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NGUYEN HAM
TICH PHAN

| CHUONG

BAIL UNG DUNG TiCH PHAN

@ HE THONG BAI TAP TRA LOI NGAN
DANG 1: UNG DUNG TiCH PHAN TiNH DIEN TiCH
Caul: Biét F(x) va G(x) 1a hai nguyén ham cua ham sb f(x) trén R va

3
J-f(x)dx:F(S)—G(O)+a, (a > O). Goi Sla dién tich hinh phang gi6i han boi cac duong
0

y=F(x),y=G(x),x=0,x=3. Khi S=15 thi a bé“mg
Loi giai
Tra loi: 5
Do F(x) va G(x) 14 hai nguyén ham ctia ham s6 f(x) trén R nén G(x)=F(x)+C,‘v’xeR

, vo1 C 1a hang so.

Mt khac jf(x)dx =F(3)-F(0)

Laico | f(x)dx=F(3)-G(0)+a,suyra G(0)=F(0)+a.

© Ly

Do d6 azC:G(x):F(x)+a,Vxe]R

Dién tich hinh phang giéi han béi cac duong y = F(x),y = G(x),x =0,x=3.

S :Js.‘G(x)—F(x)}dx@15:i|aknglS:3a Sa=5.
0 0

5
Cau2: Biét F(x) va G(x) 13 hai nguyén ham ctia ham s6 f(x) trén R va If(x)dx = F(S)—G(O)+a
0

(a > 0). Goi S la dién tich hinh phang gi6i han boi cac duong y =F(x),y = G(x),x =0 va
x=5.Khi §=20 thi a bang

Loi giai
Tra loi: 4
Vi F(x) va G(x) 1a hai nguyén ham ctia ham s6 f(x) trén R nén
P F(0)=G(0)-
J-f(x)dx:F(S)—F(O):G(S)—G(O):F(S)—G(O)+a:{F( )=G(0)=a

0
Do do F(x)=G(x)—a <:>F(x)—G(x):—a
S 1a dién tich hinh phang gi¢i han boi cac dudng y = F(x),y=G(x),x=0 va x=5 nén
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Cau 3:

Cau 5:

S :.:”F(x)—G(x)|dx:j).|—a|dx:i|a|dx=iadx=ax|z =5a (a>0).

Ma §=20 nén 5a=20<a=4..
Biét F(x) va G(x) 1a hai nguyén ham cuia ham sé f(x) tén R va

4
If(x)dx:F(4)—G(0)+a (a>0). Goi S 1a dién tich hinh phang gii han béi cac duong
0

y=F(x),y=G(x),x=0 va x=4.Khi §=8 thi a bang
Loi giai
Tra 1oi: 2
4
F (x) 1a nguyén ham ctia f(x) trén R nén [ f(x)dx=F(4)-F(0).

Ma J:f(x)dx:F(4)—G(O)+a (a >O) nén

F(4)-F(0)=F(4)-G(0)+a< G(0)=F(0)+a.
Lai c6 G(x) cling 1a nguyén ham cta f(x) trén R nén G(x)=F(x)+a VxeR.
Dién tich hinh phang gi6i han boi cac duong thing y = F(x),y =G(x),x=0 va x=4 la

S=T\F(x)—G(x)\dx=Iadx=4a=8:>a=2.

0
2
Biét F(x) va G(x) 1 hai nguyén ham ctia ham s6 f (x) trén R va [ f(x)dx = F(2)-G(0)+a
0

(a > 0). Goi S la dién tich hinh phang giéi han boi cac duong y = F(x),y = G(x),x =0 va
x=2.Khi §=6 thi a bang

Loi giai
Tra loi: 3
Do F(x) va G(x) 1a hai nguyén ham ctia ham s6 f(x) trén R nén F(x)—G(x)=C véi C
1a hang sb.

2 2 2

Taco S = [|F (x)-G(x)|dx = [|C|dr =|C].[1dx = 2]C| =6 =|C| =3 (*).
0 0 0

Talaico: F(0)-G(0)=C < F(0)=G(0)+C

Theo d¢ bai:

J:f(X)dx:F(Z)—F(O):F(2)—(G(O)+C):F(Z)—G(O)—C:F(z)_G(0)+a _

Suyra: a=-C ma a>0 nén C<0(2).

Tu (1) va (2) suyra: C=-3=a=-C=3.

Viy: a=3.

Biét F(x) va G(x) 1a hai nguyén ham cuia ham s f(x) tén R va
J.:f(x) :F(4)—G(O)+2m(m > O). Goi S 1a dién tich hinh phiang gidi han boi cac dudng
y=F(x),y=G(x),x=0 va x=4.Khi §=8 thi m bang:
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Loi giai
Tra loi: 1

Vi F(x) va G(x) 1a hai nguyén ham ctia ham s6 f(x) nén gia st trén R, ta co:
G(x)=F(x)+C suyra G(0)=F(0)+C

[/ (x)x=F(4)-G(0)+2m & F(4)-F(0) = F (4)~ F(0)~C+2m & C =2m
Viy G(x)=F(x)+2m trén R.

Tacd S = |F(x)-G(x)kdx = [ 2mdv=2mx|] =8m,

Ma §S=8 nén m=1.
Cho dudng tron c6 dudng kinh bang 4 va 2 Elip 1an luot nhan 2 dudng kinh vudng goc nhau
ctia dudng tron 1am truc 16n, truc bé ciia mdi Elip déu bang 1. Dién tich S phan hinh phang &

Tra loi: 3,7
Chon h¢ truc toa do nhu hinh vé.
2 2 2 2

Hai Elip lan luot ¢6 phuong trinh: (E, ): %—'_yT =1 va (E,): xTerT =1
Toa d6 giao diém cua hai Elip trong goc phan tu thit nhat 1a nghiém phuong trinh:
s
PR :1<::>xz:ﬂ :>x=&
4 5 5

245

s 2
Dién tich hinh phang can tim: S =7.2> —7.2.1-4 j [2\/1—;8 —1/1 —%]dx =3,71
0

Mot bién quang céo c6 dang hinh elip véi bon dinh 4, 4,, B, B, nhu hinh vé& bén. Biét chi phi
dé son phan to6 dam 1a 200.000 vnd/m? va phan con lai 100.000 vnd/m?. Hoi sb tién dé son
theo cach trén gan nhat véi s6 tién ndo dudi day, biét 4,4, =8m, BB, =6m va t gisc MNPQ
1a hinh chit nhat c6 MQ =3m ? (don vi nghin déng)

3 | Th.s Lé Viét (GV toan THPT Thang Long, Ha Noi) — Chuyén gia Chién lwgc Gido duc va Sy nghiép



.?

-’F....

gt

e
e

Trung tam BDVH Unix Thang Long - Website: trungtamunix.edu.vn - zalo: 0835.221183
Théy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cung em chon nghé

B,
M N
Ay A,
0 P
B,
Loi giai
Tra loi: 7322
Ay
B;|3
M N
4 5
Al 0 1 Az X
Q P
B,
B x2 y2
Goi phuong trinh chinh tic cta elip (E) c6 dang: = + 5= 1
a’

A4,=8=2a (a=4 ol o7
vei | 4 ST (B Y cley=t24l6-2 .
BB,=6=2b |b=3 16 9 4

Suy ra dién tich cua hinh elip1a S|, = 7ab =127 (mz) .

Vi MNPQ la hinh chit nhat va MO =3 > M (x;%j e(E)

2
:>x—+i:1:x2 :12—>M(—2\/§;%);N(2\/§;%j

16
Goi S;S, 1an Iuot 1a dién tich phan bi t6 mau va khong bi t6 mau

Ta c6: S, 4—j\/16 Py = 3I\/16 Xy S, = 47— 643 (m?)

Suyra: §, = Sy =S, =87+ 63/3.Goi T 1a téng chi phi. Khi do ta c6
T= (4;r— 6J§).100 +<87r n 6\/§).200 =7.322.000.

Cau 8: Cho Mot cai céng hinh Parabol nhu hinh v& sau. Chiéu cao GH = 4m, chiéu rong AB=4m,

AC = BD =0,9m . Chu nha 1am hai canh cong khi dong lai 1a hinh chit nhat CDEF t6 dam c6

gia 1a 1200000 dong/m’ , con cac phan dé tring thi trang tri hoa c6 gia 1a 900000 dong/m” . Hoi
tong so tién dé lam hai phan noi trén bang bao nhiéu? (don vi nghin dong)
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G
F E
c Hi D
— P
Loi gidi

Tra loi: 11441
Gan hé tryc toa do Oxy sao cho AB tring Ox, A tring vé6i gdc O . Khi d6 parabol c6 dinh
G(2;4) vadiqua gbc toa do.
,

N S

Gia sir phuong trinh cia parabol ¢ dang y = ax® + bx +c¢ (a #0).

c=0
: b
Vi parabol c¢6 dinh 1a G(2;4) va di qua diém O(0;0) nén ta cé —2—=2
a
a2’ +b2+c=4
a=-1
<ib=4 .
c=0

Suy ra phuong trinh parabol 1a y = f(x)=—x" +4x.

4 3 4
Dién tich ctia ca cong 1a S = I(—xz + 4x)dx :(—% + 2x2j =

0

Mit khac chiéu cao CF = DE = £(0,9)=2,79(m); CD=4-2.0,9=2,2 (m).
Dién tich hai canh cdng 1a S, = CD.CF =6,138 (m”).

o T 32 6793 , ,
Dién tich phan dé trang 1a S, =S-S5, =?—6,138 =—1500 (m )

. o aa . 6793 \
Vay tong s6 tién dé lam cong la 6,138.1200000 +@.900000 =11441400 dong.

