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V PHUONG PHAP TOA PO
TRONG KHONG GIAN

BAI: CONG THUC TINH GOC TRONG KHONG GIAN

HE THONG BAI TAP TRA LOI NGAN

Trong khdng gian véi hé toa do Oxyz , cho hai mét phang (P):2x—y+2z-1=0 va (Q): x—y—-4=0
. Tinh s6 do goc gitta hai mét phang (P) va (Q) (don vi do).
Loi giai
Tra loi: 45
VTPT caa mat phang (P) va (Q) lan luot Ia: n, =(2;-1;2), n, =(L-1;0).
i+ 3 _3@

JZ P+ 2P +7 32 2

Trong khong gian véi hé truc toa do Oxyz, cho mat phiang (P):x—2y+2z—-3=0va mat phing

Taco cos((P),(Q)):‘cos(ﬁ F)

=((P).(Q))=45°.

(Q):2x—y+5z+2=0. Tinh cosin ciia goc giita hai mat phang (P), (Q). (két qud lam tron d@én hang
phan trdam)

Loi gidi
Traloi: 0,85
Ta ¢6 vécto phap tuyén ciia mat phang (P) 1a n, =(L-2;2), véc to phap tuyén cua mit phing (Q) Ia
N, =(2,-1,5).

w)- g p2+(-2).(-)+28 14

e[| le o) 42 [+ (1) 45 330

Trong khong gian véi hé truc toa d Oxyz , cho mat phang (P): x—y—2z—1=0 va mt phiang (Q).

cos((P).(Q))= ‘cos(

Biét hinh chiéu cia géc O 1én (Q) 1a diém H(2;-1;0). Tinh cosin géc gitta hai mat phang (P) va
(Q) . (két qud lam tron dén hang phan tram)
Loi gidi
Tra loi: 0,55
Tir gia thiét, suy ra OH = (2;-1;0) la mot VTPT cua mat phang (Q).
Mat phang (P) ¢6 VTPT n, =(L-1-2).
Goi ¢ la goc giita hai mit phang (P) va (Q).

, 21+(D(-9 3 V&
Taco cose = ‘cos(n OH)‘ J22+12 \/12+12+22 :@z 0
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Trong mét phang toa d Oxyz , goc (tinh theo don vi d6) giita hai mat phang (P):x—y+2z+5=0 va
(Q):2x+y+z-2=0 bang.

Lo gidi
Tra loi: 60

. 1.2-1.1+2.
T2 co: cos((P).(Q))= \/12 +(_|1)2 +2° +\/22:”+12 +12 :%'

Suy ra: ((P),(Q))=60°.

Trong mat phang toa do Oxyz, cho mat phang (P):x—z—3=0 va mt phang (Q), biét hinh chiéu
vuong géc cua O Ién mat phang (Q) 1a diém H(2;2;-1). Khi d6 goc (tinh theo don vi do) giita hai
mit phang (P) va (Q) bang.
Loi giai
Tra loi: 45
Taco: n, =(10;-1), n, = H =(2;2;-1).
1.2+0.2+(-1).(-1

Suy ra: cos((P),(Q))= L2+02+(-1)(1) L

\/12 +0? +(—1)2 .\/22 +2° +(—1)2 V2
Suyra: ((P),(Q))=45°.

Trong mat phang toa do Oxyz, cho mat phang (P):x-y+2=0 va mat phang
(Q):(m+3)x+my+mz+5=0, biét géc giira hai mat phang (P) va (Q) bang 30°, khi d¢ gié tri cua

m bang
Loi giai
Traloi: -1
Taco: n, =(1-10), n,=(m+3;m;m).
Suy ra: cos((P),(Q))= m+3—m| :c0330°=£
\/(m +3)2 +m?+m? .\/12 +(—1)2 +0° 2
N 3 zﬁ<:>3m2+6m+9:6<:>3m2+6m+3:0c>m:—l
J3m? +6m+942 2

Vay m=-1.
Trong khdng gian véi hé toa dd Oxyz , cho ba diém M (1;0;0), N(0;10), P(0;0;1). Tinh cosin cua goc
giita hai mat phang (MNP) va mét phang (Oxy). (két qud lam tron d@én hang phan trim)
Loi gidi
Tra loi: 0,58
Mat phing (MNP) c6 mot VTPT la n = [WW} =(L,11).
Mat phang (Oxy) co mot VTPT Ia k =(0;0;1).
Goi ¢ la goc giita hai mat phang (MNP) va (Oxy).
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_[po+10+1Y 1

- -

Tacd cosg = ‘cos(n, k)

2 +2 B
Hinh minh hoa so d6 mdt ngdi nha trong khong gian Oxyz , trong d6 nén nha, bdn birc tudng va hai
mai nha déu 14 hinh chir nhat. Biét cac toa d6 cho nhu hinh v&. Tinh d6 dbc ctia mai nha, tirc goc tao
bdi mai nha so voi nén nha (dom vi dé, 1am tron két qua dén hang phan muoi).

