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BAI: CONG THUC TiINH GOC TRONG KHONG GIAN

<0> LY THUYET.

I. CONG THUC TINH GOC GIUA HAI PUONG THANG
Trong khéng gian Oxyz, cho hai duong thing A va A' tuong ung co6 vecto chi phuong

u=(a;b;c),u'=(a%b"c’). Khido:
N L |aa'+bb'+cc|
cos(A,A)_‘cos<u,u )‘_\/a2+b2+c2.\/a'2+b'2+c'2 .

Al All

% 4

I1. CONG THUC TINH GOC GIUA PUONG THANG VA MAT PHANG
Trong khong gian Oxyz , cho duong thing A c6 vecto chi phuong u =(a;b;c) va mat phang (P) c6

vecto phap tuyén n=(A;B;C). Khi do:
|aA+bB+cC|

R

I11. CONG THUC TINH GOC GIUA HAI MAT PHANG
Trong khong gian Oxyz, cho hai mat phang (P),(Q) twong tmg c6 céc vecto phap tuyén la

n=(A;B;C),n"'=(A;B%C"). Khi do, goc giira (P) va (Q), ki hiéu la ((P);(Q)). duoc tinh theo

cong thtc:
_ - |AA'+BB'+CC'|
COS((P)’(Q)):‘COS(“” )‘ B JA i B2+ c2 /A% 1B24C?
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A] A2

@ HE THONG BAI TAP TU' LUAN.

Phwong phap ) 2
Trong khéng gian Oxyz,

Loai Hinh vé

Hai dwong thang A, A, twong ing c6 i, =(a,;b,;c,) V& i, =(a,;b,;c,) 1
hai vecto chi phuong. Khi do, ta co:
‘ ‘a a,+bb,+cc |

‘”| |”‘ \/a +b +c] \/a +b; +c

cos(A,A, )= ‘cos(ﬁ] i, )|

Puong thang A c6 vecto chi phuong ii = (a;b;c) va mit phang (P) co
vecto phap tuyén 7 = (A; B;C) Khi do, ta co:

‘ |aA +bB + cC|

|“‘ |”) N +0 +E NA + B +C

sin(A,(P)) = ‘cos(ﬁ.ﬁ)‘

Hai mat phang (Pl),(P ) c6 hai vecto phéap tuyén lan luot 1a
i, =(A;B,;C,) vai,=(A,;B,;C,).Khido, taco:

27727

. AA,+BB,+CC,
cos((P,),(Pz))=‘cos( n].n2)| ‘L’ ‘n ‘ \/A2 - Bz+cz \/A2+Bz|+cz

\

DANG 1. GOC GIUA HAI PUONG THANG

Cau 1: Trong khong gian Oxyz , tinh cosin caa goc giita truc Oz va duong thang A: X= 1 3 = y;l _Z _11 :

Loi giai
Truc Oz c6 vecto chi phuong k =(0;0;1).
Puong thing A ¢ vecto chi phuong U = (L,2-1).
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Cau 2:

Céu 3:

Cau 4:
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Khi 6 cos(Oz; A) = i _ 1
1do6 cos(Oz; A =

SITERG
Trong khong gian Oxyz, tinh g6c giita duong thang d:XT_lz%:Z—zl va duong thang
A:X+3:y_1 z+1 . (don vi d9)

1 -2 -1
Loi giai
Puong thang d c6 vecto chi phuong Jl:(l;l; -1).
Puong thing A ¢ vecto chi phuong U, =(1,-2;-1).
s \1 L(2)+(D(D)

Khi d6 cos(d;A)z‘cos( )

] e @ (e (2 ()

Vay (d,A)=
X=2+t X=2+2S
Trong khéng gian Oxyz , tinh goc gitra duong thang d:{y=—-2+t va duong thang A:{y=—1+2s
7=1 z=1+s.

.(két qua 1am tron dén hang phan muoi, don vi do)
Lo giai
Puong thang d cé vecto chi phuong uj =(110).
Puong thang A ¢6 vecto chi phuong u, =(2;2;1).
1.2+1.2+0.1 22

N2+ + 02422422+ 3

Khi d6 cos(d;A):‘cos(LTl;uz)

Vay (d,A)~19,5".