Cau 9: Bac Binh mudn 1am cira rao sit c6 hinh dang va kich thudc nhu hinh vé& bén, biét duong cong
phia trén 1a mot Parabol. Gid 1m” cta rao sat 1a 700.000 dong. Hoi bac Binh phai tra bao nhiéu

tién dé 1am cai cira sit nhu vdy. (don vi nghin dong) (Iam tron dén hang nghin)
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o
= EQ% =1L 5m
HH
i bafkd J?Q
ol L gk L)
QE (000000000000 E:L _____
! Sm '
Loi giai
Tra loi: 6416
Ta chon hé truc toa @ nhu hinh vé.
i
SN
_1C
/A‘ kB\
P
3| -2 - o 2 3
_1 i

Trong d6 4(-2,5;1,5), B(2,5;1,5), C(0;2).
Gia sir dudng cong phia trén 1a mot Parabol c¢6 dang y = ax’ +bx +c, v6i a;b;c e R.
Do Parabol di qua cac diém A(-2,5;1,5), B(2,51,5), C(0;2) nén ta c6 hé phuong trinh

a(-2 5) b(-2,5)+c=15 a=-——=
( )+b(25) c=15 <1b=0

Khi d6 phuong trinh Parabol 1a y = —%xz +2.
Dién tich S cua cira rao sit la dién tich phan hinh phang gigi han boi do thi ham sb
2 . ,
y= —Exz +2, tryc hoanh va hai duong thang x =-2,5; x=2,5.

3 2,5

#0002 2 x

Tacd S = j (——xz +2)dx = - = +2x
55\ 25 25 3

Viy bac Binh phai tra sb tién dé 1am cai cira sét 1a

S§x700000 = % x 700000 = 6.417.000 .

55

25

Cau 10: Kién trac su thiét ké mét khu sinh hoat cong déng c6 dang hinh chir nhat vdi chiéu rong va chiéu
dai 1an luot 12 60m va 80m. Trong do, phén duoc t6 mau dam la san choi, phén con lai dé tréng
hoa. Mdi phan trdng hoa c6 dudng bién cong 1a mot phan ciia parabol véi dinh thude mot truc
d6i xtmg cua hinh chit nhat va khoang cach tir dinh d6 dén trung diém canh tuong tng ciia hinh
chit nhat bang 20m (xem hinh minh hoa).
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)
20m
\
80m
)
20m
Y
60m
Dién tich cua phan san choi 12 bao nhiéu mét vudng?
Loi gidi
VY
60m
80m
20m
L
O

Cau 11:

Dién tich ctia phan san choi bang dién tich cta hinh chit nhat trir di dién tich cta hai phan trong
hoa.

Dién tich cua hinh chit nhat 1a: 60-80=4800 m”.

Dién tich cia mdi phan trong hoa bang dién tich ctia mot parabol.

Chon hé truc Oxy nhu hinh vé.

Phuong trinh parabol bén dudi ¢6 dang: y = ax” + b (vi dinh parabol thudc truc tung).

1
Taco {y( ) <:>{ 4 45 .

=
»(30)=0  [a30°+20=0 |, _,/

Phuong trinh Parabol dudi la y = —4L5x2 +20
X a3 S T
Dién tich ciia moi phan trong hoa bang: J. (—4—5)62 + 20] dx =800 (m?)
=30
Dién tich ctia phan san choi la: 4800 —2.800 = 3200 (m?).

Tai trung tAm cta cong vién ngudi xdy mot khu vuon voi phan khong t6 mau biéu thi 1a duong
di va phan t6 mau biéu thi biéu thi phan tréng hoa. Tham khao kich thudc & hinh v& bén dudi.
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. sm
Y
10m
Dién tich phan dudng di ciia khu vuon bang bao nhiéu mét vudng.
Loi giai
Tra loi: 433
Y
C
A / kB
T
i
A o . . . .. . CB
Chon hé truc toa do nhu hinh v€, khi d6 ta c6 DB = E = 5\/5 .
Suy ra B(S\/E;S\/E).
Goi (P) 1a duong parabol biéu dién vién ctia phan trong hoa.
Do parabol qua goc toa d§ va nhan Oy 1am truc dbi xtmg nén (P):y = ax’.
2
Ma (P) qua B(S\/E;S\/E) nén (P):y = \/15(); .
Dién tich phan trong hoa dugc gi6i han boi parabol (P) va doan thing AB 1a
542 2
2 2
,[ 5\/—_\/_x |dx: OO.
k. 10 | 3
. 5 . 200 10° | 1400
Vay dién tich phin duong di cua khu vuon 1a 30> —4- [T + TJ == 433(m’).
Mot ho gia dinh thiét ké mot khu vui choi 16n cho gia dinh c6 dang hinh chit nhat v6i chiéu rong

va chiéu dai 1an luot 14 AD =40 m va AB =50 m. Trong d6, phan dugc t6 mau dam 1am noi
trdng hoa, phan con lai dé 1am san choi. Mdi phén trong hoa c6 dudng bién cong 1a dudng cong
(C) va céc canh cua hinh chit nhat. Biét mi diém M trén dudng cong (C) ludn c6 tich khoang
cach dén cac canh AB, AD bang 20 m. S tién chi phi dé trong hoa 1a 200.000d trén mot mét
vuong, s6 tién lam san choi 1a 350.000 & trén mot mét vudng. S6 tién ho gia dinh can ding dé
1am san choi 13 bao nhiéu triéu dong ?
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D r

Tra loi: 683

B X

==

A=0

Gén hé tryc toa do Oxy nhu hinh v&, mdi don vi twong tmg v6i 1m. Goi M (x,y) theo baira ta

co
x.y:20:>y:§,(x>0)
X
Phuong trinh duong DC': y =40

Phuong trinh hoanh d6 giao diém 20 =40 x= >
X

Dién tich cta hinh chit nhat ABCD 1a S =40.50 = 2000(m2) .

40—§dx~1888(m2).

50
Dién tich phan san choi 1a S, = I
1 x

2
Dién tich phan trong hoala S, =S -8, =1 12(m2 ) .
Chi phi can dé lam khu vui choi 16n 1a T =112.200000 +1888.350000 = 683.200.000.
Céu 13: Cho duodng thing y = %x va parabol y=x"+a.Goi S,,S, lan luot 14 dién tich hai hinh phing
dugc gach chéo trong hinh v& bén. Khi S, = S,thi @ bang bao nhiéu (két qua lam tron dén hang

phan muoi)
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X7
i

X

TR

W

y

Loi gidi
Tra loi: 0,4
Giai toan:

, 3
Phuong trinh hoanh d¢ giao diém: x° +a = Ex < 2x* =3x+2a=0

250 a>0

Dé phuong trinh ¢6 2 nghiém duong thi = 0 .
A>0 a< 16

Goi hai nghiém do 1a 0 <X, <X, thi x, = @ .

. I 3
Dé S, =S, khi va chi khi I(x2+a——x dx=0
0 2
3

Ta co: I(xz +a—§x)dx=0©x—2+ax2 —Exf =0
0 2 3 4

3+9—16a |
- 7 W 2
4 +a_3+x/9—16a_g(3+x/9—16aj o

3 4 4 4

=
Giai nhanh bang may tinh cho két qua x —0,421875~0,4.
Cau 14: Cho duong thing y = %x va parabol y = %xz +a, (a 1a tham s6 thyc duong). Goi S,, S, lan

luot 14 dién tich ctia hai hinh phiang dugc gach chéo trong hinh vé& bén. Khi S, =8, thi a bang

bao nhiéu (két qua 1am tron dén hang phan mudi)
by

Tra loi: 0,2
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Cau 15:

Cau 16:

L

40
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Ta c6 phuong trinh hoanh d6 giao diém %xz —éx +a=0 ©2x* -3x+4a=0.