X2:5:4)

EW0:0:3) F
Crommmmneeeee e eeeeeen B(4:5:0)

i |

00:0:0) A
Loi giai
Tra loi: 26,6
Do déc ciia mai nha, tic la s do cua goc tao boi hai mat lan lugt 1a (OABC) va (FGQP).
Mat phang (FGQP) c6 mot VTPT la ﬁ:[@;Q—G] =(5;0;10).
Mat phang (OABC) chinh Ia mat phing (Oxy) c6 mot VTPT Ia k =(0;0;1) .
Goi ¢ la goc giita hai mat phang (FGHE) va (Oxy).
AL 5.0+0.0+10.
Taco COng):‘COS(n,k)’: | ]4 = 1 :2\/§.Dod6 @ = 26,6°
J52 107 +102/02 402112 55 5

Mot cian géc c6 chiée cira s6 troi nhu hinh v&. Tinh goc (theo don vi dg, lam tron dén hang phan muoi)
gitta mat nghiéng cua chiéc cira s6 véi mat san. Biét rang khi mat troi chiéu vudng goc véi mit san thi
hinh chiéu caa chiéc cira s6 1a mot hinh vudng c6 canh 1,5m va chiéu cao so voi mit san cua cac diém
A, B,C lan luot 1a 1,2m, 1,3m va 2,4m (xem hinh v& minh hoa). (két qud lam tron dén hang phan

muot)

Léi gidi
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Tra loi: 38,8

Goi O,B",C" lan luot 1a hinh chiéu cua A,B,C 1én san nha.

Ta gan truc toa 46 nhu sau: Tia OX tring véi OB', Oy trang véi OC', Oz trang véi OA, mdi don vi
trén truc toa do ung véi 10cm trong thyuc té. Khi dé ta c6 toa d6 cua cac diém nhu sau:

0(0;0,0), A(0;0;12), B(15,0;13), C(0;15;24) = AB(15;0;1), AC(0;15;12).

= | AB, AC |=(-15,-180,225).

Mt nghiéng ciia cira s6 c¢6 vecto phap tuyén: n, = %[EEJ =(-1-12;15)

Mat san tring véi mat phang Oxy suy ra c6 vecto phap tuyén n, =(0;0;1).

= cos(ﬁl,ﬁz) - 15 _ 3J370

JEU (12 +152 47 T4

= (n,n,)~38,8°.

Cau 10: Mot ngdi nha gdm hai phan mai doc s6 1 va sé 2 (tham khao hinh vé bén dudi), Biét rang sé do cua
cac canh AB =3m, BO =2m,OC =4m, CD =3m va d6 dbc caa mai s6 1 bang 45°, d6 dé¢c mai s6 2
bang 30°. Gia sir cac mat bén cua tda nha vudng goc véi nhau, khi &6 goc (tinh theo don vi dg, 1am
tron dén hang phan muoi) gitta hai mat phang (ABO) va (CDO) bing

Tra loi: 52,2

0

a1
T
'

X 21 y
Ta gan tryc toa do nhu sau: Tia OX triing véi OB, Oy triing véi OC, Oz tring vdi truc thang ding,
mbi don vi trén truc toa do (g véi 1m trong thuc té. Khi do ta co toa do cua cac diém nhu sau:
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0(0;0;0), B(2;0;0), C(0;4;0) = BO=(-2;0;0),CO=(0;-4;0)
Do d6 dbc cua méi 1 (mau xanh) la 45°

32 3J_ AL 3\/_3J_J g\[o_iiJ

= HB = AB.cos45°:— AH = AB.sin45° = 2 - — > >

Do d6 dbc cua méi 2 (mau cam) 1a 30°

:>KC:CD.COSBO°—i DK = CDSIn45°—E:>D[ 3\2/_ zj CD( 3\2/_ 2]

:[%ﬁ] = (0;3\/5;3«/5) =n, =(0;11)

= [@@] =(—6; 0; —6\/5) =n, :(1; 0; \/5) .
V3 6
JO T+ 2107443 4

= (n.n,)~52,2°.

:>cos(n1,n2)=

x =2t
Trong khéng gian Oxyz cho hai duong thang d, :ilzyTH=g, d,:qy=1 .Goij lagocgiira hai
z=1-t
. 2 . . . , ﬂ\/g a .. n K em . , vy e =R
duong thang d,,d,. Gia tri cosj co dang > (E la phan so toi gidn va a,b (1 ). Tinh gia tri biéu
thac P=b—-3a?
Loi gidi
Traloi: 3
| 1
Taco ug =(—1;2;2),ugz2 =(2;O;—l)
[ I
Udy Ud, -1.2+2.0+2.(-1
Khido cosj =#—+F—= J ( )‘ == 4 =4\/§.
Ud | \/(—1) +22 428 .\/22+02+(—1) 35 15

Vay a=4,b=15=b-31=15-3.4=3
Trong khong gian Oxyz cho tam giac ABC co A(1;2;-1), B(2;-1,3), C(-4;7;5). Toa do chan

duong phan giac goc ABC cuatam gisc ABC 1a I(a;b;c). Tinhténg a+b+c?

Léi gigi
Traloi: 4
x=1-5¢t
Ta c6: Ta ¢6 phuong trinh dwong thang AC la Sy =2+5t ,(te; ).
z=-1+6t

Goi I la chan duong phan giac goc ABC cua tam giac ABC = 1(1—5t;2+5t;—1+ 6t).
Ul uuu uu
Lai c6 BA=(-1;3,-4), BC =(—6;8;2), BI =(-5t 1,5t +3;6t —4).

