéu cao cua cay sau t nam.

b) Khi duoc ban, cay cao bao nhiéu centimét?
Loi giai
Ta co:

a) h(t) 1a mot nguyén ham cua ham so h'(t)=1,6t+4.

4
1,6t +4)dt = |1,6tdt + | 4dt =1,6(tdt+ | 4dt =—t*+4t+C.
J(wot+4)dt=[16tat+ [4dt =1 6[tdt + [4dt =
R 4,
Nén h(t):§t +4t+C.
Vi cay con khi dugc tréng cao 12 cm nén h(0)=12 < g.oz +40+C=12<C=12,
. 4.,
Vay h(t):gt +4t+12.

b) Sau 5 nam trong va udn tao dang. Cay c6 chiéu cao la: h(5)= 3.52 +45+12=52 (cm).

Vay khi dugc ban, cay cao 52 (cm).

Tai mot 1& hoi bia, tbc do thay dbi lwong khéch tham du dwoc biéu didn bang ham s
f'(t)=20t>—300t> +1000t . Trong d6 t tinh bang gi¢ (0<t<15), f'(t) tinh bang khach/gio.

Sau mot gio, 500 nguoi da co mit tai I€ hoi.
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a) Viét cong thirc ciiaham s6 f (t) biéu din s6 luong khach tham dur 1€ hoi véi 0<t <15.

b) Sau 4 gio s& c6 bao nhiéu khach tham du 1 hoi?

c) Sb lugng khach tham du I8 hoi 16n nhét 1a bao nhiéu?

d) Tai thoi diém nao thi tc d6 thay doi lwong khach tham du I& hoi 1a 16n nhét?
Loi giai

a) Ta co B(t) 1a mot nguyén ham cua ham sé f'(t) = 20t* —300t’ +1000t .

Do dé f (t)= [(20t°~300t” +1000t dt = 5t* ~100t* +500t* +C .

Nén f(t)=>5t*-100t° +500t* +C.

Vi sau mot gio, 500 nguoi da ¢ mt tai 1€ hoi nén f (1) =405+C =500=C =95.

Vay f(t)=>5t"-100t° +500t* +95, 0<t<15.

b) 6 lugng khach tham du 13 hoi sau 4 gior 1a: f (4)=5.4* ~100.4° +500.42 +95 = 2975
(khach).

c) Gia trj 16n nhét cua ham s6 f (t) trén doan [0;15]. Ta co:

t=0
f'(t)=20t° -300t* +1000t =0= |t =5 .
t=10

Taco: f(0)=95; f (5)=3220; f (10)=95, f (15)=28220.

Vay S6 luong khach tham du 1 hoi 16n nhat 1a 28220 khéch sau 15 gio,

d) Tatim t &€ hamso f'(t)=20t° —300t* +1000t dat gia tri I6n nhat trén doan [0;15]. Ta c6:

,_15-5V3
3
f"(t)=60t> —600t +1000 =0 = .
© ,_15+5\3
3
Taco: f'(0)=0; f'(15_35\/§] ~ 962, 25; f'£15+35\/§] ~-962,25; f'(15) =15000.

Khi d6, gi4 tri Ion nhét cia ham sé f'(t) = 20t> —300t? +1000t trén doan [0;15] bang 15000 tai

t=15.

Vay téc do thay d6i lwong khéach tham dur 18 hoi 12 16n nhat tai thoi diém 15 gio.
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Cau 11: Céc du &n xay dung dan dung, chi phi nhan cong lao déng duoc tinh theo s ngay cong. Goi
m(t)1a sé lugng nhan cdng duoc st dung ¢ ngay thir t (ké tir khi khai cong du an). Goi M (t)
la s6 ngay cong nhan dugc tinh dén hét ngay thir t (ké tir khi khoi cong du an). Trong kinh té
xay dung, ngudi ta da biétrang M’ (t) = m(t). Mot cong trinh xay dung du kién hoan thanh trong
400 ngay. S6 lugng cong nhan dugc sir dung cho bsi ham sé m(t)=200-2t,

Trong d6 t tinh theo ngay (0 <t <180),m(t)tinh theo nguoi. Pon gia cho mot ngay cong lao

dong 1a 380 000dong. Tinh chi phi nhan cong lao dong cua cong trinh d6 (cho dén Iic hoan
thanh).

Loi giai
Taco M'(t)=m(t)nén M (t) la mot nguyén ham ciia ham sé m(t)=200-2t.

Do dé: M (t) = [(200-2t)dt = 200t t* +C .