X +Xx, =

)

xx,=2a (**)

N | W

Theo dé bai phuong trinh c6 hai nghiém 0 < x, < x, théa man

S,-5,=0 @le2—§x+a dx+.|.lx2—§x+a dx=0 @Jlxz—szra dx=0
012 4 : 2 4 012 4
X, 2
= —x3—§x2+ax =0 < —x;—éxzz+ax2 =0 :>a:—x—2+3ﬁ ().
o 6 8 6 8
3 3 X2 3x 2x 3x 9
To (¥*)=x, ==—x,,thay vao (**)=| =—x, [x,=—2+"2 & —2-"2=-0 = x, =—
( ) 17570 y ( ) (2 2] 2 32 3 4 2 =g
128

Cho hai ham s6 f(x)=ax’ +bx* +cex—2 va g(x)=dx’ +ex+2 (4, b, ¢, d eeR) Bié
r.':fmg dd thi caa ham sb y= f(x) va y= g(x) cit nhau tai ba diém c6 hoanh d6 1an luot 14 —2

;—1; 1.
YA

Hinh phang gidi han boi hai d6 thi da cho co dién tich bang (két qua lam tron dén hang phin mudi)
Loi giai
Tra loi: 6,2
Phuong trinh hoanh d6 giao diém cua do thi f (x) va g (x) la
ax’ +bx’ +cx—2=dx’ +3x+2 < ax’ +(b—a?)x2 +(c—e)x—4=0. (*)
Do d6 thi ctia hai ham s0 cét nhau tai ba diém suy ra phuong trinh (*) c6 ba nghiém x = -2;
x=-1; x=1. Ta duogc
ax’ Jr(b—d)x2 +(c—e)x—4 = k(x+2)(x+1)(x—1).
Khid6o 4="2k=k=2.
1
Vy di¢n tich hinh phang can tim 1a. [ |2 (x+2)(x+1)(x—1)]dx = % :

-2
Cho hai ham sb f(x):ax3+bx2+cx—% va g(x)=dx’ +ex+1 (a,b,c,d,ecR). Biét rang dd

thi ham sb y = f(x) va y= g(x) cit nhau tai 3 diém c6 hoanh d6 1an luot 1a —=3; —1; 1. Hinh
phang giéi han boi 2 db thi da cho c6 dién tich bang
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YA

Loi gidi
Tra loi: 4
Cach 1:

Xét phuong trinh ax3+bx2+cx—%=dx2+ex+lﬁax3+(b- d)x*+ (c- e)x- %= 0cod3
—27a+9(b—d)—3(c—e)—%=0 b—d =

nghiém lan luot1a =3; —1; 1 nén suy ra —a+(b—d)—(c—e)—%=0 Sa=—

a+(b—d)+(c—e)—%:O c—ez;

. 1 3 1 3
Vay f(x)—g(x)—Ex +2x2—5x—5

Hinh phéng gidi han boi 2 d6 thi da cho ¢ dién tich bang
S= j dx + I -f (x))dx

1

@S:I(—x3+§x2—lx—éjdx—j(l +3x2—lx—§jdx 24+2=4.
27 T2t 27 )T et T2t 2 2

Cach 2:

Ta co: f(x)—g(x)=a(x+3)(x+1)(x—l).

Suyraa(x+3)(x+l)(x—l)=ax3+(b—d)x2+(c—d)x—%

. 1
Xét h¢ so tu do suy ra: —3a=—%:>a:5.

Do dss /(x)-g(x) =5 (¥+3)(x+1)(x-1).

Dién tich bang: S=j[f(x)—g(x)]dx+j[g(x)—f X

-1 1
= =%I(X+3)(x+l)(x—1)dx—% (x+3)(x+1)(x-1)dx =4.
-3 -1
Mot chat diém A xuét phat tir O, chuyén dong thang véi van tdc bién thién theo thoi gian boi

quy luat v(7) = ﬁtz + %t (mVs), trong d6 ¢ 1a khoang thoi gian tinh tir lac 4 bét dau chuyén
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Cau 18:

Cau 19:

O

;; Trung tam BDVH Unix Thang Long - Website: trungtamunix.edu.vn - zalo: 0835.221183
Théy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cung em chon nghé
dong. Tu trang thai nghi, mot chat diém B cling xuat phat tr O, chuyén dong thang cung hudng

v6i A nhung cham hon 10 gidy so v6i A va co gia téc bang a (m/sz) (@ 1a hang s6). Sau khi
B xuét phat dugc 15 gidy thi dudi kip 4. Van téc ciia B tai thoi diém dudi kip 4 bang
Loi giai
Tra loi: 25
Ta co vB(t):ja.dtzat+C, vB(O):0:C=0 :>vB(t):at.
Quéng du(‘)'ng chét diém A di dugc trong 25 giay la
1 1 25

100 300 60 0 2

Quang duong chat diém B di duoc trong 15 gidy 1a

15 2115
t 225
S, —Iatdt 4 a.
7 2 o 2
375 225a 5
Tacd — Sa=—.
2 2 3

Van tc cua B tai thoi diém dudi kip 4 1a v, (15) = 2.15 =25(m/s).

Mot chat diém A xuét phat tir O, chuyén dong thang véi van tdc bién thién theo thoi gian boi
quy luat v(z)= %tz + i—zt(m /), trong d6 ¢ la khoang thoi gian tinh tir lic 4 bét dau chuyén
dong. Tir trang thai nghi, mot chat diém B ciing xuat phat tir O, chuyén dong thang cling hudng
v6i A nhung chdm hon 3 gidy so voi 4 va co gia téc bang a(m/ sz) (a 13 hang s6). Sau khi

B xuit phat dugc 15 gidy thi dudi kip 4. Van téc ctia B tai thoi diém dudi kip 4 bang
Loi giai
Tra 10i: 30
Thoi diém chit diém B dudi kip chat diém A thi chat diém B di duoc 15 gidy, chat diém A4 di
duoc 18 giay.
Biéu thitc van tbc cia chat diém B c6 dang v, (¢) = .[adt =at+C ma v, (0)=0 nén v, (¢)=at

Do tir luc chat diém A bat dau chuyén dong cho dén khi chat diém B dudi kip thi quing dudng
hai chét diém di dugc bang nhau. Do dé
225

jlg L 2,08 dt_j atdt < 225=a.22 < q=2
o 120" T35 0 2

Vay, van toc clia chat diém B tai thoi diem dudi kip 4 bang v, (1) =2.15=30(m/s).
Mot 6 t6 dang chay v6i van téc 10m/s thi nguoi 14i dap phanh; tir thoi diém do, 6 to chuyén dong
cham dan déu véi van toc v(t) =-5t+10, trong d6 ¢ 1a khoang thoi gian tinh bang gidy, ké tir
lac bat dau dap phanh. Hoi tir luc dap phanh dén khi dimg han, 6 t6 con di chuyén bao nhiéu
mét?

Loi giai
Tra 10i: 10
Xét phuong trinh —57+10 =0 <> 7 = 2. Do vdy, ké tir lic ngudi 1ai dap phanh thi sau 2s 6 t6 dimg
han.
Quing dudng 6 6 di duoc ké tir luc nguoi 14i dap phanh dén khi 6 t6 dimg han 1a
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Cau 20:

Cau 21:

Thiy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cing em chon nghé

2 5 2
=I(—51+10)a’t=(——12+10tj =10m.
! 2 0

Mot chat diém A xuét phat tir O, chuyén dong thang v6i van tdc bién thién theo thoi gian boi

>4 5—9t(m /s), trong d6 ¢ la khoang thoi gian tinh tir lc @ bat dau chuyén

75
dong. Tir trang thai nghi, mot chat diém B ciing xuat phat tir O, chuyén dong thang cung hudng

quy luat v(t) = ﬁt

v6i A nhung chdm hon 3 gidy so voi A va c6 gia toc bang a(m/sz) (a 1a hang sb). Sau khi B

xudt phat dugc 12 gidy thi dudi kip 4. Vén téc ciia B tai thoi diém dudi kip 4 bing
Loi giai
Tra loi: 16

Quéng dudng chat diém A di tir dau dén khi B dudikip1a S = J.(—t + %tjdt 96(m) .

Van tdc clia chét diém B 1a v, (¢) = [adt =at+C.
Tai thoi diém =3 vat B bat dau tur trang thai nghi nén v, (3) =0« (C=-3a.
Lai c¢6 quing duong chit diém B di duwoc dén khi gip A4 1A

15 5 15
S, =J.(at—3a)dt:[%—3at) =72a(m).
3

3
4
Vay 72a=96 < a=—(m/s*).
dy S (m/s%)
Tai thoi diém dudi kip 4 thi van toc cua B 1a v, (15)=16(m/s).
Mot chat diém A xuét phat tir O, chuyén dong thang véi van tdc bién thién theo thoi gian boi
1 11 .. , 2, 2 2

quy luat v(z) = @tz + ﬁt(m /), trong d6 ¢ 1a khoang thoi gian tinh tir luc 4 bat dau chuyén
dong. Tir trang thai nghi, mot chat diém B ciing xuat phat tir O, chuyén dong thang cing hudng
v6i A nhung cham hon 5 gidy so v6i A4 va c6 gia tc bing a(m/s’) (a 1 hing s6). Sau khi

B xuét phat dugc 10 gidy thi dudi kip 4. Van téc ciia B tai thoi diém dudi kip A4 bang
Loi giai
Tra 10i: 15
Thoi gian tinh tir khi 4 xuét phat dén khi bi B dudi kip 1a 15 gidy, suy ra quing dudng di duoc

=75(m).

Van tbc cua chat diém B 1a y(¢) =ja.dt =at+C (C lahang sd); do B xuét phat tir trang thai

12 201 11 1, 1
téi lac d6 1a v(t)dt:'[(—t2+—t)dt=( 7 zj
) 180" 18 540 36

0

nghinéncé y(0)=0<C=0;
Quing dudng cua B tir khi xuit phat dén khi dudi kip 4 1a

10

at’ 3
=75 < 50a = 75<:>a—2

Iy(t)dt—75 @Iatdt-75<:>7

0

3t . ) e .. :
Vay c6 y(t)=3; suy ra van toc cta B tai thoi diém dudi kip 4 bang y(10)=15(m/s).
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Cau 22:

Cau 23:

Cau 24:

15

*

Ol 0]
Tt
_“r'::..-:
i -’t‘f@

Trung tam BDVH Unix Thang Long - Website: trungtamunix.edu.vn - zalo: 0835.221183
Théy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cung em chon nghé

: 1 . .. .
Mot vat chuyén dong theo quy luat s = _EtS +6t> voi t 1a khoang thoi gian tinh tir khi vat d6

bat ddu chuyén dong va s(m) 1a quang duong vat di chuyén duoc trong khoang thoi gian do.