Vi I la chan duong phan giac goc ABC cua tam giac nén ABC:
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uulu uu uuu uu

uul  uu uuld  uu
cos(BA,BI):cos(BC,BI) @—u%fa{;%{n—:—u%m%{ﬂ—
‘BAHBI‘ ‘BCHB[‘

5t+1+15t+9+16—24t 30t +6+40t+24+12t -8  —4t+26 82t+22

Jy +3 e (-ay (~6) +87+2° NN

o 8t+52-824+ 2o t=x g 2.1
3 33

Vay a:—g,bzl—l,c:1:>a+b+c:—2+1—1+1:4
3 3 3 3
x=1+2t
Cau 13: Trong khong gian Oxyz, cho dwong thang D:{y =2+t va (P):—x+2y+2z+5=0. Goi d 2
z=-2—t

duong thang di qua diém A(-1;0;-1) cét duong thang D, va tao voi duong thing D, mot goc nho
[917]
nhat. Vecto chi phuong u, =(a;b;c). Tinh tong a+2b—3c?
Loi gii
Traloi: 9
Gia sir duong thang d cit duong thang D, tai B, ta c: B(1+2t;2++-2—t)eD,.
uuu 1

Pudng thing dco VTCP la: AB=(2t+2;t+2;—t—1), mjt phang (P) ¢ VTPT n=(-12;2).
|-2t—2+2t+4-2t-2 2

361> +14f +9 3V6t% +14¢ +9
duong thang D ,mot goc j nho nhét khi j =0°hay sinj =0=#=0.

>0, =dtao véi

Goi j lagoc gitta dva D, taco: sinj =

uuu
Khi d6 dudng thang d di qua diém A(-1;0;~1)vaco VTCP AB=(2;2;-1).
Vay a=2,b=2,c=-1=a+2b-3c=2+2.2-3.(-1)=9

Cau 14: Trong khong gian Oxyz, cho mit phang (P):ax+by+cz—1:0vc’ri c<0 di qua 2 diém
A(0;1;0); B(1;0;0) va tao véi (Oyz) mot goc 60°. Tinh tong a+b-+c? (Lam tron dén hang phan

tram)
Loi gidgi
Tra loi: 0,59
< 2 . ¥ A .. Jb-1=0
Mat phang (P) di qua 2 diém A, B nén ta co: {a 1- O:> a=b=1
Va (P) tao voi (Oyz) mot géc 60° nén Cos((P);(Oyz)): \/ - b‘Za‘ 2 ﬁ :% (*)
a +o +c .

Thay a="b=1vao phwong trinh (*) dugc: \2+c? 2= c=—2
Khi do: a+b+c=2-+2~0,59
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Cau 15: Cho hinh chép S.ABCDc6 day la hinh thang vudng tai Ava B, théa mén diéu kién, AB=BC=a,
AD=2a, SAvuong goc véi mat day( ABCD), SA=a. Goi M, N lan luot 14 trung diém cua SB,CD

Tinh cosin ciia goc giira MNVva (SAC). (Lam tron ket qua dén hang phan trim)

Loi gidgi

Traloi: 0,74
Chon hé truc toa do nhu hinh vé

Chondonvilaa

5 A(0;0; 0; y . 0; Lol n(d3,
Co A(O,O,O),B(l,O,O),C(l,l,O),D(O,Z,O),S(O,O,l),M(Z,O,ZJ,N(Z,Z,OJ.
-1 uuuy

uuw Uuu
Vecto chi phuong cia MN la MN =(O; ;—j = 2MN = (0;3;—1)

N w

uuu  uuu

Vecto phap tuyén cia (SAC)la 5= [AC, AS} =(4-10)

__ B a6
Jo+142 10

10

Vay sin(MN,(SAC))

NP2 20,74

Suy ra: cos(MN,(SAC))= 1_( 10

Cau 16: Cho hinh ling tru ding ABC.AB'C’' ¢c6 AB=AC =a, BAC=120°, AA'=a. Goi M, N lan luot Ia
trung diém caa B'C’ va CC'. Tinh cdsin ciia goc giita hai mat phang (AMN) va (ABC). (két qua lam
tron dén hang phan trdam)

Léi gidi

Traloi: 0,43
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A=

Chon hé toa do Oxyz trong khong gian nhu hinh v&, gbc toa do O tring voi diemM .
4 ! [ D'’ ~; a- 3
Tacdé MB'=MC' = AB.sm60°:T.

MA’ = A'B’.cos60° =

= M (0;0;0), N 0;—ﬂ;E ,A(E;O;aj.
2 2 2

N | o

(ABC) ¢ mdt vecto phap tuyén 1a k = (0;0;1).
—_— a . —
MA = (E ;0; aj cung phuong véi U, =(10;2).

MN = [O;—#;%J cung phuong véi Uj =(0; —\/5;1) :

= (AMN) cd mot vecto phap tuyén i= [uj, @] = (2\/5; -1 —\/§) .

Goi a la goc giita hai mat phang (AMN) va (ABC), tac6cosa = ‘cos(lz, ﬁ)‘ = ? :

Cau 17: Cho hinh chép S.ABCD c¢6 day ABCD Ila hinh thoi tam 1, canh a, géc BAD =60°,
SA=SB=SD= %. Goi « la goc giira duong thang SD va mat phiang (SBC). Tinh sin «. (két qua
lam tron dén hang phan tram)

Léi giai

Tra loi: 0,75
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Vi ABCD I3 hinh thoi va BAD =60° nén tam gi4c ABD la tam giac déu.
SA=SB=SD nén S nam trén tryc ciia dudng tron ngoai tié¢p AABD .
Goi O la thm cua tam giac déu ABD, khi d6 SO L (ABD).

a1s

Taco SO = SAZ—AOZZaG

3 15

Chon hé truc toa do Oxyz trong khong gian sao cho O(0;0;0), E{O;?;OJ’S[O;O;TJ'
Suyra D 1;—£;0 ,C 1;£;0 '
2 6 3

:ﬁ:(l;O;O),E:(O;—g;gj.

Taco [ﬁﬁ] = (0;—?;—@} ,suyran= (0; —\15; —2J§) 14 vecto phap tuyén cua (SBC).

