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V PHUONG PHAP TOA PO
TRONG KHONG GIAN

BAl: PHUONG TRINH MAT CAU

<0> HE THONG BAI TAP TRA LOI NGAN

Cau 1:

Cau 2;

Cau 3:

Trong khong gian Oxyz , cho mat cau (C) tam 1(2;1-3) va di qua M (L;—1;-5) c6 phuong trinh
(C):2x* +2y* +27* +ax+by+cz+d =0. Gia tri biéu thac T =a+b—c+d bing bao nhiéu?
Loi giai
Traloi: -14
Mit cu (C) c6 tam 1(2,5,-3), ban kinh IM = /(1 -2)?+(-1-1)? +(-5+3)? =3.

Phuong trinh mit cau (C): x> +y® +2° —4x—-2y+62+5=0
< 2x*+2y* +27° —8x -4y +122+10=0.
Suyraa=-8,b=-4,c=12, d =10.
Vay T=-8-4-12+10=-14.
Trong khdng gian Oxyz, cho diém A(L0;2) va B(0;2;1). Biét mat cau duong kinh AB c6 dang
(C):(x—a)?+(y—b)?>+(z-c)? =d. Tinh gia tri biéu thic T =2a—b+4c+2d .
Loi gidi
Tra loi: 9
Mt cau (C) c6 tam '(%ﬂéj 1a trung diém AB .

B4n kinh |A=\/(1—%] +(o—1)2+(2_gj 6

2

1Y 3 3
Phuong trinh mit cau (C)Z(X—Ej +(y—1)2+(z—5j =5

Suy ra azl, b=1, c:E, d:§.
2 2 2

Vay T :2'%‘“4'%”'%:9'

Trong khdng gian Oxyz , mat cau ¢ tam 1(1;2;-1) va tiép xtc véi mt phang (P):2x—2y-z-8=0

c6 phuong trinh (C): x* +y® + 2 — 2ax—2by —2cz+d =0. Tinh gia tri ca biéu thiac a+b+c+2d.
Loi giai
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Tra loi: -4
Bén kinh mat cau 1a;

2-4+1-8
r=d(|,(P))=—| T+4+1|:3'

Phuong trinh mt cAu (C):(x—1)° +(y—2)*+(z+1)" =9.
S X +y +2°-2x-4y+27-3=0.
Suyraa=1Lb=2,c=-1d=-3.

Hay a+b+c+2d =1+2+(-1)+2.(-3)=—4.

Cau 4:  Trong khéng gian vai hé toa do Oxyz, cho | (0;2;3). Tinh ban kinh mat cau tm 1 tiép xdc vai truc
Oy .
Léi giai
Traloi: 3
Goi H hinh chiéu vuéng goc cua | 1éntruc Oy = H (O; 2;0).
M3t cau tdm | tiép xdc véi truc Oy nén mit cau c6 ban kinh R=IH =3.
Cau5:  Trong khong gian véi hé toa do Oxyz, goi (S) 1a mat cau di qua hai diem A(3;,-12),B(LL-2) va
c6 tam thudc truc Oz . Ban kinh ciia mat cau (S) 1a R. Giatri R® bang?
Léi giai
Tra loi: 11
Goi tam cia mat cau la 1 (a;b;c). Vi | €Oz nén 1(0;0;c).
Mat cdu di qua A,B nénco IA=IB < IA* = IB? < 9+1+(c-2)" =1+1+(c+2)" <c=1.
Ban kinh mit cau R = IA=+/11.
Cau 6:  Trong khong gian véi hé toa d Oxyz, cho diém A(2;0;0), B(0;2;0), C(0;0;2), D(2;2;2). Mt cau
ngoai tiép t dign ABCD c6 tam 1a 1 (a;b;c). Tinh gié tri biéu thic T =a—b—2c.
Loi giai
Tra loi: -2
Phuong trinh mat cau ngoai tiép tir dién ABCD c6 dang (S): x*+y®+2% —2ax—2by—2cz+d =0;
voi @’ +b*+c*—-d >0.
Vi mit cau (S) di qua cac diém A, B, C, D nén ta cd hé phuong trinh

4-da+d =0
4-4b+d =0 d=0 )

o .Suyra I(LL1) nén T=a—b—-2c=-2.
4—-4c+d =0 a=b=c=1

12—-4a-4b—-4c+d =0
Cau 7:  Trong khong gian véi hé truc toa do Oxyz, cho hai diem A(L0;-3), B(-3;—2;—5). Biét rang tap
hop cac diém M trong khong gian théa man dang thic AM? +BM? =30 1a mot mat cau (S). Tim
ban kinh R cua mat cau (S).
Loi giai
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Tra loi: 3

Goi toa do diém M (x;y;z). Khi dé6 AM? +BM? =30

= (x—l)2 +y? +(z+3)2 +(x+3)2 +(y+2)2 +(z+5)2 =30

& 2X2 +2y° + 277 +4X+ 4y +162+18=0

SX Y +7°+2x+2y+82+9=0

SN (x+1)2 +(y+1)" +(z+4)" =9 1a phuong trinh cia mat cau (S),cotam I (-1;,—1—4) vabéan kinh
R=3.

