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III NGUYEN HAM
TICH PHAN

BAI. TICH PHAN

@ LY THUYET.

1) KHAI NIEM TiCH PHAN

a) Dién tich hinh thang cong:
Pinh ly 1:
Néu ham s y = f (x) lién tuc va khong 4m trén doan [a;b], thi dién tich S cua hinh thang

cong gidi han béi do thi ham so y = f (X), truc hoanh va hai duong thang x=a,x=b la
S=F(b)-F(a), trong d6 F(x)la mot nguyén ham cua ham s y = f (x) trén doan [a;b].

Vi

b) Pinh nghia tich phan: Cho ham sé f () lién tuc trén doan [a;b]. Néu F(x) la mét

nguyén ham cua f (X) trén doan [a;b] thi higu sé F(b)—F(a) duoc goi la tich phan cua ham
b
s6 f(x) tir a dén b vakihieula [ f(x)dx.

Tagoi: a lacandusi, b lacantrén, f 1aham sé duéi ddu tich phan, f(x)dx Ia biéu thic
dudi dau tich phan, xbién s Iy tich phan.
Chay:

a) Hiéu sé F(b)—F(a) con duoc ki hiéu 1a F(X)

f (x)dx =F (x)

® . Khi d6:

. =F(b)-F(a).

QD ey T

b
b) Néu a<b thi ta goi jf(x)dx |a tich phan caa f trén doan [a;b].

a b
¢) Trong truong hop a=b hoic a>bta quy uéc: If(x)dx:o; jf(x)dx:—'[f(x)dx
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d) Tich phan khong phu thugc va cach ki higu bién (diéu nay s& mang lai loi ich cho ta dé tinh
b b b
mot s6 tich phan dzc bigt), tac la [ f (x)dx = [ f (t)dt=[ f (u)du=...=F (b)-F (a).

Y nghia hinh hoc cia tich phan:

dx la dién

m'—.o'

Néu ham s y = f (x) lién tuc va khong 4m trén doan [a;b] thi tich phan

tich S cua hinh thang cong gisi han bsi do thi y = f (), truc hoanh va hai duong thang

b
X=a,x=0b.Vay Szjf x)dx

2. TINH CHAT CUA TiCH PHAN
Cho f(x),g(x) lacac ham sé lién tyc trén [a;b]. Khi d6 ta co:

1)'Tk. f (x)dx =k j f (x)dx

2) j [F(x)+g(x)]dx= j f (X)dx + j g(x)dx

a

3) j [f(x)-g()]dx= j f (X)dx — j g(x)dx

4)'bf f (x)dx = JE f (x)dx+'b[ f(x)dx (a<c<h)) (chéncdn c)

Gid tri trung binh cGa ham sé lién tuc f(x) trén doan [a; b] dwoc dinh nghia la

LJ.f(x)dx.

b-a

@ HE THONG BAI TAP TU LUAN.

DANG 1: SUDUNG PINH NGHIiA TICH PHAN
Cau 1: Tinh cac tich phan sau:

sin xdx C) .[ldu
u
1

o'—.m\.\q

3
a) [3x’dx b)
0

Léi giai

3
a) [3x%dx= x| =3°—0° =27
5 0
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b) |sinxdx =—cos x|§ = —(cos%—coso) ==

B o'-—.w\.\q

c)_[—du In|u” =Ine’-In1=2

Céu 2: T|nh cac tich phan sau:
In2 T

1 4
a)|=j3x2dx b)I—I—dx c)I=I2de d)|=jsinxdx
0 0 0

Loi giai
1
— [ay2dy — 3" — _
a)l—£3x dx—x‘o_l—o—l.
4 1 \/_4
b)I = [—=dx=2Vx| =2(2-1)=2.
=15 L =2(2-1)

1
2X
In20

=i(21—2°)=i.