Suyra: M (t):200'[—t2 +C, 0<t<180.Vi M (0)=0:>C =0.

Vay M (t)=200t—t*.

S6 ngay cong duoc tinh dén hét ngay thir 180 1a: M (180) = 200.180 —180% = 3600..
Chi phi nhan cong lao dong cua cong trinh d6 1a: 380000.3600 =1368000000 (dong).

Céau 12: Mot vat dugc tha tir 46 cao 50m roi voi gia tbc 5m/s*. Sau khi roi dugc 4 gidy vat di chuyén
v6i véan toc bao nhiéu m/s ?
Loi giai
Chon truc theo chiéu roi cua vat.

Ki hiéu v(t) 1a van téc cua vat, tai thoi diém t gidy ké tir khi vat bat dau roi.
Vi a(t)=v'(t),vt>0 nén v(t)= J.a(t)dt = .|-5dt =5t+C, .

Taco: v(0)=0nén 5.0+C, =0« C, =0. Vay v(t)=5t(m/s).
Sau khi vt roi 4 gidy vat di chuyén véi véan toc: v(4)=54=20(m/s).

Cau 13: Doanh thu ban hang ctia mét doanh nghiép khi ban mot loai san pham 1a sb tién R(x) (triéu
ddng) thu duoc khi X don vi san pham duoc ban ra. Téc d6 bién dong (thay ddi) ciia doanh thu
khi x don vi san phém da duoc ban 12 ham sé M R (X) = R'(X) . Pai dién cua doanh nghiép cho
biét toc do bién doi ctia doanh thu khi ban mét loai san pham duge cho béi My (X) =500-0,1x

, 0 d6 x 1a s6 lugng san pham dd ban. Tim doanh thu ciia doanh nghiép khi da ban 2000 san
pham.
Loi giai
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Doanh thu cua doanh nghiép 1a R (X) = I Mg (X)dx = J-(SOO — O,lX)dX =500x _2i0 x*+C.

Vi R(0)=0 nén C =0. Vay R(x):500x_2_10x2.

Doanh thu ctia doanh nghiép khi ban 2000 san pham la:

R(2000) =500.2000 - 2—10.20002 =800000 tri¢u dong.

Cau 14: Mot vién dan duoc ban 18n troi véi van toc 1a 72m/ s bat dau tir &6 cao 2m . Hay xac dinh chiéu
cao cua vién dan sau thoi gian 5s ké tir IGc ban biét gia toc trong trudng 1a 9.8m/ s?
Loi giai
Ta c6 van tdc cta vién dan tai thoi diém t 1a:
v(t)=[-9,8dt =-9,8t+C,

Do v(0)=72 nén v(0)=-9,80+C, =72 C, =72=>v(t)=-9,8t+72.
D6 cao clia vién dan tai thoi diém t la:

s(t)=[v(t)dt=[(-9,8t+72)dt =—4,9t* + 72t +C,

Vi s(0)=2 nén s(0)=-4,9.0°+72.0+C, =2 C,=2=>s(t)=—4,9t* + 72t + 2.
Vay sau khoang thoi gian 5s ké tir lGc ban, vién dan ¢ do cao
s(5)=-4,9.5°+72.5+2=239,5m.
Cau 15: Mot béc tho xdy bom nude vao bé chira nuée. Goi h(t) 1a thé tich nuéc bom duge sau t gidy.
Cho h'(t)=3at*+bt (m®/s) va ban diu bé khong c6 nuée. Sau 5 gidy thi thé tich nuéc trong

bé 1a 150m*. Sau 10 gidy thi thé tich nudc trong bé 1a 1100m*. Hoéi thé tich nudc trong bé sau
khi bom dugc 20 giay.
Loi gii

Taco: h'(t)=3at* +bt
:>h(t)=_[(3at2+bt)dt=at3+%bt2+C = h(t)=at3+%bt2+c
Chon t=0=h(0)=0=C=0 :>h(t):at3+%bt2

Sau 5 gidy thi thé tich nuéc trong bé 1a 150m*: h(5) =150 <> 125a+ %b =150

Sau 10 gidy thi thé tich nu6c trong bé 1a 1100m*: h(10) =1100 <> 1000a + 50b =1100

125a+§b:150 a=1
Ta c6 hé: 2 o b2
1000a +50b =1100 B
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= h(t)=t°+t*

Nén thé tich nude trong bé sau khi bom duge 20 gidy la h(20) = 20° +20% =8400m’
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