Cau8: Trong khong gian véi h¢ truc toa do Oxyz , cho tir dién déu ABCD c6 A(0;1;2) va hinh chiéu vudng
goccua A 1énmat phang (BCD) la H (4;—3;—2). Tam mit cau ngoai tiép trdién ABCD a 1 (a;b;c)
. Tinh gié tri biéu thac T =a?+b? +c?.

Léi giai

Traloi: 14

Goi I (a;b;c)= IA=(-a;1-b;2—c);IH = (4—a-3-b;—2—c)

Do ABCD la ti dién déu nén tdm | cua mat cau ngoai tiép tring véi trong tam t dién

Nén IA+IB+1C+ID=0=1A+3IH =0 = IA=-3IH (Vi H latrong tim tam giac BCD)
—a=-3(4-a) a=3

Tur do6 ta c6 hé phuong trinh{1-b= —3(—3—b) ={b=-2 =1 (3;—2;—1).
2-c=-3(-2-c) (c=-1

Vay T =a’ +b*+c* =14

Cau 9: Cho hai diém A, B cd dinh trong khong gian c¢6 d6 dai AB 1a 4. Biét rang tap hop cac diém M trong

khong gian sao cho MA=3MB la mét mat cau. Ban kinh mit cau do bang
Loi giai
Traloi: 1,5
Ta c6: MA=3MB < MA =9MB’ < (MI +1A) =9(Mi +IB)
< I ~91B” +2MI (IA-91B) =8MI” (1)

Goi | théa man ﬁ—gﬁzécﬁzéﬁ nén IB:%;IA:

N | ©

T (1) suy ra < 8MI?=18< Ml =g suy ra M thudc mat cau (S) co tam la | va ban kinh R=g

Cau 10: Trong khong gian Oxyz , c0 tat ca bao nhiéu gia nguyén caa m dé
X*+y®+2°+2(m+2)x—-2(m-1)z+3m* —5=0 1a phuong trinh mot mt cau?
Loi giai
Tra loi: 7
Phuong trinh da cho 14 phuong trinh mat cau khi va chi khi
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Cau 11:

Cau 12:

Céau 13:

Cau 14:
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(m+2)2+(m—1)2—3m2+5>0
< m?-2m-10<0

<:>—1—J1—1<m<1+J1—1

Theobaira meZ=m= {—2;—1; 0,12;3; 4} = ¢0 7 gidtri caa m nguyén thoa man bai toan.

Cho phuong trinh x> + y? + 2% —4x +2my + 3m> —2m =0 V&i m |a tham s6. Tinh tong tat ca cac gia
tri nguyén ciia m dé phuong trinh di cho la phuong trinh mit cau.
Loi giai
Traloi: 1
Gia st x* + y*> + 2> —4x +2my +3m”> —2m =0 la phuong trinh mat Cau.

Khi d6 tim mat cau 1a 7(2;—m;0), vaban kinh R = \/4+ m* —(3m* —2m) =-2m" +2m+4 . véi diéu

kien—2m’ +2m+4>0< me(-12).
Do meZ:me{O;l}.
Vay tong tat ca c4c gié tri nguyén cia m bang 1.
Trong khong gian Oxyzcé tat ca bao nhiéu gia tri nguyén m dé phuong trinh
X2 +y? + 2% + 4mx + 2my — 2mz + 9m? — 28 = 0 1a phuong trinh mit cau?
Loi giai
Tra loi: 7
Taco x* +y? +z° + 4mx+2my —2mz +9m’* —28 =0

<:>(x+2m) (y+m) +(z— m) =28-3m?

()laphuongtrlnhmatCau &28-3m° >0 — ‘/ <m<f

Do m nguyén nén me{-3;-2;-1;0;1;2;3}.

Vay c6 7 giatri cia m thoa man yéu cau bai toan.
Trong khong gian Oxyz , xét mit cau (S) c6 phuong trinh dang X* + y* +z° —4x+ 2y —2az +10a =0
. C6 bao nhiéu gia tri nguyén cua tham s a dé (S)co chu vi dudng tron 16n bang 8
Loi giai
Tra loi: 2
8n

Dudng tron 16n ¢6 chu vi bang 8 nén ban kinh cua (S) 1a P 4.
T

T phuong trinh ctia (S) suy ra ban kinh cua (S) la V22412 +a% ~10a .

a=-1
a=11"

Do d6: v22+1% +a% —10a = 4@{

Cho phuong trinh X* +y*+ 2>+ 2mx—4y+6mz+m®+4=0 (m la tham s6 vd m<0). Trong tit ca
Ccac mit cau co thé co duoc voi mdi gid tri cia m, viét phuong trinh mat cau c6 dién tich 13 367 . Tinh
P =m?+ 2024

Loi giai
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Tra loi: 2025
Tacd A=—m;B=2,C=-3m;D=m*+4
Taco r’=A>+B°+C*-D=m’*+4+9m*-m’ —4=9m’
Lai c60 S =47r’ =479m* =367 < m’ =+1=>m=-1= P =m’ + 2024 = (-1)* + 2024 = 2025 .
Cau 15: Trong khong gian véi hé toa @ Oxyz, cho diém M(l;—2,-3) va I 1a hinh chiéu vudng goéc cua
M(3;1;2) trén truc Ox. Goi (S) la mat cau c6 tam | va di qua diém M .
Do dai ban kinh mit cau bang
Loi giai
Tra loi: 3