SD =[%;—§;—§J suy ra U=(3; —3; —Jl_S) 1a vecto chi phuong cua SD.
Ta cod sinazwzﬁ_
2727 3

Cau 18: Cho hinh chép tu giac déu S.ABCD ¢ day ABCD Ia hinh vudng canh a, tam O. Goi M va N lan
luot 14 trung diém cua hai canh SA va BC, biét MN = %. Goi ¢ la goc giita dwong thang MN
va mat phang (SBD). Tinh sin ¢ . (két qua lam tron d@én hang phdn triam)

Loi gidi

Tra loi: 0,58
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Goi | la hinh chiéu caa M 1én (ABCD), suyra | la trung diém cua AO.

Khi dé Cl =§AC=3af.

Xét ACNI c: CN = % NCI = 45° .

2 2
NI =+/CN?+CI? — 2CN.Cl.cos 45° :\/%+g%_2%'3a;/§l% - axﬁl_o '

2 2
Xét AMIN vudng tai | nén Ml =+/MN?—NI? = 3; _52 :a\ﬁﬂl

Ma MI //SO, Ml =%so:>soza 214.

Chon hé truc toa do6 Oxyz nhu hinh vé:

Taco 0(0;0,0), B(O;%;OJ, D(O;—E;O], C(Q;O;Oj, N(%;Q;OJ,

2 2 4
A(—Q;O;O], S(O;O;EJ, M(—Q;O;ﬂ}
2 2 4 4
Khi do W{ﬁ;ﬁ;—@J , S—B{O;—Z;—ﬁ], SD=(0;—£;—@]
247 4 2 2 2 2

| V2
~sin ‘ﬁ.MN‘_ 2| B
N[ - g 63

2

Cau 19: Cho hinh chop S.ABCD c6 day ABCD Ia hinh vuéng canh 5a, canh bén SA=10a va vubéng goc
v6i mt phing ddy. Goi M 1a trung diém canh SD. Goc tao bsi hai mat phang (AMC) va (SBC) c6
tan bang (lam tron dén hang phan tram).

Loi giai
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Traloi: 0,89
Chuan héa véi a=1.
Xét hé truc toa do OXyz nhu hinh v& sau:

z

S (0;0;10)

S
(0,2,5) D

B (5;0;0)

;’//::::/_/’ﬂ_/" \\\\\C(S;S;O)

Chon hé truc toa @6 nhu hinh vé.

A(0;0;0); D(0;5;0); B(5;0;0);C(5;5;0);S(0;0;10); M [0;%;5} :

BC =(0;5;0), BS =(-5;0;10).
| BC,BS | =(50;0;25) = mot vécto phip tuyén caa (SBC) fa i, =(2;0;1).

E:(s;ao),W:(o;%;s).
[E,W]z(Z&—ZE%)S mot vécto phap tuyén cua (AMC) la n, :(2;—2;1).

Goi ¢ la goc giira hai mét phang (AMC) va (SBC).

cosep— e 2.2+0.(-2)+1.1 5
p=—1—" = = .
LR 22 rer i 22 4 (<2 422 35
-1= I 1 —1=2\/§z0,89.

1
Suy ra: tan(p:\/coszgo =  V 5
Il

Cau 20: Cho hinh chop S.ABCD c6 day la hinh thang vuéng tai A va B, AB=BC=a, AD=2a; canh bén
SA vudng gdc véi mat phang day va SA=a. Goi M, N lan luot 1 trung diém cua SB, CD. Cosin

ctia goc gitta MN va (SAC) 1a (lam tron d@én hang phan tram).
Loi giai
Traloi: 0,74
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Chon hé truc Oxyz nhu hinh v€, vai O = A.
Toa d cac dinh cta hinh chop la: A(0;0;0), B(a;0;0), C(a;a;0), D(0;2a;0), S(0;0;a).

:M(E;O;Ej, N(E;S—a;o)
2 2 2 2

Ta co: _is—/x:(o;o;l)za; iﬁ:(l;l;—l)zv.
Mot véc to phap tuyén cua mat phang (SAC) la i =[d,V]=(-110).

Lai co: EW =(0;3;-1)=W.

AW NEH)
Goi & lagoc gitta MN va (SAC) taco: sina = |n'W| =i = cosa=—~0,74,
oi & la goc giira va (SAC) ta c: sina T 248 0

Cau 21: Cho hinh chép S.ABCcd AABC vudng tai B, AB=1,BC =\/§, ASAC déu, mat phang (SAC)
vudng vai day. Goi ¢ la géc giira hai mat phang (SAB) va (SBC). Gié tri caa COS¢r bang(lam tron
dén hang phan tram).

Léi gidi

Tra loi: 0,12
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Goi H,M,N lan luot la trung diém cia AC, AB, BC.
(SAC) L(ABC)=>SH L(ABC)=SH L HM,SH L HN.
AABC vuong tai B =HM L HN.

AABC wudng tai B = AC=2=SH =4/3.

i =l .un=lag=t,
2 2 )

Chon hé tryc toa do nhu sau: H(0;0;0); s 5(0;0;+/3): M ( \/25 j, [%;O;OJ’B(_;g;O)

2
3V3) — = 3.3
=[BM,BS |=| 0;~=;X2|; n,=|BN,BS |=| -=;0;—~=
nl[ }(24}%[ }[2 4}
‘3‘ \/
Cosa = cosnln 65 ~0,12.