1
c)l =|2%dx=
) ! In2 In2

s

. z 1 1
d) I = |sin xdx =—cos x|4 :—(——1j=1——.
! ° 2 V2

Cau 3:  Tinh céc tich phén sau:

2 1 2 1 2 1 2 1 2 1
a)c dx b) Oy dx c) Oy dx d) Oy~ dx e)O— dx
%Jx O 02 ] %y

x
Loi giai

N
b)Oy-d. In‘x”2 In2
1x !
2 2 1)2 2
1 “ 1 1
A0Fdx =y tdx=— =-- ==
1 1 1 Xy 2
2
2 2 1 § 3 2|? 3 2
Dymdr= gy tdv="] =353 =3(25- 1
1.3 1 2 2 2
X = 1
3k
12 1 1f 1
de=Ztde=21 =- | ==
e)oé g MR T
Cau 4: Tinh céc tich phan sau:
) P P P P
3 1 3 3 ) 3\ 3‘
a)O——dx b)(yosxdx c)Cpinxdx  d)(J2cosx+1)dx  e)(y2sinx- 3)dx
Ssin’x h ; b ;
4 4 4 4 4
Loi giai
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w|™

a)o—dx—-cotx‘3‘ (£-1) 1-£

,sIn"x 3
I
: Ja- 2
3
b) Cposx dx = S|nx|3—
2
p 4
4
e
3 v 2-1
¢)(pinxdx =- cosx3 =———
2 2
P 4
4
P p p
3
d)(J2cosx +1)dx = 20:05xdx+ ddx 23|nx|3 +x|3 =/3- \/§+—2
: : .
2 P P
3 3 3 P D
e)(y2sinx - 3)dx =2(yinxdx - O'ﬁdx—-ZCOSx‘ 3x|2 =2-1- 2
i i i ‘
. s :o1 4
Cau5: Chotich phéan I :J' ——dx= . Tinh gia tri cua a+ 20.
1237 aln3
Loi giai
3 3 x |2 3 Al
Taco |=1j T ook [Fax=t o =223 4
27373 54 54 In3|, 54 In3  9In3
Do do a=9. Suyra a+20="29.
9
5
Cau 6:  Tinh tich phdn | —dx.
stﬁi
Loi giai

10} 1 ° 10 10
T dx = — /x| =—(3-2)=—.
acoJ'\/_ 3!2\/;x 4 3( ) 3

9 9
J.f X)dx = 7_|.g x)dx =10 I[f(x)+g(x)]dx.
Cau7: Chotich phan 4 . Tinh 4
Loi giai

9 9
Tacéj[f(x)Jrg(x)]dx:J.f dx+_[g X)dx =7+10=17.
4 4

Cau8: Tinhtich phan [(2e*+sinx)dx.

h\N'—;N\ﬁ

Loi giai
Taco
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Cau 10:

Cau 11;

Céu 12;

Cau 13:
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T

(2eX +sin x)dx = [2edx + J%sin xdx

BN oy
BNy

n

=2e*|2 —cos X2 :2e2—2e4—[0—%].

4 4

RN
2

=2e2 —-2e* +

Cho tich phan I x)dx = -2, _[g x)dx =8. Tmhj x)—g(x)]dx.

Loi giai

Ta co: i[f(x)—g(x)]dx=if )dx— Ig x)dx=-2-8=-10.

1 .
Cho J. x)dx =3 vaJ. Z_E'Tmh !f(x)dx
Loi gii
3 2 1 5
Taco | f(x f(x)dx+ x)dx =3+ -= |==.
oo s -3)
2 .
, = khi x >1 ‘
Cho ham sb f (X) =4 x HE57 Tich phan 1 = [ F (x)dx.
x+1 khix<l P
L(‘n'giﬁi
2 1 2 43
Taco I:szf(x)dx:sz(x+1)dx+jx dx_12
0 0 1

Goi F(x)languyén ham ciia ham s6 f (x)=e*. Tinh F(2In2)—F (In2).