Hinh chiéu vuéng géc cia M trén truc Ox la 1(1;0;0) = IM=~2*+1*+2* =3

Cau 16: Trong khong gian Oxyz, mit cau (S)cé tam la diém A(L2;-3)va di qua diém B(3;-2;1). Goi
M (Lb;-3) 1a diém thudc mat cau biét be N’
Tung d6 diém M c6 gia tri bang
Loi gidi
Tra loi: 8
Mit cau (S)di qua B(3;-2;1)nén ban kinh R = AB

& R=(3-1) +(-2-2)’ +(1+3 <R=6
Vay phuong trinh ctiia mat cau (S)1&: (x-1)* +(y—2)° +(z+3)" =36.
Thay toa do diém M (ZL‘ b; —3) vao phuong trinh mit cau (S ) , ta co:

b-2=6 b=8
1-1) +(b-2)’ +(-3+3)° =36 = (b-2)* =36
(1-2) +(b-2) +(3+3) =36 (b-2)'=36 x| "=

Vi b >0 nénnhan b=8.
Cau 17:  Trong khong gian véi hé toa do Oxyz , cho hai diém M (1;2;3), N(3;-2;-5). Matcau (S) c6 duong
kinh MN c6 phuong trinh dang (x —2)* +(y —a)* +(z—b)* =c. Khi d6 a+b+c bing
Lai giai
Tra loi: 20
+)Ta c0 toa do trung diém | cua doan MN l1a I(2;0;-1) va MN = (2,-4;-8)
— MN =4+16+64 =+/84 =221
+) Suy ra phuong trinh mt cau dwong kinh MN 1a: (x—2)* +y* +(z+1)* =21
+) Vay a+b+c=0+(-1)+21 =20

Cau 18: Trong khong gian véi hé toa @ Oxyz, cho diém A(L2;4)va A'la hinh chiéu vudng goc ciia A trén
mat phang Oxy. Mat cau (S) 6 duwong kinh AA' 6 phuong trinh dang
X’ +y* +z° +ax+by—4z+d=0.Khi 46 a+b+d bang
Loi gidi
Traloi: -1
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+)Tacotoaddcua A' la A'(1;2;0) = toa dd trung diém | cua doan AA'la I(1;2;2)
o AA'=(0;0;4) = AA'=~/0+0+42 =4

+) Suy ra phuong trinh mit cau duong kinh AA'1a: (x—1)" +(y—2)* +(z—-2)* =4
o +y’+z27 -2x—4y—4z+5=0

+) Vay a+b+d =(-2)+(-4)+5 =-1

Cau 19: Trong khdng gian vai hé toa dd Oxyz , cho mat cau (S) cotam 1(2;—4;3) va tiép xtc vai truc OX .
Ban kinh cua mat cau trén bang
Léi giai
Traloi: 5
Goi R la ban kinh cia mat cau (S) va H Ia hinh chiéu cia | trén truc Ox suy ra H(2;0;0) va

R=1H =(2-2)° +(0+4)’ +(0-3)’ =5.
Mit cau (S) c6tam 1(2;—4;3) vaban kinh Ia R=5.

Cau 20: Trong khdng gian véi hé toa do Oxyz, mat cau (S) c6 ban kinh bang 2, tiép xtic véi mét phang (Oyz)
va c6 tdm ndm trén tia Ox. Hoanh d¢ ciia tim mit cau (S) la
Loi giai
Tra loi: 2
Goi | latam mat cau (S). Vitam | nam tréntia Ox nén I(a;0;0), (a>0).
Vi mit cau (S) c6 ban kinh bang 2, tiép xtc véi mét phang (Oyz) nén ta co:
a=2
a=-2
Do a>0 néntanhan a=2, loai a=-2. Suy ra mit ciu (S) cotam 1(2,0,0).

N _
d(l,(Oyz))—2<:>T—2<:>|a|—2<:{

Cau21: Matcau (S) cotam 1(=12;3) va c6 dung mot diém chung véi mét phang (Oxy). Goi mot giao diém
cua mat cau (S) véi truc Oz 1a A(a;b;c) (c>1). Tong a+b+c bang
Loi gidi
Traloi: 5
Taco (Oxy):z=0.
Miit cau (S) c6 diing mot diém chung véi mat phang (Oxy) <> R=d(1,(Oxy))=3.