\/4 16 \/4 16

Tir mdt nude trong mot bé nudce, tai ba vi tri d6i mot cach nhau 4m, ngudi ta lan luot tha day doi dé
qua doi cham d4y bé. Phan day doi ( thang ) nam trong nudce tai ba vi tri d6 1an luot c6 do dai 8m;
8,8m; 9,6m. Biét day bé 1a phang. Pay bé nghiéng so véi mat phang nam ngang mot goc 1a (1am tron
téi hang phan muwroi)(do)

Loi giai
Traloi: 21,8

Goi 3 diém & trén mit nuéc lAn luot 13 A, B,C va ba diém tuong tng & day bé 1a A,B,C sao cho
AA =8m,BB =8,8m,CC =9,6m. Chon h¢ truc toa dd nhu hinh v&, O 14 trung diém cua AC

Taco A(0:2;0), B(24/3;0;0),C(0;-2;0), A (0; 2;8), B'(2/3;0:8,8),C (0;-2;9,6) .

Taco AB =(24/3:-2;0,8), AC = (0:—416).
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0,8 2\/5;2\/§ —ZJ:(O;_]'Z\E;—&/gJ.

16 O 0o 4

cs A8 ﬁ-}“j o

16f -843).

M3t phang day bé 1a mat phang (A’B'C') c6 mot vecto phéap tuyén la i = (0;———; -

Mit phang nam ngang (mat nuéc) chinh 13 mat phang (Oxy):z=0 c6 mot vecto phap tuyén la:

K =(0,0;1).

Goi O la gbc giira hai mat phang day va mat nudc. Khi do:
- 83

COSO(Z‘COS( ; ‘ \/_‘ :5\2/52)_9.

16y3) 2

— +(—8\/§) N
5

Day bé nghiéng so véi mat phang nam ngang mot goc la (1am tron téi hang phan chuc): 21,8 (d9).
Trén mot suon nai (co6 do nghiéng déu), nguoi ta trong mat cay théng va mudn giir nd khéng bi nghiéng
bang hai sgi diy neo nhu hinh v&. Gia thiét cay thdng moc thang dirng va trong mot hé toa do phu hop,
cac diem géc O (géc cay thong) va A, B (noi bugc day neo) co toa d¢ tuong tng 1a O(0;0;0),
A(5;-3;1), B(-3;—4;2), don vi trén mdi tryc toa do la mét. Biét rang hai day neo déu dugc bugc
vao cay thong tai diém C(0;0;5) va duoc kéo cang tao thanh cac doan thing. Khi d6, goc tao bai day

neo CA va mit phang suon nii 1a (1am tron két qud dén hang don vi ciia dd)?

Léi gii

Tra loi: 37

Tacé OA=(5;-3;1), OB=(-3;~4;2)nén [OA,OB | = e I A L =(-2;-13;-11)
4 22 -3'|-3 -4

Suy ra vecto n =[ OA,OB | =(-2;-13;-11) la mot vecto phap tuyén cua mt phang (OAB).

Mat khac CA=(5;-3;-4) néntaco

|5( 2)+( -3).(-13) +(-4).(-1D)| 73

\/52 (-4) -\/(—2)2 +(-13) +(-12) 7043

Suy ra (CA,(OAB)) ~37°. Vay goc tao bi day neo CA va mat phang suon ndi khoang 37°.

sin(CA,(OAB)) = ‘cos(CTA ﬁ)
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Cau 24: Cho hinh lap phuong ABCD.A'B'C'D'c6 canh 3a. Tinh géc gita hai mit phang (A'B'CD) va
(ACC'A"). (don vi d6)

Loi giai
Tra loi: 60
M
A ¢ B
D ! C
1
1
1
|
1 1] },'
OF = ———+ - >
rs Bi
s
D'’
x (o

Chon hé truc toa 6 Oxyz sao cho gdctoaddo O=A',Ox=A'D',Oy=A'B, Oz=A'A
Khi do: A'(0;0;0), D'(3a;0;0), B'(0;3a;0), C'(3a;3a;0),

A(0;0;3a), D(3a;0;3a), B(0;3a;3a), C(3a;3a;3a).

= A'B"'=(0;3a;0), A'D =(3a;0;3a), A'A=(0;0;3a), A'C" = (3a;3a;0).

[A' B',ﬁ] — (32%:0:-3a%).

Chon n, = (1,0;~1) 1a vecto phap tuyén caa mat phang (A'B'CD).

[ﬂ, ﬂf] — (-3a%3a%0).

Chon n, =(~11,0) la vecto phap tuyén cia mat phing (ACC'A").

Goc gitta hai mat phang (A'B'CD)va (ACC'A') la:

Y

:—:l:a:GOC’.

cosaz‘cos(nj,n?)

Cau 25: Cho hinh chép S.ABCD c6 d¢ay ABCD la hinh vudng canh 2a, SAB la tam giac déu va (SAB) vuong
goc vsi (ABCD). Tinh cose véi ¢ 1a goc tao boi (SAC) va (SCD). (két qud lam tron dén hang

phan trdam)

Léi gidi

Traloi: 0,71
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Céau 26:
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Goi O,M lan luot 1a trung diém cia AB,CD. Vi SAB la tam gidc déu va (SAB) vudng goc voi
(ABCD)nén SO L (ABCD).

Chuan héacho a=1

Xét hé truc Oxyz c6 O(0;0;0), M (2;0,0), A(0;1;0),8(0;0;4/3). Khido C(2;-1;0),D(2:3,0).
Suyra SA=(0;1—3),AC(2,-2,0),5C =(2-L-3),CD=(0;2,0).

Mit phang (SAC) c6 véc to phap tuyén n, —[TA } ( —23;-2/3; —2).

Mit phing (SAD) c6 véc to phap tuyén nj:[?: } (2J§;o;4).

|

]

Vay cosp =

~N o

Cho hinh chop tir giac déu S.ABCD c6 day ABCD la hinh vudng canh 2a,tdm O. Goi M va N lan
luot 1a trung diém cta hai canh SA va BC, biét MN = a+/6 . Tinh gia tri sin ciia goc gitra duong thing
MN va mat phang (SBD). (két qud lam tron d@én hang phan trim)

Léi giai

Tra loi: 0,58

Goi | hinh chiéu cua M 1én (ABCD), suyra | la trung diém cia AO.