X=2+mt
Trong khong gian Oxyz, Goi S la tap hop cac gia tri m dé duong thing d:{y=-2+mt tao Voi
z=1-t
X=2+S
duong thang A:{y=—-1-s motgéc 60°. Tinh tich gia tri cia cac phan tir trong tap S .
z=1+2ms
Lo giai
Puong thing d c6 vecto chi phuong U, = (m;m;-1).
Puong thang A ¢6 vecto chi phuong uj =(L-132m).
(d;A)=60" <> cos(d;A)=cos60° < ‘cos(uj;ui) ==
1m+ -1).m+2m.(-1 2m
& ‘ (). ( )‘ =1<:> [2m) :£<:>4|m|:\/§.(2m2+1)
\/m e \/12 amy’ 2 N2m’+14/4m® +2
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2
2m?—2y2m+1=0 |"= 5
= =
am’+22m+1=0 | _ 2
2
Dods S — {i _£}
2
f f 1

Tich cacgiatricuatap S la ——.— = =5

Cau5: Trong khong gian Oxyz, goi d la duong thang di qua O, thudc mat phang (Oyz) va céch diém
M (1,—2;1) mot khoang nho nhat. Khi dé cosin cua goc giita d va truc tung bang bao nhiéu?
Loi gidi
M

Goi H,K lan luot I3 hinh chiéu cia M trén mat phang (Oyz) va trén duong thang d .
Taco: d(M,d)=MK >MH =1, H(0,-21).
Suy ra d(M,d) nhé nhat khi K =H . Khidé d co mét vecto chi phuong 1a OH =(0;-2;1).

cos(d,O ‘OH'J ol
(d,0y)= oH ] 5
DANG 2: GOC GIUA PUONG THANG VA MAT PHANG
x=1-t
Cau 6:  Trong khong gian véi hé toa do Oxyz, cho dudngthang d :{y=2+2t vamatphang (P):x—-y+3=0
z=3+t

. Tinh s6 do goc gitta duong thang d va mat phang (P).
Lo giai

(P) c6 vecto phap tuyén n, =(L,-10).

(d) co vecto chi phuong Uy =(-12;1).

sin(d,(P))= L1240 */_

JI+140A1+4+1 2
Vay géc giita duong thang d va mat phang (P) 1a 60°.

Cau 7: Trong khong gian véi hé toa d6 Oxyz, tinh gdc giita truc Oz va mat phang (P) IX—Y+ J22+2024=0
Loi giai
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Cau 8:

Cau 9:
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(P) c6 vecto phap tuyén n, = (1; ~12 ) .
Truc Oz c6 vecto chi phuong k = (0;0;1).
Lo-104v21 5

CJo+0+1V11+2 2
Vay goc giira truc Oz va mit phang (P) la 45°.

sin(Oz,(P))

X=1+t
Trén mot san khau da thiét 1ap san mot hé truc toa do Oxyz . Biét tia sang c6 phuong trinh d :{y =2+t
z=3
va mit san san khau la mat phang (P) c6 phuong trinh y=0. Tinh goc giita tia sang va mat san san

khau.

Loi gidi

(P) c6 vecto phap tuyén j= (0;1;0).
(d) c6 vecto chi phuong u: =(310).
0.1+1.1+0.0] /2

sin(d,(P)): =2

Jo+1+01+140 2
Vay goc gitra tia sang va san khau 1a 45°.

x-1 y-2 z+1

> _1,d2: y=0. Lap

Trong khong gian véi hé toa do Oxyz, cho hai dwong thang d, :

phuong trinh mat phang (P) chtra duong thang d, tao véi duong thang d, mot goc 45°.
Loi gidi
Gia sir mt phing (P) c6 vecto phap tuyén Ia n=(a;b;c) véi a® +b*+c? 0.
Vecto chi phuong cua d,, d, lan luot 1 G =(2;,-2;-1) va u, =(30;-1).
(P) chtra duong thang d, nén fid, =0« 2a-2b-c=0<c=2a-2b
i . a—-c 2
S|n(d2,(P)) = A =sin45° < \/ﬁﬁ :g
e la-c= JaZ+b?+c?
<:>(a—2a+2b)2 =a’ +b? +(2a—2b)2
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< a’ —4ab+4b* =a® +b® +4b* —8ab + 4a°