Suy ra (S):(x+1)2+(y—2)2+(z—3)2 =9,

YA
Cho x=y=0:>12+22+(z—3)2=9<:{ )
7=

Vi c>1nén A(0;0;5)=a+b+c=5.
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X=1+2t
Cau 22: Goi | 1a giao diém cua duong thang d :{y=-2—t vamit phang (Q): x+y+z-3=0. Ban kinh cua
z=t

mat cau (S) co tam | vatiép xtc véi mat phang (P):2x—y+2z=0 bang
Léi giai
Tra loi: 6
Taco | ed = I (1+2t;-2-t;t).
Vil=dn(Q) nén I e(Q)=1+2t-2-t+t-3=0t=2.
Suyra I (5-4;2).
=\2-5—(—4)+2-2\=6
\/22+(—1)2+22

Mt cau (S) tiép xtc véi mit phing (P):2x—y+2z=0 < R=d(1,(P))

Cau 23: Phuong trinh mat cau tam | (L-2:3), tiép xUc véi truc Oy c¢6 binh phuong cta ban kinh 1a
Loi giai
Tra loi: 10
Vi mit cAu tiép xuc véi truc tung nén ban kinh R = /1% + 32 =/10.

x+1 y-2 z+3

Cau 24: Cho diém | (—3;1; 4) va duong thang d c6 phuong trinh . Phuong trinh mat cau

tam | , tiép xtic v6i d c6 ban kinh 1a (lay gia tri gan ding dén hang phan trim)
Loi giai
Tra 10i: 5,48
Vi mat cau tiép xtc véi d nén ban kinh R=d(1,d)=IH véi H Iahinh chiéucua | 1én d.
Vi Hed néngoi H(2t-Lt+2-t-3) ma IH Ld nén IH.u, =0.
Taco IH(2t+2;t+L-t—7);u, (2L -1)
Suyra 4t+4+t+1+t+7=0ct=-2= IH(-2-1L-5) = R=+/4+1+25 =/30 ~ 5,48,

Cau 25: Cho dudng thing d :XTH:%: Z;2 va diém 1(0;0;3). Mat cau (S) cotam | vacat d tai hai
diém A, B sao cho tam giac IAB vudng tai 1 . Dién tich tam giac IAB bang
Loi giai
Traloi: 1
| d
A H B

Puong thing d di qua M (=1,0;2) vaco VTCP u(L;2;2).
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Cau 26:

Cau 27:

Cau 28:
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- - fii ]
Do do: IM (-1,0;-1) = u, IM | =(-2-1;2), suy ra d(l,d):Tzl.
u
Vi tam giac IAB la tam giac vudng can tai 1 nén IBA=45°,
Khi d6 tam giac IBH latam giac vudng can tai H .

= IB=IH2 & R=+2d(l,d) < R=+2.

SA,AB:%IA.IB:%(\/E)Zzl

Goi d Ia giao tuyén ciia hai mat phang (P):x—2y+z-9=0, (Q):2y+z+5=0. Mt cau (S)
co tam 1(2;1;1) cét d tai hai diém phan biét A, B sao cho AB=16. Ban kinh cua mat cau (S) bang
Loi giai

Traloi: 9

(P) ¢ vecto phap tuyén f,(1;—2;1), (Q) c6 vecto phap tuyén fi,(0;2;1) nén d c6 vecto chi phuong
a=[n;n,]=(-4,-1;2).

d di quadiem N (14;0;-5) = IN = (13;-1;,-6) = | IN,u | =(-8,-2;-17)

Khoang cach tir | dén d 1a

Goi  lahinh chiéu cua | trén latrung diémcua  va
Ban kinh mat cau la

Tinh ban kinh mét cau (S) c6 tam 1(1-1;2), biét mat phang (P):4x+3y+12z+1=0 cat mat cau
theo mét giao tuyén 1a duong tron co dién tich bang 167 . (lam tron dén hang phan trdam)
Gia tri bang
L oi giai

Tra loi: 4,47

4-3+12.2+
a(1(p)) =222

N4 +37+12°
Tacd S=rnr’ <16r=nr> <r=4.

= a2 (1:(P))+r? =22 + 47 =25 ~ 4,47,

Mat cau (S) c6tam 1(2;3;—1) va ban kinh R, biét mat phang (P):9x+12y +8z+5=0 cit mat cau
theo mot giao tuyén 1a duong tron c6 ban kinh r =m+1. Tim tong cac gia tri nguyén cia tham sé m
dé ban kinh mat cau nho hon 5.
Gia tri bang
Loi gidi

Tra loi: 3
Taco: r=m+1>0<m>-1

9.2+12.3+8.( +5\
d(1;(P))=

J9% £12? +82
Tacd

8| Th.s Lé Viégt (THPT Thiing Long, Ha Ngi) — Chuyén gia Chién hrgc Gido duc va Su nghig¢p




UF‘F

] ‘*@aﬂ

Cau 29:

Céau 30:

Céu 31;
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0<R., <5<:>\/d2(l;(P))+r2 <53 +(m+1) <25 m’ +2m-15<0< -5<m<3.
Két hop diéu kién ta dugc: ~1<m<3.Ma meZ nén me{0;1;2}.
Téng cac gia tri nguyén caa m bang 3.
Goi I(m;n; p) latam ciia mt cau (S) di qua4 diém M (2;2;2), N(4;,0;2), P(4;2;0) va Q(4;2;2)
.Khi d6 T =2m+n-3p bang
Loi gidi

Tra loi: 4
Goi phuong trinh m3t ciu (S): X* +y* +2° —2ax—2by—2cz+d =0, (&’ +b* +c*~d >0).
Do M (222)e(S)< —4a—4b—4c+d =-12 (1)

N (4,0;2) & (S) < -8a—4c+d =-20(2)