3 3a\2

Khido Cl =—AC =
4 2

Xét ACNI c6: CN =a, NCI =45°.
Ap dung dinh ly cosin ta c6:

9a’ 3a\/§ V2 _aVio

=\/CN2+CI2—2CN.CI.cos45°:\/az < _2a Ne
2 2 2 2

10a> av14

4 2

Xét AMIN vuodng tai 1 nén Ml =yMN? —NI? =

Ma Ml //SO, MI :%SO:SO=a\/1_4.

Chon hé truc toa &6 Oxyz nhu hinh v&: (chuan héa cho a=1)

Taco: 0(0;0;0), B(O;«/E;O), D(O;—\/E;O), C(\/E;O;O), N(—Z;—Z;OJ,

2 2
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Céau 27:
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A(—/2;0;0), s(o;o;J1_4), M[—%;O;g)
Khi d6 MN = [«/_ V2. —£J , s?:(o;ﬁ;—ﬂ), S—D:(O;—«/E;—\/l_4).

Vecto phéap tuyén mat phang (SBD): n= [@,ﬁ] = (—4\/7;0;0).
_ MNA|  [-4V742)
Suy ra sm(MN,(SBD)):‘WHﬁ‘: NS

Cho hinh chép S.ABCD c6 day ABCD la hinh vubéng canh 2a, canh bén SA=a va vuéng goc vaéi
mit phang day. Goi M Ia trung diém canh SD. Tinh tan ctia goc tao boi hai mat phang (AMC)va

(SBC). (két qua lam tron dén hang phdn trim)
Loi giai

Tra loi: 0,45

Chon hé truc toa @6 sao cho A=0O, nhu hinh vé:
Khi do ta co:

A(0;0;0), B(2a;0;0), D(0;2a;0), C(2a;2a;0), S(0;0;a), M(O;a;%j.
@=(2a;0;—a),§=(2a;2a;—a),m:(0 —a: —Ej MC = (Za;a;—%}
n,=[SB,5C | =(2a%;0;4a°) va n, = MA,MC | =(a’;-a";2a°).

Goi o (0°<r<90°) la goc tao boi hai mat phang (AMC)va (SBC).

‘n ‘ ‘Zaz.a2 +4a2.2a2‘

IR ot () [ () o)

ta co COSaz‘COS(n n )

10a* 5

20.6.(a*) V30~

17 | Th.s Lé Viét (THPT Thiing Long, Ha Ni) — Chuyén gia Chién hrgc Gido duc va Sy nghig¢p



)

= _‘_‘; &?Fé
g0

"

Cau 28:

Cau 29:
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1 _1:(@]2 J5

5 — —1=i.Suyra tana = —.
Cos” « S 25 S

Ma tan’a =

Cho hinh 1ap phuong ABCD.A'B'C'D' c6 canh bing 2a. goi « la goc giita duong thing A'B va
mit phang (BB'D'D). Tinh sine .

Loi gia
Traloi: 0,5
z
A D
a
/
B' S| c'
/ |
/ |
/ |
/ |
/ olA___|___
/ e ’_4_’ D
A T y
/// ”/
Bl -7

X
+) Chon hé truc toa do Oxyz véi A=0(0;0;0),B(2a;0;0),C(2a;2a;0), D(0;2a;0), A'(0;0;2a),
B'(2a;0;2a), C'(2a;2a;2a),D'(0;2a;2a).
+) Ta thay OC L (BB'D'D) va OC =(2a;2a;0) nén suy ra mat phang (BB'D'D) c6 mét véc to
phap tuyén la n=(L10.).
+) Puong thang A'B ¢6 vecto chi phuong 1a A'B =(2a;0;-2a) ta chon u =(10;-1).

| nu 1.1+1.0+0.(-1)| 1

+) Taco Sina:‘ﬁ‘.‘ﬁ‘:\/12+12+02.\/12+02+(—1)2 =3

Cho tir dién ABCDc6 BC =3, CD =4, ABC =BCD = ADC =90°, (AD, BC) =60°. Tinh Cosin cua

goc giita hai mat phang (ABC) va (ACD). (két qud lam tron d@én hang phdn muoi)
Lo giai
Traloi: 0,3
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z

Goi H 1a chan duong cao cua tu dién ABCD .

. (BC LAB
Ta co: = BC LHB.(1)
BC L AH

.. |CDLAD
Lai co: = CD LHD.(2)
CD L AH

Ma BCD =90°.
Tur day ta suy ra HBCD la hinh chir nhat.

Mt khéc: (AD, BC):(AD, HD): ADH =60°. Suy ra: AH = HD tan 60°=34/3 .
Chon hé truc Oxyz = H.DBA nhu hinh vé.
Tacé: H(0,0,0), A(0;0;33), B(0;4,0), D(3,0;0),C(3;40)
=(3,0,-33), AC=(3,4,-3V3), AB=(0;4,-3J3).
Goi n,, n, lan lugt Ia mot véc to phap tuyén cua (ABC) va (ABD).
Suy ra: ﬁ:[ﬁ,ﬁ]:(o;—gﬁ;—u); Ez[ﬁ,ﬁ}z(l&/@&ﬂ).
[, 0.12/3-943.0-12.12 N/E