< 4a’ —4ab+b* =0

& (2a-b)’ =0

< b=2a

Chon a=1=b=2; c=-2,suyra (P) c¢6 vecto phap tuyén n=(12,-2).

Ly M (L2;-1)ed, = M €(P).

Phuong trinh mét phang (P) can tim la
1(x-1)+2(y-2)-2(z+1)=0< x+2y-2z-7=0.

Cau 10: Trong khong gian véi hé truc toa do Oxyz, cho mit phang (P):2x—2y+z+1=0va duong thang
X=1-t
d:{y=t .Lép phuong trinh ctia duong thang A di qua M (0;—L1), cit d va tao véi mp(P) mot
z=1+2t
. L. 1
géc a Véi sina =—.
12
Loi gidi
Goi N=And.Do Ned= N(-t;t;1+2t).
Puong thing A cé vicp MN = (1—t;1+t;2t).
Mat phang (P) c6 vipt i) = (2,-2;1).
Goi a la goc giita dudong thang A va mp (P).

0 y
MN i =
e () -2t 1 29
Khi dé ta cod sina = —— = =— & .
[MN|i,| 36 +2 12 29
29
Vé,it:@:w: 29—\/5;29+\/5;2\/5 |
29 29 29 29
x:(29—\/5)t
Do A di qua M (0;-11) nén c6 phuong trinh y=—1+(29+@)t.
z:1+2\/5t
Véit:—@:W= 29+@;29—@;—2\@ |
29 29 29 29

x=(29++29)t
Do A di qua M (0;-1;1) nén c6 phuong trinh y:—1+(29—@)t.
z=1-2/29t

DANG 3: GOC GIUA HAI MAT PHANG
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Cau 11:

Cau 12:

Céu 13:

Cau 14:

Céau 15;
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Trong khdng gian véi hé toa dd Oxyz , cho hai mat phang (P):2x—y+2z-1=0va (Q):x—y—-4=0
. Tinh s do géc gitra hai mét phang (P) va (Q).

Léi giai
VTPT ciia mt phang (P) va (Q) lan luot 1a: n, =(2;-1;2), n, = (L-1;0).

2ICOCY 8 V2 (@)= a5

race COS((P),(Q)):‘COS(E’E) V22 412+ 22 2 412 32 2

Trong khong gian véi hé truc toa do Oxyz, cho mit phang (P):x—2y+2z-3=0va mat phing
(Q):2x—y+5z+2=0. Tinh cosin ctia géc giira hai mat phang (P), (Q).

Loi giai
Ta c6 vécto phap tuyén cia mat phang (P) 1a n, =(1,-2;2), véc to phap tuyén ciia mat phang (Q) Ia
% =(2,-15).
Ceng] 0 p2s(-2)(-n+28 14

el 2+ (-2) 22 f2 (<1 45t V3O

cos((P).(Q)) =|cos(ne g )

Trong khong gian véi hé truc toa do Oxyz , cho mat phang (P): x—y—2z—1=0 va mat phang (Q).
Biét hinh chiéu cua géc O 1én (Q) 1a diém H(2;-1;0). Tinh cosin géc giita hai mat phang (P) va
Q).

Loi gidi
Tir gia thiét, suy ra OH = (2;-1;0) la mot VTPT cua mat phang (Q).
Mt phing (P) ¢6 VTPT n, =(L-L-2).
Goi ¢ la goc giita hai mét phang (P) va (Q).