P(42,0)e(S) < —8a—4b+d =—-20(3)
Q(4,2,2)e(S) = -8a—4b—4c+d =-24(4)
Giai hé (1), (2), (3), (4)tacd a=3, b=1, c=1 d =8, suy ramat cau (S) c6 tam 1(3;11)
Khidé T =2m+n-3p=23+1-3.1=4
Cho 3 diém A 2;0;1 ,B 1,0;0 ,C 1,11 vamit phang P :X+4y+z—2=0. Phuong trinh mat cau

di qua 3 diém A, B,C va c6 tam thudc mat phang P c6 ban kinh 1a

Loi giai
Traloi: 1
Goi | a;b;c 1a tam mat cau di qua 3 diém A, B,C.
., IA? = IB?
Khidé IA=IB=IC &
IA? = IC?
a—2°4+b*+c-1°= a-1°+b*+c? a+c=2
A 2 2 2 2 2 ) <
a—2 +4+b°+c-1"=a-1"+b-1"+c-1 a-b=1

Do tdm ctia mat cau thuoc mat phang P nén a+b+c—2=0.
Ta c6 h¢ phuong trinh:

at+c=2 a=1

a—b=1 <ib=0.

at+b+c=2 |[c=1
Bén kinh ciamat cau la: R=1A=1.
Cho 3 diém A 0:8:0 ,B 4;6:2 ,C 0;12:4 . Phuong trinh mat cu di qua 3 diém A,B,C va c6 tam
| a;b;c thuoc mat phang Oyz . Khido, a+b+c=.....

Loi giai

Tra loi: 12
Do tam | thuéc mat phang Oyz nén | O;b;c =a=0.
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f A 2 . IA> = IB?
Mat cau di qua 3 diém A B,C nén IA=IB=IC &
IA> =IC?

b—8°+c?=42+b-6"+c—2" {b:7
= = .

b—8°4+c?=b-12°+c—4" =5
Vaytam | 0;7;5 .Nén a+b+c=12.

Cho cac diém A(1;3;1); B(3;2;2) . Ban kinh mit cau di qua hai diém A, B va tam thuoc truc Oz bang
(1am tron dén hang phan tram)
Loi giai
Tra loi: 3,74
Do tdm | thugc truc Oz nén 1(0;0; z)
A =1° + 3% + (2 -1)?
IB2=3*+2°+(z-2)°
Do mit cau di qua 2 diém A,B nén IA =B
= IA* = IB?
SV +3F+(2-1)°=3+2+(2-2)°
&271=6<12=3
= 1(0;0;3);R? = IA2 =14
— R=+14~3,74

Cho céc diém A(0:1:3) va B(2:2:1) va duong thang d : X =% =Y _12 " _23 . Ban kinh mit ciu di qua
hai diém A,B va tam thugc duong thiang d bang (Iam tron dén hang phan tram)
Léi giai
Tra loi: 2,29
Do tdm | thudc truc Oz nén | (0;0;z)
q- x—1: y—2: z-3
2 -1 -2
x=1+2t
Phuong trinh tham s6 coa d:{ y =2t
z2=3-2t
Goi | 12 tam cta mit cau, do | thuoc d nén | (1+2t; 2 - t; 3 - 2t)
Ta co:

IA? =(1+2t)* +(2-t-1)°+(3—-2t —3)* =9t* + 2t + 2
IB?=(1+2t-2)*+(2-t-2)*+(3—-2t-1)*> =9t — 4t +5
Do mit cau di qua 2 diém A,B nén IA =B

= |A? = IB?

= 0t* +2t+2=9t> —4t+5

<t=1/2
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Cau 34:

Céu 35:

Céau 36:
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= 1(2,3/2;2);R* = IA> =21/ 4

J21

=R=—"""%2,29
2

Trong khong gian véi hé truc toa do Ozyz, cho mit cau (S ) cdtdm / a;b;c nam trén dudng thang

(d):%:yT_l:% va tiép xuc véi hai mat phang (P):Z:z:—z—4=0, (Q):x—Zy—Z:O.

Tong P=a+b+c bang
Loi gidi
Tra loi: 6
Goi thm mat cau la I(a;a+L a+2)e(d). Do mit cau tiép xlc voi (P) va (Q) nén
i(1: () = (1))
20-a-2-4 \ 2(a+1)-2|

Suy ra
y 5 N

Tam mit cau la I(L- 2; 3):P:6

<:>‘a—6‘:‘—a—4‘<:>a=1.