Hoi trong khoang thoi gian 6 gidy, ké tir khi bat ddu chuyén dong, van tdc 16n nhét cia vat dat
duoc bang bao nhiéu?

Loi giai
Tra 1oi: 108

Van toc ciia vt chuyén dong 1a v=s'= —gtz +12t = f(t)
Tim gié trj 16n nhat cua ham s6 £ () trén doan [ 0;6 |
Taco f'(t)=-3t+12= f'(t)=0=t=4€[0;6]
£(0)=0; f(4)=24; f(6)=18

Vay van toc 16n nhat 1a 24(m/s).

Mot vat chuyén dong trong 3 gid v6i vén toc v(km / h) phu thudc vao thoi gian t(h) co dd thi
van toc nhu hinh bén. Trong thoi gian 1 gio ké tir khi bat dau chuyén dong, d6 thi d6 1a mot phan
ctua duong parabol c6 dinh 1(2;9) va tryuc doi xirng song song vdi truc tung, khoang thoi gian
con lai d6 thi 1a mot doan thang song song véi truc hoanh. Tinh quing dudng § ma vat chuyén
dong duogc trong 3 gid d6. (két qua 1am tron dén hang phan muoi)

=]

EE R R LR R R RN

Loi giai
Tra loi: 21,6

c=4
4a+2b+c=9&

b _
e

Goi phuong trinh ctia parabol v = at® +bt +c ta c¢6 hé nhu sau:

2

Véi t=1 taco v=%.

5

3
——t2+5t+4}lt+j
4 1

Mot ngudi chay trong thoi gian 1 gio, van tbe v phu thudc vao thoi gian ¢ c6 db thi 1a mot phﬁn

31 259

1
Vay quang duong vat chuyén dong duogc 1a s = I[ —dt = Ty ~ 21,583

0

parabol véi dinh 7 [%, 8) va truc ddi xtmg song song vai truc tung nhu hinh bén. Tinh quang
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duong s nguoi do chay dugc trong khoang thoi gian 45 phut, ké tir khi chay? (két qua lam tron

dén hang phan muoi)

Vi

8 ........
01T

Loi giai
Tra loi: 4,5

Vi

8 ........

0 1'-'_;7

-

Goi parabol 1a (P):y =ax’ +bx+c. T hinh v& ta co (P) di qua O(0; 0), A4(1; 0) va diém

c=0 a=-32
Tacohé: sa+b+c=0 < b=32

a b c=0

—+—+c=8

4 2

Suyra (P):y=-32x"+32x.

3
)
Vay quang duong nguoi do di dugc la s = J(—32x2 + 32x)dx =4,5.
0
Céu 25: Mot vat chuyén dong trong 4 gio voi van toc v phu thudc thoi gian ¢ c6 d6 thi ctia van téc nhu
hinh bén. Trong khoang thoi gian 3 gid ké tir khi bat dau chuyén dong, do thi d6 1a mot phan
cua duong parabol c6 dinh I (2; 9) v6i truc d6i ximg song song vai truc tung, khoang thoi gian

con lai d6 thi 1a mot doan thang song song véi truc hoanh. Tinh quing dudng s ma vat di chuyén
dugc trong 4 gio do.
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v A
F
O 234 :
Loi giai
Tra loi: 27

DANG 2:
Cau 26:

Goi (P):y=ax’+bx+c.

Vi (P) qua O(O;O) va co dinh 1(2;9) nén dé tim dugc phuong trinh 14 y = _ngz +9y.
- . 27

Ngoairatai x=3 tacod y:z

3 4
Vay quing duong can tim 1a: S = j(_?g X+ 9x)dx + jZTde =27 (km).
0 3

UNG DUNG TICH PHAN TINH THE TiCH

(TNTHPT-2025-MD-0101) Pé dat dugc mot vat trang tri trén mat ban, ngudi ta thiét ké mot
chan dé nhu sau. Lay mot kh6i gd c6 dang khoi chop cut tir giac déu voi do dai hai canh ddy lan
lugt bang 7,4cm va 10,4cm , bé day cua khéi gb bang 1,5 cm . Sau d6 khoét bo di mot phan cua
khéi gd sao cho phan d6 c6 dang vat thé H, & d6 H nhan duoc bang cach cit khbi cau ban kinh
5,8cm boi mot mat phang cat ma mat cit 1a hinh tron ban kinh 3,5¢m (xem hinh duéi).

Thé tich ctia khdi chan dé bang bao nhiéu centimét khdi (khong lam tron két qua cac phép tinh
trung gian, chi lam tron két qua cudi cung dén hang phan mudi)?
Loi gidi
Tra loi: 96,5
5997

Thé tich ctia hinh chép cut déu 1a %-1,5-(10,42 +7,47+10,4-7,4) ==

Xét phuong trinh duong tron x> + y* =5,8>.
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Khi d6 cung trén ctia dudng tron c6 phuong trinh 1a y = /5,8 —x” .
Phuong trinh hoanh do giao didm +/5,8% —x? =3,5 = x~ 4,625 .

X7
i

TR

X

W

5,8 2
Khi 46, thé tich ciia phén chom cdu 13 7 | («/5,82 e ) dx.

4,625

5,8
Viy thé tich cia chan dé 1a ¥ = %—7[ (\/5,82 _ )2 dx~96,5.

4,625

Céau 27: (TNTHPT-2025-MDP-0102) Dé dit dugc mot vat trang tri trén mit ban, ngudi ta thiét ké mot

chan dé nhu sau. Lay mot khdi gd c6 dang khéi chop cut tir giac déu voi do dai hai canh day 1an
luot bang 7,4cm va 10,4cm, bé day khéi gb bang 1,5¢m. Sau d6 khoét bé di mot phan cua
khéi gd sao cho phan d6 c6 dang vat thé H, 6 d6 H nhan duoc bang cach cat khdi cau ban kinh
5,5c¢m boi mot mat phang cat ma mat cat 1a hinh tron ban kinh 3,5¢m (xem hinh dwci)

T,4em

(H)

Thé tich ctia khéi chan dé bang bao nhiéu centimét khéi (khdng lam tron két qua cdc phép tinh
trung gian, chi lam tron két qua cudi cing dén hang phan muwoi)
Loi giai
Tra loi: 94,7.
Xét trén mit phang toa d6 Oxy c6 duong tron taim goc toa @ O , ban kinh 5,5cm 1a duong

tron thiét dién 16n nhét cat khdi cau dé cho. Goi (P) 1a mat phang di qua tim O cua khéi cau
va (Q) 1a mat phing song song véi (P) sao cho cach khdi cau 1 khoang 1a @ va biét rang
duong tron giao tuyén tao boi (Q) ¢6 ban kinh bang 3,5cm .
Khi ?iy a la nghiém cua phuong trinh hoanh do giao diém gitta duong tron
(C) iy = \/5,52 —x* va duong thing y =3,5. Tuc ta c6 phuong trinh sau:

5,50 —x% =3,5 x=4/5,5-3,5" =32
Nhén thay vat thé H dé khoét vao khdi chop cut c6 dang 13 chom céu c6 ban kinh bang 3,5¢cm,

khi Ay chiéu cao ctia chom nay chinh bang h=5,5—-a=5,5— 3x/§(cm) <1,5¢cm (hop 1é)

5,5 )
Khi 4y thé tich (H) 1a: V, =7« _[ (\/5,52 —x ) dx = A(cm3) (1)

32
Tai khéi chop cut, ta thyc hién cit mot mit phang qua duong cao khdi chop va vudng goc véi
hai d4y, khi dy ta mo hinh héa dugc mat cit 1a hinh thang vuong ABCD nhu hinh v& duéi

(trong d6 A, D lan luot 12 tAm mat day bé va day 16n ciia chop cut)
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E
B
3,7 A
1,5
C 5, 2 D

Goi E=ADNBC,
AB EA 3.7
= << =
D CD EA+1,5 5,2
Suy ra ED = EA+ AD =5,2cm . Goi V, 14 thé tich khbi chop déu ddy 1a hinh vudng canh
7,4cm va duong cao EA=3,7cm va 'V, la thé tich khéi chép déu day 1a hinh vudng canh

theo dinh 1i Thales ta co:

o FEA= 3,7(cm)

10,4cm va duong cao ED =5,2cm thi khi 4y thé tich khdi chop cut bang:
1 2 2 3
v, =V,~V, =§((10,4) 5,2—(7.4) .3,7):119,94(cm ) (2)
Tir (1) va (2) ta suy ra thé tich khoi chan dé 1a V.-V, =119,94—- 4= 94,7(cm3)

Céu 28: (TNTHPT-2025-MP-0103) Dé dit dugc mot vat trang tri trén mat ban, ngudi ta thiét ké mot
chan dé nhu sau. Lay mot khoi gb ¢6 dang khéi chop cut ti gide déu v6i d6 dai hai canh day 1an
luot bang 7,4 cm va 10,4 cm, bé day cua khdi gb bang 1,5 cm. Sau d6 khoét bo di mot phan
ctia khdi g sao cho phan d6 c¢6 dang vat thé H, & 6 H nhan duoc bang cach cat khdi cau ban

kinh 5,6 cm bai mot mat phang cit ma mat cat 1a hinh tron ban kinh 3,5 cm (xem hinh dudi).

T7,4em [ \

1 2 ,
,,,,,,,,,,,,,,,,,,,,,,,, .