Loi giai
Vihamso f(x)=e" lién tuc trén doan [In2;2In 2] nén ta co:
In4 In4
F(In4)-F(In2)= [ f(x)dx= [e'dx=e*|" =2,
In2 In2

Goi F(x)languyén ham cua ham sé f () :% théa diéu kien F(1)=2. Tinh F(e).
Loi giai

Vihamsé f(x)= 1 lién tuc trén doan [1e] nén ta co:
X

F(e)-F(1)= ! f (x)dx =de “in|x| =1.

Suyra: F(e)=1+F(1)=1+2=3.
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Cau 14:

DANG 2:
Cau 15:

Céau 16:

DANG 3:
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Chutng minh F(x)=|n(x+\/x2+1) la mot nguyén ham ciaham s f (x) = — . Tirdo tinh
X“+1
o1
tich phén | = dx.
'([\/x2+1
Loi giai
Ta co:
' X
1+—
’ (x+\/x2+1) + a1 1
F'(x)= = = = f(x).
X+VX+1  x+x+1 A2+l

Do dé:

1 1 1
| = dx=|n(x+\/x2+1) =In(1+~/2).

!x/x2+1 0 ( )
SUDUNG TINH CHAT TiCH PHAN
Tinh céc tich phan sau:

1 2 Vd
| = [(4x° —e*)ax b) I =.f[3x —%jdx ¢) I = [ (sin x+ 2cos x)dx

0 1 0

Loi giai
a)l = .l[(4x3 —e")dx :XAE) —e*

0

1
,=1-(e-1)=2-e

2

2 X
b)l =j(3*—3jdx= 3
X In31

1

—In|x||2 :i(9—3)—ln2=i—ln2.
1 In3 In3

T
c)l =I(sinx+ZCosx)dx:—cosx|g +2sinx|; =2.
0

2 2
Tinh | = fex In xdx+fet (1-Int)dt.
1 1

Loi giai
2 2 2
| = ‘[ex In xdx+_[eX (l— In x)dx = 'l[exdx =e?—e.

SUDUNG TINH CHAT CHEN CAN PE TINH TICH PHAN
Tich phan ciia ham chira diu tri tuyét doi

b
a) Yéu cau: Tinh tich phan | = I| f (x)|dx

b) Phwong phap: a

+Budc 1: Xét dau cia f (x) trén khoang (a;b)
- Gidi phuong trinh f (x)=0< x=x €(a;b)

- Lap bang xét dau cua f (x) trén khoang (a;b)

+ Budc 2: Chén can x, va dong thoi bo dau | | (can cir vao BXD) ta dugc cac tich phan co ban

=1 o= [l (ojocs 1 oo
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Cau 17:

Céau 18:
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b
Cha y: Néu f (x) khong di ddu trén doan [a;b] thi | = [| f (x)[dx =

Tf(x)dx

Tinh céc tich phan:
a)l :i|x—]4dx b1 =i‘x2—x‘dx c)j‘x2+2x—3‘dx d)j“Zx—|x+1”dx
0 0 ) ey

Lai gidi

2 1 2 1 2
a)l =J-|x—]4dx=I|x—1|dx+[|x—1|dx=—.[(x—1)dx+‘|-(x—1)dx=%+%=1.
0 0 1 0 1

=0 (I
b) Xét trén khoang (0;3) taco: X’ —x=0< x=0( )

x=1
BXD:
X 0 1 3
x> —X - 0 ¥
Suy ra:
l h 1 14 29
|=—£(x2—x)dx+!(x2—x)dx=€+§=€.
8t tré : £Ly2 X=-3
c) Xét trén khoang (—2;2) ta cd: x +2x—3:0c{x_1 ,
BXD:
X* +2x—3 + 0 - 0 +
Suy ra:
| l h 7 32 7 46
I ::[(XZ +2x—3)dX—L(X2+2x—3)dX+‘l[(x2+2x—3)dX:§+?+§=?.