Trong khéng gian vai hé toa do Oxyz, mat cau (S) ¢6 tam thuoc Ox va tiép xdc véi hai mat phang
(P):x+2y+2z-1=0,(Q):x—2y—2z+3=0c6 ban kinh R bang (két qua lam tron dén hang phan

tram)
Loi gidi
Tra loi: 0,67
Goi 1(;0;0) Ia tam cua mat cau (S). Tacé d(I;(P))=d(1;(Q)) < |a3 4 @ a=-1
s ar o1z , , or A N . |a—1| 2
Khi d6, ban kinh cua mit cau (S)1a R =d(1;(P)) = S
Trong khdng gian Ozyz, cho hai dudng thang A, : v ; 4y _11 =2 +25 Va A, : :z: I 2 _ yT+3 = %

. Trong tat ca mat cu tiép xtc voi c4 hai duong thang A,va A,. Goi (S) 1a mat ciu c6 ban kinh nho
nhét. Dién tich caa mat cau d6 co két qua 1a ( 1am tron dén hang phan truc)
Loi gidi

Tra loi: 18,8
Ta dé dang kiém ching duoc A, va A, chéo nhau
Vi mat cau (S)tiép xtc véi hai dudng thang A, A, va c6 ban kinh nhé nhat. Suy ra mat cau (S)la
mit cau duong kinh AB (vé6i AB 1a doan vudng goc chung cua A, A,)
Taco: A, di qua M (4;1,-5) vaco VTCP u, =(3;,-1-2)
A, di qua N(2;-3;0) vaco VTCP u, =(1;3;1)

[ v JVN]
Suyra d(A;,A,)="r——

)_
]
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d(A,A . . p N
Vay bén kinh R :% :¥: J6. Dién tich mat ciu (S)13 S = zR? =67 ~18.8
A ] « . e LA R . ) 2 X y-3 z-4 .
Cau 37: Trong khong gian voi hé toa do Oxyz, cho hai duong thang d, 4T T3 va
X=2 'y z+10 . . S e A a R Loy A
d, R .Goi (S) lamat cau tdm 1 (a;b;c) c6 ban kinh nho nhat trong s6 cac mat cau
tiép xtc véi ca d,va d,. Giatri T =a? —b+cco két qua la
Loi giai
Traloi: -4
(I[ M
" 1
\‘ M
4 \

/\ ©)
; "

Goi (S) lamat cau tam |, ban kinh R tiép xtic véi d, va d, lan luot tai M va N .

Suyra IM Ld, va IN Ld,.Khidétaco IM+IN >MN <:>2R2MN<:>R2M—2N.

Dé ban kinh R dat gid tri nho nhat thi MN dat gia tri nho nhat hay M, I, N thang hang.
D& nhan thay d,va d, chéo nhau. Suy ra MN 1a doan vuéng goc chung cua d, va d,. Khi d6. Mat
cau (S) la mat cau duong kinh MN .

X =—4t
Thatvay, tac6 d;:1y=3+t c6 VTCP @:(—4;1;3). M ed, = M (—4t;3+t;4+3t).
2=4+3t
X=2+4t
d,:y=-2t'"  c6VTCP u, =(4;-2;-3). N ed, = N(2+4t’;-2t;-10-3t")
z=-10-3t'

Suy ra MN = (2+4t' +4t;—3-2t'—t;-14-3t'-3t)

[MN Lu,  [MNu, =0  (27t'+26t=-53 [t'=-1= N(-2;2;-7)
Co = = =
20t' + 27t = 56

MN Lu,  [MNu, =0 t=-1=M(4;2;1)
a=1
Vimit cau (S) 1a mat cau duong kinh MN suy ratam 1(1;2;-3) hay {b =2
c=-3

Vay T=a’-b+c=1"-2+(-3)=—4.
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Xx=1-t
Cau38: Trong khong gian Oxyz, cho dudng thang d:{y=mt,(meRteR)va mat cau
2=2

(S):x*+(y—2)" +(z+2)" =25. Biét duong thang d khdng cat mat cu (S).
S6 gia tri nguyén dwong m twong wng bang

Léi giai
Traloi: 0
Goi M (1-t;mt;2)ed la giao diém (néu c6) cua dudng thang d va mat cau (S).
Thay diém M (l—t; mt; 2) vao phuong trinh mit ciu, ta co: (1—t)2 +(mt —2)2 +(2+ 2)2 =25
S1-2t+° +m’t’ —4mt+4-9=0< (m? +1)t* - 2(1+2m)t-4=0(1)
Dé duong thang d khong cit mat cau (S) khi
A
S 1+4m+4m® +4m®* +4<0
<8m’+4m+5<0(VN)
omed

<0& (1+2m)’ +4(m2 +1) <0

x-1 y+4 743
1
cach ngan nhat tir tam mat cau (S) dén duong thang d bang(lam tron két qua dén hang phan tram)

. Khoang

Cau 39: Cho mat cdu (S):(x—1)°+(y+2)" +(z-3)" =16 va duong thing d :

Loi giai
Tra loi: 3,38
Mit cau (S) c6tam 1(L,—2;3), ban kinh R =4
Thay tam 1(1-2;3) vao phuong trinh duong thang d , ta duoc: g # % # g

Nén tam I (L-2;3) khong thuge duong thang d .
Chon M (L-4;-8)ed = IM =(0;-2,-6)=| IM,u, | =(0;-12;4).