1,5em ‘\\ ,,’
’ P

H

Thé tich ctia khdi chan dé bang bao nhiéu centimét khéi (khdng lam tron két qua cdc phép tinh

10, 4em

trung gian, chi lam tron két qua cudi cung dén hang phan mieoi)?
Loi giai

Tra loi: 95,3

Céch 1:

Thé tich khéi g8 13 V/ :é.l,s.(lo,42 10,427, 4 +7,42).

Phuong trinh dudng tron tim O ban kinh R =5,6 la: x* +)” =5,6° =" =5,6" —x".

Ta c6: OH =45,6> —3,5 :%
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X

TR

W

5,6
Thé tich chom cau 1a ¥, = 7. I (5,62 —xz)dx .
73

10
Vay thé tich ciia chan dé 1a
5

V=V-V, =%.1,5.(10,42 +4/10,4%7,4° +7,42)—7r. f (5.6"—x*Jdx =95,3

739

10

Céch 2:

Thé tich khéi gb 1a =%.1,5.(10,42 +10,427,47 +7,42).
Ta c6: OH =+/5,6> —3,5 =% suy ra chiéu cao cua chom cau (H ( ) la h=5, 6—£.

7439
. ) 7\/_ 2,6- 10
Thé tichchomcaula V,, =x.| 5, 6—T . f .

Vay thé tich ctia chan dé 1a

739
1 7339 | 200
V=v-V, =§.1,5.(10,42 +4/10,4%7,42 +7,42) |5, 6- N9 | f =95,3

10

Céau 29: (TNTHPT-2025-MP-0104) Dé dit dugc mot vat trang tri trén mat ban, ngudi ta thiét ké mot
chan dé nhu sau. Lay mot khoi gb c6 dang khéi chop cut tir gide déu v6i d6 dai hai canh day 1an
luot bang 7,4 cm va 10,4 cm, bé day ctia khbi gd bang 1,5 cm. Sau d6 khoét bé di mot phan
cta khéi gd sao cho phﬁn do co dang vat thé H, & d6 H nhan duoc b?lng cach cét khoi cau ban

kinh 5,5 cm boi mot mat phéng cit ma mat cét 1a hinh tron ban kinh 3,5 cm (xem hinh dudi).

Y p

104

Thé tich cua khéi chan dé bang bao nhiéu centimét khoi (khdng lam tron két qua cdc phép tinh
trung gian, chi lam tron két qua cudi ciing dén hang phan muwoi)?
Loi giai
Tra loi: 94,7
Thé tich khéi chan dé chwa khoét 1a:

Vlzg(BﬁBﬁ BB, )= 135(10 417,48+ 10,427, 42) 5237 em’.
Goi (C) 1a duong tron 16n ndm trong mét phing Oxy.
Khi do, (C):x*+y* =55 = »* =55 -x".
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Cau 30:

Cau 31:

Thay Lé Viét — Tw duy Kién tao — Gitip em gidi todn, Cing em chon nghé
Ban kinh mit cit bing 3,5 cm suy ra mit cit cit truc Ox tai x =+/5,5—3,5" =3/2.

5,5 5,5
Thé tich ctia khdi chom cau: V, =z I Ydx=rx I (5,52 -x° )dx ~ 25,235 cm’.

W2 W2

A IO Ao a4k 1 5997 ;

Vay the tich khoi chandéla: V =V, -V, = S0 —25,235~94,7 cm’.
Hinh elip dugc tmg dung nhiéu trong thuc tién, dic biét 1a kién trac, xay dung, thiét bi noi that,.
Mit trong (lot 1ong) va ngoai (phu bi) ciia mot bon rira (lavabo) bang st ¢6 hinh dang 1a mét nira
khéi tron xoay khi quay quanh mét truc cua 2 elip c6 chung cac truc dbi xtmg (hinh minh hoa).
Thong s6 ki thuat mit trén ctia bon rira: dai x rong 13 660 x 380 mm (phu bi) va elip (lot long) c6
truc 16n, truc nho it hon elip phu bi mdt khoang 40 mm. Tinh thé tich chira nuGc cua bdn rira
(Pon vi: lit va 1am tron két qua dén hang phan mudoi).

\ ) truc xoay 380 mm

[
|l

truc xoay

660 mm

Loi giai
Chon hé truc toa d0 Oxy thich hop v6i don vi trén truc 1a decimet.

2 2 2
Phuong trinh elip lot 1ong: (E): ;7 + 1y72 =lo y==+17 h _ ;C? _

3,1 2
Thé tich chira nuéc ctia bdn rira: V = %7[ j 1,72 (1 K 3x—jdx ~18.8 lit.

12

-3,1 ’
M0 hinh cta quan tdt trong ban co vua 12 mot khéi tron xoay voi mit cit qua truc nhu sau: dau
clia quan cd 1a mot phan ctia hinh cau c6 ban kinh bang NG) (cm); duong cong 4B va EF la
mot phan cta parabol dinh B va dinh E; DE va BC 1a mét gbc phan tu ciia dudng tron ¢ ban

kinh Icm. Tinh thé tich ciia mé hinh quan t6t (don vi cm® va két qua lam tron dén hang don vi)

6em

Loi giai
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Cau 32:

Thiy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cing em chon nghé

Ay

B
2

Chon hé truc toa d¢ nhu hinh vé:
Thiét dién mit cit chom ciu 1a dién tich hinh tron ¢6 ban kinh r =2 —-x> = S =7 (2 — xz)

1
Thé tich cia mot phan hinh ciu (chom cau): Vi=rx I (2 —x’ )dx
5

Goi phuong trinh parabol (P) cax’ +bx+c diqua A(1;4) suyra 4a+b=0

(P) di qua diém B(2;1) suy ra 4a+2b+c=1 vatacod —2i=2<:>4a+b=0
a
2

Tur ba phuong trinh ta tim dugc a=3;b=-12;c=13 nén (P): y =3x> —12x+13=3(x—-2) +1

2
-1 , \ . . -1
Khi d6 suy ra x=2—«/yT nén thé tich phan than quan tot la: 7, =7IJ{2— yTJ dy
1

Phuong trinh dudng tron ban kinh Icm la: (x B 2)2 +y =1 x=4J1-> +2
2 2 1 2
Thé tich cta phan day la: V, = 7[](«/1—)/2 + 2) dy
0
Do tinh chat tich phan khong phu thudc vao bién nén ta co thé tich ctia quan tot 1a:

1 4 2 1
VeV viiVier [ (2=x)dveszf| 2= S | det 2 [(VI=x® +2) dv = 52,96896 ~ 53
1 2 3 3
2 1 0

Vay thé tich ciia mo hinh quan tot ¢d vua bang 53 cm’.
Cho hai khdi tru ¢6 ban kinh day bang 3 va c6 tryc 1a hai duong thang cat nhau, vudng goc voi
nhau (hinh v& bén dudi). Goi (H) 1 phén giao nhau clia hai khéi tru d6. Tinh thé tich cua (H )

Loi giai

Pap an: 144
Ta cdt mot phan tw mdi khoi tru va goi (D) 1a phan giao nhau ctia ching nhu hinh v& bén duéi

Hinh vé
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Cau 33:

Thiy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cing em chon nghé

x

bat hé truc toa do Oxyz nhu hinh vé.

Khi d6 mat ph'flng (a) song song v&i mat ph'flng (Oyz) va cach mat phéng (Oyz) mot khoang
1a x, 0<x<3,cit (D) theo thiét dién la hinh t gidc MNPQ.

Tacdé MN = NP=PQ=0M =~9-x* va MN L MQ nén tit gidc MNPQ 1a hinh vudng canh

V9-x* va Sympo =9—x" (dvdt).

3
Thé tich ¥, = ! (9-x?)dr=18 (dvtt).
Suy ra V(H) =8-V(D) =8-18 =144 (dvtt).

Bén trong hinh vudng canh 4, dung hinh sao bén canh déu nhu hinh vé& bén (cac kich thudc can
thiét cho nhu ¢ trong hinh bén). Tinh thé tich J~ ctia khdi tron xoay sinh ra khi quay hinh sao d6
quanh truc Ox (1am tron két qua dén hang phan mudi).

Ta ki hiéu cac diém nhu hinh vé.
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Cau 34:

Thiy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cing em chon nghé

Ta c6 khdi tron xoay d6 duoc tao thanh khi quay hinh phang QAMBN quanh truc (Ox) .
Ma SOQAM =S,y 1nén thé tich cta khdi tron xoay d6 s& =2 lan thé tich ctia khdi tron xoay

khi quay hinh phang ONBM quanh truc (Ox).
Suy ra ta c6 thé tich V = Z[Hj.MBZ dx — 7rj‘NB2 dx]
0 f
+) Viét phuong trinh duong thing MB: M (0;1), B(2:2)
Cé vecto chi phuong MB =(2;1) suy ra mot vecto phap tuyén ctia dudng thing 1a nT =(-12)
Suyra MB:—1(x—0)+2(y—-1)=0<=MB:—x+2y-2=0=y= %x+1

+) Tuong tu, ta viét dugc phuong trinh duong thang NB 1a —2- (x — D+1-(y—0)=0
< 2x+y+2=0

201 ’ : 20
—y=2x-2.=V=2 ﬂj.(zx+1j dx—nj(zx—z)zdx =5 7209,
0 1

A 5 A r A \ X A r R 5 r re LA A LA \ 3 [N
Mot thuy dién c6 9 dép tran, moi dap co thé xa nudce vai toc do toi da la 500m / s. Do mua lién
tuc nén muyc nudc trong ho cao dén mirc bdo dong va can phai x4 1i khan cap. Khi c6 1énh x4 11,
nguoi ta mo trude 5 dap tran va sau d6 5 phut mé tiep 4 dap tran con lai. Biét rang toc do luu

lwong nuéc qua mdi dap tai thoi diém ¢ (gidy) 1a v(¢) = kt(m’/s) cho dén khi dat tc do t6i da,

trong d6 ¢ 1a thoi gian tinh tir lac dap d6 duoc mo va & 13 mot hing sb. Gia st sau 30 phut tir
khi ¢6 1énh bit dau mé dap xa Id, luu luong nude qua moi dap déu o toe do tdi da va ho thuy
dién xa duoc 7387500m° nudc. Khi 6 hing sé k bang bao nhiéu? (1am tron dén hang phan

mudi néu két qua khong 1a sd nguyén).