d) Xét trén khoang (-2;2) tacé: x+1=0< x=-1
BXD:

X -2 -1 2
X+1 - 0 +

Suy ra:
1 2 1 2

| = I|2x+x+1|dx+f|2x—x—]4dx: I|3x+]4dx+_|.|x—]4dx: l,+1,
-2 1 -2 1

Ta co:

L K L 41
I = [3x+Udx=—| (3x+1)dx+ | (3x+1)dx =—.
= Jxrax=—] (3xr1)ox ] (3x1)ox =

2 2 1 i
I, =1|x=dx=|(x-1)dx==.
= [xtox=[(x-yox=3
41 1 22
=—+=-=—.

6 2 3
Tinh céc tich phan

Vay: |
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3 4 4 0
1) | =Hx2—1‘dx. 2) sz—g‘ dx 3) ”x2—2x—3‘ dx  4) Hx2—4x—5‘ dx
-3 0 1 -2
Loi gidi

3

1) | :.sz—l‘dx.

-3

Taco: f(x)=x"-1=0->x=-Lx=1= f(x)20vxe[-3-1]U[L3]; f (x) <0, Vx e[-1L1].

-1 1 3 1 1 3
+| X—=X +| =x° =X
-3 3 -1 3

-1 1

== I(xz —1)dx+:[1(l— xz)dx+Jj(x2—1)dx:(%x3—xj

3
1

-3

= =3

20 4 16 40
I Rk
3 3 3
2) j‘x2—9‘dx
i 4 3 4
Ta co: HXZ—9‘ dx:sz—Q‘ dx+'ﬂx2—9‘ dx
0 0 3

:j:(—x2 +9) dX+I(X2 -9) dx:(—§+9xj

3) j‘xz —2x—3‘ dx
1

3 3
+(X——9xj
3
0

Ta co: :AHX2 —2x—3‘ dx=J3“x2 —2x—3‘ dx+jﬂx2 —2x—3‘ dx
1 1 3

4

23

:3 —x?+2x+3 dxjL4 x*—2x—3) dx = —X—3+X2+3X
1 3 3

b 3
T AR
) 3

3

4) j).‘xz—4x—5‘ dx
-2

Ta co: jl‘xz —4x—5‘ dx::ﬂx2 —4x—5‘ dx+fﬂx2 —4x—5‘ dx
) -2 -1

1 X3
+[—€+ 2x° + 5Xj
2

-1

_ 2 _ 0_2 _X_s_ 2
_j(x 4x 5)dx+.[l(x+4x+5)dx_(3 2X 5Xj

0
=2

-1

-2

Cau 19: Tinh tich phan sau I|cos x| dx
0

Loi gidi
z
T 2 V1
Ta co: “cos x| dx = J.|cos x| dx + J.|cos x| dx
0 0 z
z
2 T T z
= [cos x dx+ [ (—cos x) dx =sin x|z +(=sinx)[; =2
0 2

z
2
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Céau 20:

Cau 21:

Cau 22:

Cau 23:
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2
Tinh tich phan sau I|23in x—1] dx
0

Loi giai

7 G 7
Ta cé: I|25in x—1 dx:J'|25in x—1 dx+I|23in x—1] dx
0 0 V4

6

= | (-2sinx+1) dx + (Zsinx—l)dx=(2cosx+x)‘§+(—2003x—x)‘§:2\/3_’—2—%

6

o'—,m\:\
O\N'—.N\N

2
Tinh tich phan sau '|'|2 cosx—1| dx
0
Loi giai
2 3 2
Ta co: j|2cosx—1| dx = _[|2cosx—]4 dx+j|2cosx—1| dx
0 0 z
3

§=2\/§_2_£

(—2cosx+1) dx =(2sin x—x)‘§+(—25in X+X) 5
3

=|(2cosx—1) dx+

o!—.‘w‘.}i
w\u'—.m\a

Tinh 1 :j\/l—c032xdx.
0

Léi gidi

K

jf,/ +COSZX T cos’ xd I|cosx|dx Icosxdx J'cosxdx 1+1=2.
0 0
2
Tinh | = | /—1_5"‘2de
2