[™M.u] i JO7 +(~12)" + 42

Vay d, == ~ 3,38
N Y RN oo
X=2+t
Cau 40: Cho mit cau (S):x*+y?+2°—2x+4y—6z+5=0 va duong thang d:{y=-1+t, (meR,teR).
z=2+mt

Biét d cat mat cau tai hai diém A, B phan biét va 6 dai AB=6.
S6 gia tri m nguyén thoa dé bai la
Loi giai
Tra loi: 0
Mit chu ¢ dang: (S):(x—1)" +(y+2)" +(z~3)" =9 vatam 1 (1;-2;3), ban kinh R=3

Chon M (2;-1;2)ed = IM = (L1 -1)= | IM,u, | =(m+1-m-1,0)
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Tacé d —‘[W’E]‘_\/(mJFl)Z*(_m—l) +0° \/m
(1d) ™ ‘q‘ - Dt m

2 2
Vi d cat mat cau tai hai diém A, B phan biét nén R? =d? (AR g 2m +am+2 9
()~ 4 2+m? 4

2m? +4m+ 2 27
2+m?
Vay khong cé gia tri tham sé m thoa dé bai.

< 19m? —16m + 46 = 0 (vd nghiém)

Trong khéng gian véi hé toa do Oxyz , cho mat cau (S) diqua 4 diém c6 toa do lan luot 1a A(2;0;0)
, B(-10;1), C(0;0;3), D(L1—1). Tam cua mat cau (S) la I(a;b;c). Tinh gia tri cua biéu thic
T=4a+b-c.

Loi giai
Traloi: 3
Goi phuong trinh téng quat cua mat cau (S):x* +y? +2° —2ax—2by—2cz+d =0
Thay toa d6 4 diém vao phuong trinh mit cau, ta duoc hé phuong trinh:

4—-4a+d=0 —4a+d=-4
1+1+2a-2c+d =0 2a—-2c+d=-2
=
9-6¢c+d =0 -6¢c+d=-9
1+1+1-2a—-2b+2c+2d =0 —-2a—-2b+2c+2d =-3
11
a=—
14
b
R 14 =T=4a+b-c= 4E E_Q
19 14 14 14
14
g=_2
7

Cau 42: Trong khong gian véi hé toa do Oxyz , phuong trinh mat cau (S)co tam 1(1;3;2) va co mot tiep tuyen

x-1 y-1 2z

la duong thang A: T T c6 dang Xx°+y?+z*—2ax—2by—2cz+d=0. Tinh
T=a+b+c-d.
Loi giai
Traloi: 0
o 5 M, (330)eA E—
Ta c6 duong thang A : B . Suy ra MM, =(0;-2;-2).
VTCP U =(LL-1)
u, MM
Vi A la mét tiép tuyén ciia mat cau (S)nén R = d(M,A):‘[ m O] :\/\/2?:2\/5.

Khi d6 phuong trinh mét cau (S) c6 dang: (x—l)2 +(y—3)2 +(z —2)2 =8
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a=1
2 2, 52 b=3
S X +Y +2°-2Xx—-6y-42+6=0=> 2:>T:a+b+c—d:0.
CcC=
d=6
A . x+1 y z-2 ‘ ia . g
Cau 43: Cho diém 1(0;0;3) va dudng thang d : R TR Tim ban kinh mét cau (C) co tam | va cét
duong thang d tai hai diém A, B sao cho AB =6 (két qua 1am tron dén hang phan trim)
Loi giai
Tra loi: 3,21
/ N
/ A
| T T T T~ N
[1__ T __,j
N\ i d
N R ¥
_,El,\“‘ H “ B

* Goi H(—1+t;2t;2+t)ed 1a hinh chiéu vudng goc cia | 1én dudng thang d
:m:(—l+t;2t;—l+t)

* Ta ¢6 vecto chi phuong ciia d : U= (L21)vaIH Ld

oo||\>
oolr\)
w|~

=S HU=0c -1+t+4t-1+t=0< 2+6t—0©t_%:>H( ; j

SROROREESS

2
Vay ban kinh ctia cdu: R=1A=1B=+IH?+HA? = [%J +3° zgz&ﬂ

Cau 44: Trong khong gian véi toa do Oxyz, cho mit cau C : x-1 g y-2 “+ 243 °=11. Puong thang
dla tiép tuyén cia mit cau C tai diém A(Z;ZL' O) c6 vecto chi phuong la E = (-1;b;c) va vudng

g6c véi dudng thang A: T+1 = % = 2%2 Tinh gia tri b+c ( két qua 1am tron dén hang phan trim).

Loi giai
Traloi: 0,71
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Mitcau C c6tam | =(12;-3), khidé 1A=(L-13)

DPuong thang A c6 vecto chi phuong Q =(12;1)

Do d 1a tiép tuyén ciia mit cau tai diém A(2;10) nén 1Au, =0< —-b+3c-1=0
Lai c6 d vudng goc voi duong thing A nén ujq =0<2b+c-1=0

—b+3c-1=0

2

Ta c6 hé phuong trinh = /
2b+c-1=0 3

7

Vay b+c:gz0,71.