Loi gidi
Tra loi: 10
NP L4 , 500
Tir gia thiét bude dau ta c6 duoc: v(1)=kt =500=1 = e
kt,0<t< %
Suy ra ham s6 van toc ctia mdi 9 dap tran la: v(r)=
500
500, > e

Khi ay ta co chi ti€t cac moc thoi gian nhu sau:
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Thiy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cing em chon nghé

5

0() > 22(5)

500

500

:T(s) —30p = 1800(s)

:T(S)—>3Op—5p :ISOO(S)

: thoi diém toc do luu lwgng chura max.

: thoi diém tir lac v (t) max dén hét 30 phit xa 5 dap tran trude

: thoi diém tur lac v(t) max cho t6i hét 25 phit xa 4 dap tran

sau (vi 4 dap tran ndy mé sau 5 phut ké tir khi 5 dap kia mo).
Khi 4y ta c¢6 s6 lwong nude xa 1i khi mé 5 dp tran trude 13: (1)

1800
n=s]|

0

v(t)dt=5

[ 500
T
0

1800

(kt)de+ |

500

k

500dt

Va sb lugng nudc xa i khi mé 4 dap tran sau 1a: (2)

1500
V=4

0

v(t)dt=4

[ 500

|

(kt)dt+

1500

j 500dt

500
k

A
4

500°

)
|

125000 +900000 —

125000 500>

+ 750000 —

Do gia thiét cho rang sau 30 phit xa tong 9 dap tran thi luu lugng nudc qua mdi dap déu & tde
d6 tdi da va hd thiy dién xa duoc 7387500m” nuéc nén ta c6 phuong trinh sau:

125000 5002 J .\ 4(125000 500°

+900000 — + 750000 —

V1+V2=5( j:7387500

Tur d6 giai ra duge: £ =10.

Céu 35: T hinh chit nhat ABCD c6 chiéu dai 4B =10 cm va chidu rong BC =5 cm; Nguoi ta cit bo
mién (R) duogc gidi han boi canh CD ctia hinh chir nhét va hai nira duong parabol c6 chung
dinh 14 trung diém ctia canh AB, ching 1an lugt di qua hai ddu mat C,D cua hinh chit nhat do.
Phan con lai cho quay quanh truc 4B dé tao nén mot do vat 1am trang tri, thé tich cua vat trang
tri d6 bang bao nhiéu? (két qua lam tron dén hang don vi)

D c

Loi giai
Tra 10i: 393

v

D 5 c

A B
(0]

Khi quay hinh chit nhat 4ABCD quanh truc AB ta duoc khéi tru c6
® Ban kinh ddy »=BC =5 cm.

® Chiéu cao h=AB=10 cm.

Do dé thé tich khéi tru nay c6 thé tich ¥; = 7.5%10 = 250z (cm’ )
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Mat khéc, chon hé truc toa do nhu hinh v& thi C(5;5) va parabol bén phéi truc Ox c6 dang

(R):y*=2px.

X

W

Ta cod Ce(ﬁ)@pz%:(ﬁ):yzzﬁc hay y=x/5_x.

Khi d6 mién (R) khi quay quanh truc Ox ¢ thé tich
5

=1257

0

V,= 27[}[52 —5x]dx = 2%(25x—%x2j
0

Vay thé tich phan con lai 1a ¥ =¥, -V, =1257(cm®) ~393(cm’).
Ciu 36: C6 mot cdc nudce thiy tinh hinh try, ban kinh trong 10ng day cdc 1a 6cm, chiéu cao long coc 1a
10cm dang dung mot luong nudc. Tinh thé tich lugng nude trong cde, biét khi nghiéng cdc nude

vira lac khi nude cham miéng coc thi day muc nude trung voi dudong kinh day.

Y
.

Loi giai

Tra loi: 240

Xét thiét dién cat cde thiy tinh vudng goc véi duong kinh tai vi tri bat ky cé:

S()C):%\/R2 —x* AR —x* tana :>S(x):%(R2 —xz)tana.

R
Thé tich hinh cai ném la: V = %tana J' (R2 —xz) dx = §R3 tan .
—R

Thé tich khoi nude tao thanh khi nguyén cdc c6 hinh dang cai ném nén V,, = §R3 tan .

2
=V, = 2Rt _ssoem.
3R

Cau 37: MGt vat trang tri c6 dang mot khéi tron xoay duoc tao thanh khi quay mién (R) quanh truc 4B
. Mién (R) duoc gidi han boi cac canh AB, AD cua hinh vuéng ABCD va cac cung phan tu

cua cac duong tron ban kinh béng 1 cm v6i tam 1an luot 1a trung diém cta cac canh AD, AB.
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Théy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cung em chon nghé

D C
A B
Tinh thé tich cta vat trang tri d6. (két qua 1am tron dén hang phan mudi)
Loi gidi
Tra loi: 12,3
y F 3
D 2 C
EN
1 2

A=0 F B X
Chon truc Ox chta diém B, truc Oy chua diém D, va gbc toa dd O trang diém A.
Goi E, F lan luot la trung diém ciia 4D, AB.Khi d6 E(0;1), F(1;0).
*Phuong trinh dudng tron c6 tim E(0; 1) va dudng kinh 4D =2 la: x> +(y—1)° =1.
Suy ra phuong trinh cung trén cua duong tron tam £ la: y =1+ ﬁ
*Phuong trinh dudng tron c6 tim F(1; 0) va duong kinh 4B =2 la: (x—1)>+)" =1.
Suy ra phuong trinh cung trén ctia duong tron tim F 1a: y =/1—-(x—1)
Vay, thé tich vat trang tri 1a:

V:ﬁj(l+\/l—x2 )2 .dx+ﬁj(1—(x—1)2).dxz12,3(cm3)

Chuan bj cho dém hoi dién van nghé chao d6n nim mdi, ban An di lam mot chiéec mi “cach
diéu” cho 6ng gia Noel c6 dang mot khéi tron xoay. Mit cit qua truc ctia chiéc mii nhu hinh vé
bén dudi. Biét raing 00’ =5 cm, O4=10 cm, OB =20 cm, duong cong AB 1a mot phan ctia

parabol ¢6 dinh 1a diém A . Thé tich ctia chiéc mii bang (két qua 1am tron dén hang don vi)
B

Tra 10i: 2618
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Cau 39:

40
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& Théy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cung em chon nghé
y
? B(0;20)
y = (10
0 A(10;0) o
5

o
Ta goi thé tich ctia chiéc miila V.
Thé tich ctia khéi tru c6 ban kinh ddy bang O4 =10 cm va dudng cao OO’ =5 cm 1a V.
Thé tich cta vt thé tron xoay khi quay hinh phang gi6i han bai duong cong 4B va hai truc toa
dd quanh tryc Oyla V,.
Taco V=V+V,
V,=5.10°7 =500z (cm’).
Chon hé truc toa do nhu hinh vé.
Do parabol c6 dinh 4 nén né c6 phuong trinh dang (P): y = a(x—10)".
Vi (P) qua diém B(0;20) nén a :é'

1
Do do, (P):y = g(x—lO)z. Tu dosuyra x=10—/5y .
? 2 8000 1000
Suyra V, =7 |(10=/5y) dy = 7| 3000——— |=——7 (cm’).
i ;=] (10-5y ) dy = {30022 | B0 £ (em)

Do dé V =V, +V, =@n+500n:¥m2618 (em’).
Mot cbe rugu c6 hinh dang tron xoay va kich thuéc nhu hinh v&, thiét dién doc cua coe 1a mot

dudng Parabol. Tinh thé tich tdi da ma cbc c6 thé chira dugce. (két qua 1am tron dén hang don vi)

. 3 P Parabol

10cm

Loi gidi
Tra loi: 251
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ik )
I|II d II|
1 S A c
i\ /i
1 . 1
i\ [
A : [
: "l,' l"l :
1 \ [
N T
AN /o
AN A
i AN / |
4 5 by >
. . 5, »_8
Parabol c6 phuong trinh y = gx Sxt = 3 y

10
Thé tich tdi da céc V=7 (% y}dy ~251.
0

Ciau 40: Mot vat trang tri c6 dang khéi tron xoay tao thanh khi quay mién (R) quay xung quanh truc AB
. Biét ABCD 1a hinh chit nhat canh AB=3cm, AD=2cm; F 1a trung diém cta BC; diém E
cach AD mét doan béng lem .

C

Thé tich cua vat thé trang tri trén 1a (két qua 1am tron dén hang phan mudi)
Loi giai

Tra loi: 16,5

Chon hé truc Oxy c6 O=A4; BeOx;DeOy.