2.1+ (-2)(-2) 3 30

Tach COS¢:‘COS(E,O—H)‘=\/22+12.\/12+12+22 "m0

Trong khong gian véi hé toa do Oxyz, cho badiém M (1;0;0), N(0;10), P(0;0;1). Tinh cosin cua goc

gitta hai mat phang (MNP) va mat phang (Oxy).
Loi giai
Mt phing (MNP) ¢6 mot VTPT Ia n=| MN; MP | = (1;1;1).
Mt phing (Oxy) c6 mét VTPT la k =(0;0;1).
Goi ¢ la goc giita hai mat phang (MNP) va (Oxy).
Tac cose = ‘cos(ﬁ, Q)‘ _[r0+10+18_ 1 .
Hinh minh hoa so d6 mot ngdi nha trong khéng gian Oxyz , trong d6 nén nha, bon birc tudng va hai

mai nha déu 13 hinh chit nhat. Biét cac toa do cho nhu hinh v&. Tinh d6 dc ctia mai nha, tirc goc tao
b&i méi nha so voi nén nha (1am tron két qua dén hang phan muoi).
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EO:0:3) :‘7 F
Ty L B(4:5:0)

00:0:0) 1 \
Léi giai
Do déc cua mai nha, tic 1 s6 do ctia goc tao bsi hai mat lan luot 1a (OABC) va (FGQP).
Mt phing (FGQP) ¢6 mot VTPT Ia ﬁ:[@;QT;] =(5;0;10).
Mat phang (OABC ) chinh 1a mat phang (Oxy) c6 mot VTPT Ia k =(0;0;1).
Goi ¢ la goc giita hai mat phang (FGHE) va (Oxy).
- = 5.0+0.0+10.1
Tacé COSq):‘COS(n,k)‘: [ ialias10. 1 o 1\ Z*E_DO do ¢ ~ 26,6°
J52 1021102402+ 02422 55 5
DANG 4: TQA PO HOA BAI TOAN HINH HQC KHONG GIAN

Cau 16: Cho hinh 13p phuong ABCD.A'B'C'D'c6 canh 3a. Tinh goc giira hai mat phang (A'B'CD) va

(ACC'A').
Loi giai
Al\z B
D ' C
1
1
|
1 ' }
O ————- -—7—>
’ B’
Vs
D' 7
X C

Chon hé truc toa do Oxyz sao cho goc toa do O=A',Ox=A'D',Oy=A'B', Oz=A'A
Khi do: A'(0;0;0), D'(3a;0;0), B'(0;3a;0), C'(3a;3a;0),

A(0;0;3a), D(3a;0;3a), B(0;3a;3a), C(3a;3a;3a) .

— A'B"'=(0;3a;0), A'D = (3a;0;3a), A'A=(0;0;3a), A'C' = (3a;3a;0).

[A' B',ﬁ} —(3a2;0;-3a2).

Chon n, = (;0;-1) 1a vecto phap tuyén cua mat phang (A'B'CD).

[/TA, ﬂ;’} = (-3a%;3a%;0).
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Céau 18:
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Chon n, =(~L1,0) la vecto phap tuyén ciia mat phing (ACC'A").
Goc giira hai mét phang (A'B'CD)va (ACC'A') la:

1
" 222

cosa= ‘cos(nj, nt)

Cho hinh chép S.ABCD c6 day ABCD Ia hinh vudng canh 2a, SAB la tam gidc déu va (SAB) vudng
goc véi (ABCD). Tinh cosg véi ¢ la goc tao boi (SAC) va (SCD).

Loi gidi

Goi O,M lan luot 1a trung diém cia AB,CD. Vi SAB la tam gidc déu va (SAB) vudng goc Voi
(ABCD)nén SO L (ABCD).
Chuan hoa cho a=1
Xét hé truc Oxyz ¢6 O(0;0;0),M (2;0;0), A(0;1,0),S(0;0;+3). Khi dé C(2-1,0),D(2L0).
Suyra SA= (0;1;—@),?0(2; ~2;0),SC = (2;—]; —ﬁ)@ =(0;2;0).
M3t phing (SAC) c6 véc to phép tuyén n, = [S_A', E} - (—2J§; —243; —2) .
Mat phfing (SAD) c6 véc to phap tuyén E = [%,Cﬁ} = (2\/5; 0; 4) .
n.n,

Vay cosgp = L i‘ —E.

| 7
Cho hinh chép tir giac déu S.ABCD c6 day ABCD la hinh vudng canh 2a,tdm O. Goi M va N lan
luot 1a trung didm ctia hai canh SA va BC, biét MN = a+/6 . Tinh gi tri sin cua goc gitta duong thing
MN va mit phang (SBD).