NN

o

Loi giai
Ta c0:
5 1—cos(”—2xj 3 5
2 . L7 . T
I:I dx:j sin [——xjdx:jmn( ——jdx.
0 2 0 4 0
Xét trén khOang( j,taco sm(x——j:0c>x=%.
BXD:
X 0 z z
4 2
sin| x- 2~
4 - 0 +
Suy ra:
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Cau 24:

Céu 25:

Cau 26:

Cau 27:

Cau 28:
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V4

N N 2\
__»([Sln(X_ZJdX+£SIn(X_ZjdX_COS[X_Zjo _COS(X_Z]L —2—\/5.
Z 4
) .
Cho ham'sé y = f(x):{X KN X20 bigt ham s £ tién tuc trén R
—X khi x<0
1
Tinh | = I f ().
-1
Loi giai
Ta co:
1 0 1 0 1 l 5
I:If(x)dx:If(x)dx+If(x) _[ xdx+jx2dx—— —==,
-1 -1 0 1 2 3 6

(2x—1)3 khi x>1
22X -1 khi x<1

Cho ham so y = f (x) —{ .Biéthamsé f liéntyctrén R.

3
Tinh | =.[ f (x)dx.
-2

Loi giai
Ta co:

I:.lff dx+I dx_j(zx—l)dx+i(2x—1)3dx: [
o) 1

s 2In2
, —2(x+1) khix<0 1
Chohamso y = f (x)= ) _ . Xac dinh k dé j f(x)dx=1.
k(l—x ) khi x>0 %
Loi giai
Taco:

.l[ f (x)dx =jllf (x)dx+:[ f(x)dx= j'—Z(x+1)dx+.Ik(1—x2)dx

-1 -1

<:>1:—1+k§<:>k=3.

5

Choj x)dx = 3j X)dx=4. Tinh I = [ f(x)dx.

1
Lai gidi
2

I=J5.f(x)dx _[f dx+_[ x)dx=3+4=7.
1 1

Goi F(x) languyén ham cia ham sé f ().

3
B.etj x)dx =12, j x)dx =2 va F(2)=7.Tinh F(0).
Loi gisi

Ta co:
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F(2)- ():If(x)dx If(x)dx+zf X ) dx
~[t(xd

Suy ra:
F(0)=F(2)-10=7-10=-3.

f(x)dx=12-2=10.

N'—.w

6
Cau29: Chohamsé f(x) lién tuc trén doan [0;10] thoa mén '[ X)dx=7; J f (x)dx=3. Tinh gia tri
2

2
cua biéu thuc P=J'f(x)dx+_|'f x) dx
0 6

L(‘)'igi{li
10 2
J-f(x)dx=7<:>7=jf dx+I dx+.[ x)dx < 7=P+3< P=4.
0

0

DANG 4: DIEN TICH HINH THANG CONG
Cau 30: Tinh dién tich hinh thang cong giéi han bai do thi ham sé y = f (x) = 2x—1, truc hoanh va hai
duong thang x =1, x =3 ( Hinh v& bén).

/]

Loi giai
Ham s6 y = f (x) =2x—1 lién tuc, duong trén doan [1;3] va c6 mot nguyén ham F (x) = x* —X.

Do d6, di¢n tich hinh thang cong can tim la S = F(3)- F (1) =(3 -3)—(1*~1)=6.

Cau 31: Tinh dién tich hinh thang cong giéi han boi db thi ham sé y = f (x) = —x® + 4x, truc hoanh, truc
tung va duong thang x =2 ( Hinh v& bén).
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Cau 32:

Cau 33:

Céau 34:
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\ y = —z° + 4z

O/ 2 4\ T

Loi giai
Ham s6 y = f (x) = —x* +4x lién tuc, khong 4m trén doan [0;2] va c6 mot nguyén ham

X3
F(x)=—§+2x2.