Ta co: 4(0;0); D(0;2); B(3;0); E(1;1)

1/
D4
Ie E ;F
A 1 B X

Puong tron tam /(0;1) chita cung ED c6 phwong trinh 1a: x* +(y—1)" =1.

Nén cung trén cta duong tron tim 7 1a: y=1++/1-x" .

Thé tich cua vat thé trang tri la:

1 2 3
V= nJ.(l+\/1—x2) dx+ﬁj12dx ~16,5(cm’) .
0 1
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Cau 41: Mot chiée dinh tan c6 dang khdi tron xoay duoc tao thanh khi cho phan to6 ddm quay xung quanh
canh AB. Biét ABCD 1a hinh chit nhat c6 4B =20mm, AD=6mm, cung AE 1a cung mdt
phan tu cta dudng tron ¢ ban kinh bang 6mm , diém F ciach 4B mot doan bang 3mm

A D
E

F
B G C

Thé tich ctia dinh tén 1a (két qua lam tron dén hang don vi)
Loi giai

Tra loi: 848

Chon hé truc Oxy c6 A=0; B(ZO;O);D(O;6) .

’
Yo

D(0:6) E(6;6) C
F(6:3) G(20;3)
A(0;0) 1(6;0) B(20;0) x

Khi d6: F1a trung diém ctia E7va 1(6;0); E(6;6);F (6;3);:G(20;3).
+ Duong tron tam 1(6;0) ban kinh bang 6 c6 phuong trinh 1a: ()c—6)2 +y°=36.

Nén nira cung phia trén cta truc Ox c6 phuong trinh 1a: y =4/36—(x—6)" .
+ Phuong trinh duong thang FG 1a: y=3.
, 6 5 20
Vay thé tich cua dinh tan 1a: ¥ =7 [| 36— (x—6)" dv+ 7 [ 3dx ~848,2 (mnr’)
0 6

Céu 42: Trong mit phang cho hinh vuéng ABCD canh 2\2 , phia ngoai hinh vudng vé& thém bén nta
duong tron nhan cac canh ctua hinh vudng lam duong kinh.
A

o
o}
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Thay Lé Viét — Tu duy Kién tao — Giup em gidi toan, Cung em chon nghé
The tich cua khoi tron xoay sinh ra khi quay hinh trén quanh duong thang AC 1a (két qua lam

tron dén hang don vi)
Loi giai
Tra loi: 73

N

* Chon hé truc toa o Oxy nhu hinh vé.

Taco: J(1;1),K (V2 +151), (2 +1;0),C(2;0).

Phuong trinh dudng tron tam J (1;1) ban kinh JB =+/2 1a

y=y2=(x=1) +1=1+414+2x—x*, khiy>1
y==2=(x=1) +1=1=v1+2x—x*, khiy <1

» Goi (H,) 1a hinh phéing gi6i han boi dd thi y =1++/1+2x—x” , truc hoanh, hai duéng thing
x=0, x:1+\/§.

(x-1)+(y-1)=2 =

Goi (H,) 1a hinh phang gi6i han bdi d6 thi y =1—+/1+2x—x’, tryc hoanh, hai duong thing
x=2,x=1+ \/5 .

* Thé tich khéi tron xoay can tinh l:
1+\/5 1+ﬁ

V:2[V(HI)_V(H2)}ZZI:7IJ. (1+\/1+2x—x2)2dx—7t | (1—\/1+2x—x2)zdx}z72,989z73.
0 2

Trén mot manh gidy v& hinh tron c¢6 ban kinh bang 2, vé chong 1én trén d6 mot hinh vudng co 1
dinh 13 tAm cta hinh tron va 2 dinh khic ndm trén duong tron. Tinh thé tich khdi tron xoay tao
ra khi quay hinh dé quanh truc ddi ximg ctia n6. (két qua 1am tron dén hang phan mudi)

B

Loi giai
Tra 1oi: 34,5
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U
B
A I C
&
d)

Cau 44:

Gén hé truc toa d6 nhu hinh vé.
Phuong trinh dudng tron 1a x° +)* =4,
Thé tich khdi tron xoay khi quay phan hinh bén trai BD quanh truc d6i xtng ctia n6 1a

2 16+1042 )7
R ¢
% 3
Thé tich khéi tron xoay khi quay phan hinh bén phai BD quanh tryc ddi xiémg ciia né 1a

) N
Vo= sm(V2) N2 =22

(16+12J5);z
3

Thé tich can im 1a V =V, +V, = ~34,5.

Tir mot tim bia hinh vuéng ABCD canh 4cm vé hai duong chéo va hai nira duong tron dudong
kinh 14 hai canh 4D, BC cét nhau tao thanh 4 hinh canh quat nhu hinh v&. Tinh thé tich khoi
tron xoay sinh ra khi quay 4 canh quat ndy quanh canh CD. (két qua lam tron dén hang phan
muoi)

A B

Loi giai

Tra loi: 28,7
bat hé truc toa 36 Oxy voi géc O ladinh D, haitia Ox,Oy tuong ung la la cac tia DC,DA.

Phuong trinh dudng tron dudng kinh 4D 1a x* +(y - 2)2 =4,
Phuong trinh dudng tron duong kinh BC 1a (x - 4)2 +(y— 2)2 =4.
Phuong trinh AC:x+y—-4=0, BD:x—y=0.

2 2 5
Thé tich canh quat dinh D quay quanh DCla V, =rx j x*dx — 71'[(2 —V4-x’ ) dx.
0 0

2 2 2
Thé tich canh quat dinh 4 quay quanh DC1a V, = 7Z'J.(2 +4-x* ) dx — 7Z'J.(4 - )c)2 dx .
0 0
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Thé tich can tim 1a ¥ =2(V, +V,) =28,7 cm”.
Ciu 45: Cho hinh tron tim O ¢6 ban kinh R =2 va hinh vudng OABC c6 canh bang 4 . Tinh thé tich V/
ctia vét thé tron xoay khi quay mo hinh bén xung quanh truc 13 duong thing OB. (két qua lam
tron dén hang don vi)
A

Loi giai
Tra loi: 76

Y A

(o B,
\ x

C

Chon h¢ truc toa do Oxy co géc toa do trung O, tia Ox co6 gid la OB vatia Oy song song AC

Khi d6 dudng tron (O) c6 phuong trinh x* +3° =4 va duong thing OA4 ¢6 phuong trinh y = x.
Phuong trinh hoanh do giao diém cia duong thang OA va dudng tron (C) la:

N =x<:>x=\/§.

Thé tich vat thé tron xoay khi quay phan to den quanh Ox 1la:

& ) 2fﬂ (16—1oﬁ)z_(16—8«5)7z

V.= 7Z'J. 2dx+7t'|‘ 4 x2 3 = 3

32

Thé tich khdi tron xoay khi quay (0) quanh Ox 1a khdi cau co V,= %ﬂ' 2= 3

Thé tich khdi tron xoay khi quay OABC quanh Ox 1a

v, = 2{ 7 (22) 2\@ 3227

16+4032 87(2+5V2)
3 3
Cau 46: Cho hai duong tron (01;5) va (02;3) cit nhau tai hai diém 4, B sao cho AB 1a mot duong

Vay thé tich can tinh: V =V, +V, -V, = ~76.

kinh cua dudng tron (02 ) Goi (D) 1a hinh thing dwoc gii han boi hai duong tron. Quay (D)
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Cau 47:

Thiy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cing em chon nghé

quanh truc 01 02 ta duoc mot khdi tron xoay. Tinh thé tich 7 cuia khdi tron xoay duoc tao thanh.

(két qua 1am tron dén hang phan mudi)

Loi giai

Tra loi: 41,9
Chon hé toa dd Oxy vé1 02 =0, 02C =0k, 0214 = Oy

Doan 0,0, =0, 4* —0, 4> =/5* ~3* =4=(0,):(x+4)" + > =25.
Ki hi¢u (H,) 14 hinh phing gi¢i han boi cc duong (O,): (x+4)2 +y° =25 0y:x=0, x>0.
Ki hiéu (Hz) 1a hinh phang gidi han boi cac duong (02) X’ +1°=9, Oy:x=0, x>0.

y

|4

O\

i

B

Khi d6 thé tich ¥ can tim chinh bang thé tich V, cta khéi tron xoay thu duge khi quay hinh

(H 2) xung quanh truc Ox trir di thé tich V) ciia khdi tron xoay thu dwoc khi quay hinh (H 1)
xung quanh truc Ox.

Taco v, :l.imf3 =z7z.33 =187x.
23 3
1 1 +4 3 1 14
Lai c6 Vl_zjyzdx_zj[zs—(x+4)2}dx_7z[25x-(x . ) ] _ 3”,
0 0 0

Do dé V=V, -V, zlsn—MTﬁzmT”ww.

Mot cai trong trudng c6 ban kinh cac day 1a 30 cm, thiét dién vudng goc vai truc va cach déu hai
day co dién tich la 16007:(0m2 ) , chiéu dai cua trong 1a 1m . Biét ring mat phang chira truc cat

mit xung quanh cta tréng 13 cac dudng Parabol. Hoi thé tich cta cai trong 1a bao nhiéu? (két qua
1am tron dén hang don vi)
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parabol

Tra loi: 425
Ta c6 chon hé truc Oxy nhu hinh vé.

parabol <‘ y

o

b

Thiét dién vudng goc voi truc va cach déu hai day 1a hinh tron.
c6 ban kinh 7 c6 di¢n tich 1a 16007 (cm’ ), nén.