=]

1

Léi giai
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Goi | hinh chiéucua M Ién (ABCD) ,suy ra | 1a trung diém cua AO.

3 3a+/2

Khido Cl =—AC =
4 2

Xét ACNI c6: CN =a, NCI =45°,
Ap dung dinh Iy cosin ta co:

=+/CN? +CI% —2CN Cl.cos 45° =\/a2 9a° , 82 \2 a0
2 2 2 2
2
Xét AMIN vudng tai | nén MI =+/MN?—NIZ = [6a’ 10:‘ :a*’zl“,

Ma Ml / /SO, MI =%SO:>SO:a\/T4.

Chon hé truc toa dd Oxyz nhu hinh v&: (chuan héa cho a=1)

Tacé: 0(0;0,0), B(0;+/2;0), D(0;-+2;0), C(+/2;0;0), (% %;oj,
A(—2;0;0), 5(0;0;414), M (—i 0; EJ

Khi d6 W{ﬁ;%;—@} , SB=(0;v2;-V14), SD=(0;-+2;-+14 ).

Vecto phép tuyén mat phang (SBD): n= [S@, 86] = (—4ﬁ; 0;0) .

MNA |avTaz]

MN[J]~ 476 B

Cho hinh chop S.ABCD c6 day ABCD la hinh vuéng canh 2a, canh bén SA=a va vuéng goc vai
mit phang day. Goi M 1a trung diém canh SD. Tinh tan ctia goc tao boi hai mét phang (AMC)va
(SBC).

Suy ra sin(MN,(SBD)) =

Léi giai
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Chon hé truc toa @6 sao cho A=0, nhu hinh vé:

Khi d6 ta co:

A(0;0;0), B(2a;0;0), D(0;2a;0), C(2a;2a;0), S(0;0;a), M(O;a;%j.
S_B:(2a;0;—a),§f:(Za;Za;—a),m:(O;—a;—%),M—C:(Za;a;—%j.
E=[§,§]z(2a2;0;4az) va @:[W,WC} :(az;—az;Zaz).

Goi a (0°<a <90°) la goc tao boi hai mat phang (AMC)va (SBC).

ta e T e [2a%a° + 4a” 24
08 oose=[os{f )| = = V(o) +(4at (o) (2 (20)
10a* 5

) 20.6.(a*)’ 30

2
L —1:{@J —1:235.Suyra tanazg.

Ma tan’a =
5

cos’ a
Cau 20: Cho hinh lap phuong ABCD.A'B'C'D" ¢6 canh bang 2a. goi a la goc gitta duong thang A'B va

mit phang (BB'D'D). Tinh sine .
Loi giai
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A D
/1
/
B' S c
’
/
/ |
/ |
/ olA___|___
/ 7 ’_/_’ D
/ // ’,—” y
/// _ -
B{lo -—~
C

X
+) Chon hé truc toa do Oxyz véi A=0(0;0;0),B(2a;0;0),C(2a;2a;0),D(0;2a;0), A'(0;0;2a),
B'(2a;0;2a), C'(2a;2a;2a),D'(0;2a;2a).

+) Ta thdy OC L (BB'D'D) va OC =(2a;2a;0) nén suy ra mat phang (BB'D'D) c6 mét véc to
phap tuyén Ia n=(110.).

+) Pudng thang A'B ¢6 vecto chi phuong 1a A'B =(2a;0;-2a) ta chon u =(10;-1).

nul] [1.1+1.0+0.(-1)| 1

+) Tacé Sina:‘ﬁ‘_‘ﬁ‘_\/12+12+02.\/12+02+(—1)2 =5
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