3 3
Do d6, dién tich hinh thang cong can tim 1a S = F(2) - F(0) = (—%+ 2.22j—(—§+ 2.02j =%

Tinh di¢n tich hinh thang cong gi¢i han boi dd thi ham s y = x> — 2x, truc hoanh va hai duong
thang X=3;x=5.

Loi giai
Ham sé y = x* — 2x lién tuc va duong trén doan [3; 5] va c6 mQt nguyén ham la
X,
F(X)=—-xX
() =3

3 3
Do d6 dién tich hinh thang cong can tim 1a: S = F(5)-F(3) = [% - 52]— (% - BZJ = 5—30

Tinh dién tich hinh thang cong gi6i han bai do thi ham s6 y = iz , truc hoanh va hai duong
X
thing X=2;X=5
Loi giai
\ A 1 .« A N A \ 4 A A \ \ l
Ham s6 y =— lién tuc va duong trén doan [2; 5] va ¢c6 mot nguyén ham la F(x)=—=
X X

Do d6 dién tich hinh thang cong can tim la: S = F(5)—F(2) = —% +% = %
Tinh dién tich hinh thang cong gisi han bai do thi ham s6 y = f (x) = (x+ 2)2 —1, truc hoanh va
hai duwong thang x=1,x=2.
Loi giai
Ham sy = f (x) = (x+ 2)2 —1=x*+4x+3 lién tyc va khong am trén doan[1;2] va c6 mot
3

nguyén ham F(x) = X? +2x% +3X

Ta c6 dién tich hinh thang cong can tim Ia
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Céau 35:

Cau 36:

Cau 37:

. Trung tAm BDVH Unix Thing Long - Web§ite: trungtamunix.edu.vn
Thay L& Viét toan Thing Long “Khai Mé Tw duy — Kién Tao Van Ménh” (zalo):0835.221183

3 3
S=F(2)-F() = (%+ 2.0° +3.2)—(1§+2.12 +3.0) =3?4
Tinh dién tich hinh thang cong gigi han bai d6 thi ham séy = 3*, truc hoanh va hai duong thing
x=0,x=2.
Loi gidi

In3

Ham soy = f (x) = 3" lién tuc va khong 4m trén doan[0;2] va c6 mot nguyén ham F(x) =

Ta c0 dién tich hinh thang cong cén tim la
¥ 3
S=F@2)-F0)=(—-—"1)=
(2)-FO)= ( In3) In3

Mot chiée xe dang chuyen dong thang déu véi van te 30 m/s thi nguoi 1ai dap phanh khién van
toc ciia xe thay doi theo thoi gian t (gidy) duoc tinh theo cong thirc v(t)=30-5t (0<t<6).
Tinh quing dudng di chuyén caa xe trong khoang thoi gian tinh tir lac dap phanh dén khi dirng
han.

Loi gidi

6
Quing duong di chuyén cua xe la: s = J.v(t J.(30 5t)dt = [30t —%j =90(m)

0 0

0
Biét rang nhiét do tai thoi diém t gio trong khoang thoi gian tir 5 gio sang dén 12 gio trua &
thanh phd A vao mét ngay mia ha dugc xac dinh béi ham s6 N (t)=20+17(t-5),5<t<12.
Tinh nhiét do trung binh vao ngay d6 trong khoang thoi gian tir 5 gio sang dén 12 gid trua (két
qua 1am tron dén hang don vi).

Loi gidi
Nhiét d¢ trung binh can tim la gia trj trung binh ciia ham s6 N(t) trén doan [5;12].
Vay ta c6 nhiét do trung binh can tim Ia:

12

1 1 1 17¢2 )"
1 [T20+17(t=5)ldt == [(115+1 7t)dt = =| 11,5t + =

~ 26°
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