Vay cos((ABC),(ADC))= -

[ fn] \/02 9[ +(-1 ).\/(12J§) sore(2) B

Cho hinh chép tir giac déu S.ABCD c6 SA=2a; AB=a. Goi N, M lan luot la trung diém cua DC
va BC, tinh cosin goc giita hai duong thang SM va MN . (két qud lam tron dén hang phan tram)
Lo giai

Tra loi: 0,18
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S

a\14
2

SO =+/SA* -0OA® =

Chon hé¢ truc toa @6 Oxyz sao cho OM =0Ox, ON =0y, 0S =0z

Khi d6 s[o 0; ‘é_} (2 0; oj N(O;%;Oj

Suyra SM = ( :0;— a‘/_j MN(_E;E;OJ
2 2'2

2

‘SM MN‘

cos(SM,MN ) = ‘SM .‘MN = 30

Cau 31: Cho hinh chop tir giac déu S.ABCD c6 AB =a. Tinh cosin ctia goc giita hai mat phang (SCD) va
(SBC) biét goc giita canh bén va mat ddy bang 60°. (két qud lam tron d@én hang phan trim)
Loi giai
Tra loi: 0,14

GOc giira SB va mit day la goc SBO =60°

ax/_

SO =1tan60.0B =

Chon hé truc toa do Oxyz sao cho OC =0x, OB=0y,0S =0z .

Khi d6 s[o 0; a*z/_J B[o;ﬂ;o}c(af 0; oj D[O —% oj

2

Suy ra vecto phap tuyén caa mat phang (SBC)la n= [S—B, %] _ (—\/Zga \/;a ,—?]
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Céau 33:
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2 2
Vecto phap tuyén ciia mat phing (SDC)1a a = [SD J [\/_23 , \/§2a ;a?j
_ 7 nal 1
Do d6 cosin goc gitra hai mat phang trén la cosa = H H =
ni.|a

Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh 2a, SA=a; SB = a3 va mit phang
(SAB) vudng goc véi mat phang day. Goi M, N 1an luot 1a trung diém cua cac canh AB,BC. Tinh
cosin ctia goc giira hai duong thang SM, DN . (két qud lam tron dén hang phan triam)

Loi giai
Tra 19i: 0,45
Goi H lahinh chiéu cua S 1én AB = SH L (ABCD).
2
Ta co: SA> + SB? = AB? = SA 1 SB = AH = ‘Q/’g % SH :a—f.

Chon hé truc toa do nhu hinh V&, ta c6 toa d6 cac diém:

\Z

A(O;O;O),B(Za;O;O),D(O;2a;0),C(2a;2a;O),H(g;o;oj,s[%;o;#],M(a;O;O),N(Za;a;O).
Vi SM = ( ;0;— a\/_J = (2a;-2;0) = SM.DN =a°,
2 2
SM.DN| Jg

Vay cos(SM,DN) =

DM.DN aa\/_
Cho hinh ling try ABC.A'B'C' ¢6 A.ABC la ti dién déu canh a. Goi M, N lan luot 14 trung diém
ciia AA" va BB'. Tinh tan ciia goc giira hai mat phang (ABC) va (CMN ). (két qua lam tron dén hang

phan trdam)
Loi giai
Tra loi: 0,89
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J ?ﬂ?

Goi O la trung diém cua AB . Gén hé tryc toa do sao cho O(0;0;0)
nhu hinh va khéng mét tinh téng quat ta chon a =1, khi dé ta c6:

(po9) o o). o 0] (o

A'HzﬁjA' O’ﬁ’ﬁ
3 6 3
L AD . ATD ' . 3. 6 X +hA s e -0
Tac6 AB=AB' =B (—1,?,?]. D& thay (ABC) c6 vtpt n, =(0;0;1).
M 1a trung diém AA" = M l;—3;£ , N 14 trung diém BB’ = N ﬁ;ﬁ;ﬁ
4 12 6 4 12 6
— —— [ 1 -543 /6
MN =(-%0;0), CM =| =, ———;—
( L ) (4 12 6
. v, J6 53 3
CMN vipt n, =| 0;—;—— [ =—(0;24/2;5
= )COpnz£612 12(\/_)
COS§0=i:>tan = 1 —1=2ﬁ
J33 cos? 5

Cau 34: Cho hinh lang tru tam giac ABC.A'B'C’ c6 day la tam giac ABC vudng tai A, AB=3, AC=4,
AA' :@ . Hinh chiéu cia B’ Ién mit phang (ABC) 1a trung diém canh BC, M 1a trung diém canh

A'B’. Tinh cosin cua géc tao boi mat phang (AMC') va mat phiang (A'BC). (két qua lam tron dén

hang phan trdm)
Loi giai
Tra loi: 0,59
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B’ ol

Goi H la trung diém BC.

Tacod: BC=+AB*+AC* =5

Xét tam giac B'BH vudng tai H : B'H =+/BB"* -~ BH?* =3.

Chon hé truc toa @6 Oxyz cO A trung véi O nhu hinh vé

Vi A(0;0;0), B(0;3,0),C(4;0;0) = H [2;%;0) 1 trung diém BC = B'(Z;g;?,j

3

Do BB'= AA' =CC’ :A’[Z;—%;BJ;C'[G;—E;B] =M (2;0;3)

m=(2; 0;3) ;ﬁ’:(G;—g;B) nén vecto phap tuyén (MAC') la n(MAC [m,ﬁ}

(g9

A'B =(—2;%;—3) “AC = (2;%;—3) nén vecto phap tuyén (A'BC) la n (e [m,ﬁ]

=(-9,-12,-12)
Goi ¢ la goc tao boi mat phang (AMC') va mat phang(A'BC).

r](Mch'r](NBc)