1 =16007 = r =40cm .

Ta c6: Parabol ¢6 dinh 7(0;40) va qua 4(50;30).

Nén c6 phuong trinh y = —sz +40.

250
Thé tich cta trong 4.

50 2
V=rn j (—sz + 40] dx =r. 406000 cm’ ~ 425dm’ .
R 250 3

Cau 48: T mot tim ton hinh chit nhat ABCD véi AB =30cm, AD = SST”cm . Nguoi ta cit miéng ton

theo duong hinh Sin nhu hinh v& bén dé dugc hai miéng ton nho. Biét AM =20cm,CN =15¢m
, BE =57 ¢m .Tinh thé tich cta lo hoa duoc tao thanh bang cach quay miéng ton 16n quanh truc
AD (don vi dm®) (két qua lam tron dén hang phan mudi)

B E X

=

Loi giai
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Cau 49:

Tra loi: 83,8
Chon hé truc Oxy saocho A=0, DeOx,Be€Oy.

Ta cdé BE =57 suy ra ham s tuan hoan véi chu ki 7 =207 .
Suy ra phwong trinh d thi hinh sin cin tim c6 dang: y = asin [%j +b.

Do d6 thi hinh sin di qua M (0;20), N(SST”;lsj nén ta co:

asin L.O +b=20
10 a=10
1 55 < b=20
asin —.—7[ +b=15 B
10 3

Ta c6 phuong trinh do thi hinh sin can tim 14 y = IOSin(%j +20.

557

2
Thé tich cin tim 1a: 7 j 3[lOsin (%} + 20} dx = 83788 cm’ ~83,8dm’ .

0

Manh vuon nha 6ng An cé dang hinh elip voi bon dinh 4, A,, B,, B, nhu hinh v& bén. Ong
dung 2 duong Parabol c6 dinh 1a tam ddi xting cua elip cat elip tai 4 diém M, N, P,QO nhu hinh
v& sao cho tir gi\c MNPQ 1a hinh chit nhat c6 MN =4 dé chia vuon. Phan t6 ¢am ding dé trong
hoa va phan con lai dé trong rau. Biét chi phi trong hoa 1a 600.000 déng/m’ va trong rau 1a

50.000 dong/m’. Hoi sb tién phai chi gan nhat véi sb tién nao dudi day, biét 4,4, =8m,

BB, =4 m? (don vi nghin dong)

Tra loi: 4889
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2 2
S . ) X
Gia st phuong trinh elip (E) =+ )b/—z =1.
a

X

TR

W

, AA, =8 2a =8 a=4 X’ y2 1
Theo gia thiét taco { =S & = (E):—+L-=1=y=5-+16-x".
s {Ble=4 {217:4 {a:2 (B): 16+ Y R

Dién tich cta elip (E) 1a Sz =mab =87 (mz) :
M =(P)n(E)

N =(P)r(E) = N(2:3,)- Do N e(E)= N(2+3).

Ta cod: MN =4 :{

(P) dinh O va di qua N:>(P):x=%y2:>y=i§\/;

2
Khi d6, dién tich phn khong t6 mau la S:4J‘£%x/l6—x2 —%J}]dx =42”;/§ (m*).
0

27-3 _167+43
3 :

3

Dién tich phan to mau la S’ = Sipy—S =87-4
S tién phai chi theo yéu cau bai toan 1a

167 +43 273
3

T =600.000 x E— +50.000x 4

~4.889.000 dong.

Céu 50: Nguoi ta lam mot cai lu dung nudc bang cach cit bé 2 chom ciia mot khdi cau ¢ ban kinh 5 dm
bang 2 mit phang vudng goc véi duong kinh va cach tim khdi cau3 dm. Tinh thé tich ciia chiée

lu. (két qua lam tron dén hang don vi)

Tra loi: 415
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bat hé truc véi tam O 1a tam cua mat cau, duong thang dimg la Ox , duong ngang la Oy .

Ta c¢6 phuong trinh cua dudng tron 16n 1a x° + 3 =25.
Thé tich cai lu 13 thé tich cua vat tron xoay tao thanh khi quay hinh gii han boi cac dudng

cong y=+25-x", truc Ox, duong thang x =—3,x =3 quay quanh Ox.

V= 72_3[(25—x2)dx = nlzsx—xgj‘: = 1327r(dm3) ~ 415(dm3) .

Cau 51: Nhan dip di da ngoai, 16p 12a du kién dung mot cai trai c6 dang hinh parabol nhu hinh v&. Nén
cta 1éu trai 14 mot hinh chit nhat c6 kich thude bé ngang 3 mét, chiéu dai 5 mét, dinh trai cach
nén 3 mét. Thé tich phan khong gian bén trong 1éu trai bang bao nhiéu mét khdi?

Tra loi: 30

Chon h¢ truc toa d0 nhu hinh v€, hinh dang khung trai la parabol c6 phuong trinh
y = f(x)=ax’ +bx+c, vi dinh trai cao 3m va bé ngang rong 3m nén parabol di qua diém (0;3)

va (E;O).
2

b=0
b=0
i 4
Taco: {3=c¢ Sqa=——
5 3
O:a(gj +c c=3
2
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Cau 52:

Thiy Lé Viét — Tw duy Kién tao — Gitp em gidi todn, Cing em chon nghé

4
Suy ra parabol c6 phuong trinh y = f'(x) = —Exz +3.

Mdi mit phang vudng goc Ox tai diém c6 hoanh d6 x,0<x <A cit khdi chét theo mit cit 1a

hinh chit nhat c6 do dai céc canh lan luot 1a 5 va |f(x)|, c6 dién tich S(x)=5.f(x)|, voi
—Eéxéé.
2 2
3 3
Vay thé tich phan khong gian trong trai la V = .BS.‘f(x))dx = SJE —gxz +3|dx =30 m’ .
2 2

Cho vat thé day 1a hinh tron c6 ban kinh bang 1. Khi cit vat thé bang mat phang vudng goc véi
tryc Ox tai diém c6 hoanh d6 x (-1<x<1) thi duoc thiét dién 1a mot tam giac déu. Tinh thé

tich V' ctia vat thé do. (két qua lam tron dén hang phan trim)

i
0
“‘t.q«?ft‘t$&‘:‘}}:‘.‘:‘

Loi giai
Tra loi: 2,31

I

Do vt thé co day 1a dudng tron va khi cat boi mat phiang vudng goc véi truc Ox duge thiét dién
1a tam giac déu do d6 vat thé dbi ximg qua mit phang vudéng goc véi truc Oy tai diém O.

Canh ca tam giac déu thiét dién 1a: a = 24/1—x* .

2
Dién tich tam gi4c thiét dién 1a: § =2 f =(1-x")43.

Thé tich khdi can tim 1a:
1 1 x3 1 4\/5
V=2dex=2IJ§(l—x2)=2J§(x——j = N2 2231,
d ) 3 3

0

39 | Th.s Lé Viét (GV toan THPT Thang Long, Ha N§i) — Chuyén gia Chién lwgc Gido duc va Sy nghiép



OI%F{O)]
;%&E Trung tdm BDVH Unix Thang Long - Website: trungtamunix.edu.vn - zalo: 0835.221183
i@ Thay Lé Viét — Tw duy Kién tao — Giup em gibi toan, Cuing em chon nghé
Cau 53: San van dong Sport Hub 1a san c6 mai vom ky vi nhat thé gigi. Pay 1a noi dién ra 1€ khai mac
Pai hdi thé thao bong Nam A duoc td chuc tai Singapore nam 2015. Nén san 1a mot elip (E )

¢6 truc 16n dai 150m, truc bé dai 90m . Néu cit san van dong theo mot mat phéng vuong goc voi
truc 16n cua (E) va cét elipd M, N thita duoc thiét dién ludn la mot phé‘ln cua hinh tron c6 tam

I véi MN 1a mot day cung va goc MIN = 90°. Dé lap may diéu hoa khong khi thi cac ky su can
tinh thé tich phﬁn khong gian bén dudi mai che va bén trén mat san, coi nhu mat san 1a mot mat
phing va thé tich vat liéu 12 mai khong dang ké. Hoi thé tich bang bao nhiéu? (don vi dam®) (két
qua lam tron dén hang don vi)

Loi gidi

LR
B

Tra loi: 116

N

Chon h¢ truc Oxy nhu hinh vé.
Phuong trinh chinh tic cua E-lip day:

2 2

Xy
E):—+2—=1.
(£) 752+452

2 2
Goi M(x;y) = MN=2y=2 [45*| 1-2_ | =90 /1_"_
i M () g \/ ( 752) 75°

2 2 2
_ g=MN _0 l—x—2:>R2=&. l—x—2 :
V2o 2V 75 2 75
A AR o
Ta c6 cong thirc dién tich hinh quat: S, = 360° voi a 1a s do goc ¢ tdm chan cung tuong
ung.
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N~ ™M

Goi S(x) la dién tich thiét dién, ta c6:

2
S(X) =Squat _SAIMN ziﬂ-Rz _le z(lﬂ'_%JRz :(72' 2) 2025[1—)(:—}

2 4 2 75°
Thé tich khoang khong gian san van dong 1a
2
V= j )22 [ X ) 115586m* ~ 116dam’.
-75 75°
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