COSQ == — =
‘n In

‘2,(—9)+12.(—12)—3-(—12)‘

33

\/(gjz+122+(—3)2-\/(—9)2+(_12)2 (12 NG

Cau 35: Cho hinh hop chit nhat ABCD.A'B'C'D’. Biét khoang cach giira AB va BC bing
2a«/_ «/_

(MAC') (ABC)

ZaJ_

, khoang

cach gitta BC va AB’ bang , khoang cach giita AC va BD' bang == a . Goi M la trung

diém B'C . Tinh tan cua goc tao bsi hai mat phang (BMD) va (B'AD). (két qud lam tron dén hang
phan trdam)
Loi gidi
Tra loi: 0,89
Pat BA=x,BC=Yy,BB =z. Goi O latam ABCD.
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Taco AB//(B'DC)=>d(AB,B'C)=d(AB,(B'DC))=d(B,(BDC)).
Ta dé dang ching minh duoc (B'DC)J_(BB'C’C) va cit nhau theo giao tuyén B'C.

, , 2a+/5
Ké BK L B'C = BK J_(B'DC), hay d(AB,BC)z BK = 5\/_
z
B'] G
//n
n
/ 1"
A L \p
By DE-d-- M
/ \ /I ) /71
/ NSy 7 1 K
O e
4 / \\IIII 4 /,"/ C
/ % T
e o
/ //’/ \\|/l| /“/'—————
/ - - /
A. /—’— \
Yy D
, , . ) , 1 1 1 1 5
Xét ABBC vuong taiB, taco st S+t =— (1) .
BK BC- BB y° z° 4da

Laic6 BC//(B'AD)=d(BC,AB')=d(BC,(B'AD))=d(B,(B'AD)).
Ta dé dang ching minh dugc (B’AD)J_(BB’A'A) va cit nhau theo giao tuyénAB’. K¢

BH 1 AB'=BH L (B'AD), hay d(BC,AB’):BH:ZaS‘/g.
Xét ABB'A vudng taiB , ta cod ! + 1 > —i+i(2)
YOS HIE 0 BH? TBAZ BBZ 4l K 22

Tu (1) va(2),suyra x=y, hay ABCD la hinh vuong.
Ta dé dang chirng minh AC L(BB’D’D). K¢ Ol L BD',suyra AC LOI, hay Ol Iadoan vudng goc

_a\/§
3
2a+/3

3 3 (vi Ol 1a duong trung binh ABDD’

chung cia AC va BD', suyra d (AC,BD') =0l

Trong (BB'D'D), ké DJ //OI(J e BD) = DJ =20l =

).
Xét ABDD’ vuong tai D, ta co

1 1 3 1 1
=

= = —_— 3 .
DJ? BD? ¥ DD?  4a® 2x° ’ z° ®)

Giai (2),(3) ta dugc x =a,z =2a. Chuin hoa cho a=1.
Chon hé truc toa dd Oxyz nhu hinh vé& véi : B(O; 0; 0), B'(O; 0; 2), C (l; O;O) , A(O;L‘O), D(l;ZL'O)

M 14 trung diém B'C,suyra M (%;0;1)
+) Tacé BA=(0;;-2), BD =(11-2), | BABD|=(0;-2;-1).

Suy ra mit phang (B'AD) c6 mot vécto phap tuyén 1a i = (0;2;1).
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+) Tacé BM =(%;0;1}, BD =(110), [BM,BD | =(—1;1;%j.
Suy ra mit phing (BMD) c6 mdt vécto phép tuyén la f'=(-2;2;1).

Goi « 1a gbc tao boi hai mit phang (BMD) va ( 'AD) ta co:

|Fm“'| 5 5 2 25
s

‘ ‘ J_3:_:S|na_§:>tana_

Trén mot san khau da thiét lap san mot he toa d6 Oxyz .

CoOSa =

cosin goc giira tia sang c6 phuwong trinh d ;< y =1-3t va mat san san khau c6 phuong trinh y =0 bang
z=4-t

Ja

T(a,beD ). Tinh T=a—3b+2026.
Loi giai
Tra loi: 2015
Puong thing d co vecto chi phuong la a=(1-3;-1).
Mt phang (P): y =0 c6 vecto phap tuyén la b= (0'1‘0) :
@bl [L0+(-30+(-1)0 3

‘aHb‘ J1+9+141 - Ji1

. 22
Tacé sin(d,(P ‘cos ab‘ = cos(d,(P))=——.
(d.(P))=[oos(a.b) (0.(P)) ="
Vay a=22,b=11=T = 2015,
Ngudi ta muén dung mot cot dngten trén mot sudn doi. Angten duoc dyng thiang dung trong khdng
gian Oxyz Vi do dai don vi trén mdi truc bang 1m. Goi O 1a gbc cot, A 1a diém budc day cap vao
cot angten va M, N 1 hai diém neo day cap xudng mat suon doi (hinh vé).
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N 0

Cho bict toa d cac diém noi trén lan luot la O(0;0;0), A(0;0;8),M (4;,—6;3), N(—4;-3,2). Goc tao
boi soi day cap MA véi mat phang suon ddi (Lam tron dén hang don vi, don vi d9).
Loi gidi

Tra loi: 53
Tacé MA=(-4;6;5), OM =(4,-6;3),ON =(~4;3;2) =| OM,ON | = (-3,-20,36).
Mit phang sudn doi (OMN) c6 vecto phép tuyén fi = [W,O—N] =(-3;-20;-36).
~|mAA| |~4.(~3)+6.(~20) +5.(~36)|

MAI[| [(~4)? +67 +5° (~3)" + (~20)" +(-36)’

Ta co: sin(MA,(OMN))z‘cos(m,ﬁ)‘

= 288 = a ~53°.

V131285
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