Cau 45: Trong khong gian Oxy, tong tat ca bao nhiéu s6 tu nhién cia tham s6 m dé phuong trinh

X’ +y?+2°+2(m—2)y—2(m+3)z+3m*+7=0 la phuong trinh ciia Mot mét cau,

Loi gidai
Tra loi: 6
a=0
N b=m-2
Ta co: c=—(m+3)
d=3m"+7

Phuong trinh trén 1a phuong trinh mat cau khi:
a?+b*+c*—d>0 <:>(m—2)2 +(m+3)2 —(3m2 +7)>0
S -m+2m+6>0 =17 <m<1+47.
Ma meN:me{O;l;Z;S} .Nén 0+1+2+3=6
Cau46: Trong khong gian Oxyz, cho diem A(1;m;1) va mit cau (S) co6 phuong trinh
x*+y* +2° -2y +4z-9=0. Tap céc gid tri cua m dé diem A nam trong khoi cau c6 dang (a;b) Voi
;b 1a céc s6 nguyén. Gia tri cia a° bang.
Loi gidi
Tra loi: -1
Mt ciu (S) c6 phuong trinh x°* +y° +2* -2y +4z-9=0.
Diém A(1;m;1) ndm trong khdi cau (S) < 1* +m* +1° —2m+4.1-9<0 < m* -2m-3<0
Sme (—1; 3) .
vay o’ =-1
Cau 47: Trong khong gian Oxyz, c6 bao nhiéu gia tri nguyén duong m dé phuong trinh
x* +y* +2z* —2x—2y—4z+m=0 la phuong trinh cia mot mat cau?
Loi gidi
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Traloi: 5
Taco: x*+y* +z° —2x—2y—4z+m=0 <:>(x—1)2+(y—1)2+(z—2)2 =6-m.
Dé phuong trinh trén 12 phuwong trinh mit cau thi 6-m >0 < m<86.
Vay gia tri nguyén duong m cantimla 1,2;3;4;5.
Vay c6 5 gia tri thoa dé.
Trong khong gian Oxyz, cho mat cau (S) c6 tam I(1;,-3;2) va di qua A(5;-14) c6 dang
(x—a)’ +(y-b) +(z—c) = R?. Tinh gia trj biéu thuc T =a+b+c+R?.
Loi gidi
Tra loi: 24
Tam 1(1,-3;2)

Bankinh R=IA=+16+4+4 =24

Viy phuong trinh mat cau (S) : (x—l)2 +(y+3)2 +(z - 2)2 =24.

Taco: a+b+c+R*=1+(-3)+2+24=24.

Trong khong gian Oxyz, cho ba diém A(l; 2; —4), B(l; —3;1), C(2; 2,'3). Tinh duong kinh [ ctia mat

cau (S) di qua ba diém trén va c6 tdm nam trén mat phang (Oxy) (lam tron két qua dén hang phan

chuc).
Loi giai
Tra loi: 10,2

Goi tAm mat cdu la: [ ( )

'Y
gm®«>< 2) = J(x=t) +(y43) o
AL=CE ] ety + (y=2) +42 = (x=2) +(y=2)' +&°
- (y— ) +4% = (y+3)2

(x 1) +42—(x 2)2+32

10y=10 [x=-2
= = .Suy ra I(—2;1;0)
2x=-4 y=1

y2—4y+4+42 =y* +6y+9+1°
X =2x+1+16=x"-4x+4+9

Vay 1= 2R =2,(2-1) +(1-2)] +4° = 2426 ~10,2.

Trong khong gian Oxyz, cho cac diém A(—Z; 2; —2), B(S; —3;3) va diém M khong ¢ dinh trong

A 2 (s ; .
khong gian théa man % = 3 Khi d6 do dai OM 16n nhat bang bao nhiéu? Lam tron két qua den

hang phan chuc.
Loi gidi
Tra loi: 20,8
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Goi M(x;y;z).

Taco: MA _2 < 9MA? = AMB?
MB 3

@9[(“2)2+(y_z)2+(z+z)1:4[(x_3)2+(y+3)2+(2_3)2}
o +y° +2° +12x 12y +12z =0

Suy ra M thuoc mit cau (S) tam 1(—6;6;—-6) béan kinh R=643.
Khi d6 OM, =d(O;1)+R =OI+R=63+643 =123 ~20,8.

Cau 51: Trong khong gian Oxyz, khi phuong trinh x° +y? +2° —2(m+2)x+4my —2mz+7Tm*-1=0 la

phuong trinh mat cau. Xac dinh m dé mat cau ¢ ban kinh 16n nhét.
i 2
Tra loi: 2
Phuong trinh x° + 1 +z* = 2(m+ 2) x + 4my — 2mz+7m* —1=0 1a phuong trinh m3t cau

<:>(m+2)2+4mz+mz—(7m2 —1)>0<:>—m2+4m+5>0 & -1<m<5.
Vi me(—1;5) ta c6 mat cau co ban kinh 1a RzJW:./—(m—z)z +9.
Tacd (m-2) 20=—(m-2) +9<9e \|-(m-2) +9<3.
Vay, ban kinh mat cau 16n nhét bang 3 khi m=2.
Cau 52: Trong khdng gian Oxyz, cho diém I(1;-2;3). Goi (S) la mat cau c6 tam I va cét truc Ox tai hai

diém A va B sao cho AB=243. Khi do, phuong trinh mit cAu (S) c6 dang la

2 2 ) E
(x—a) +(y—b) +(z—c) = R?, tinh gia tri ctia P = = ?

Loi gidi
Tra loi: -1,5
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Céau 53:

Cau 54:
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A B

Goi H la hinh chiéu vudng géc cua I 1én truc Ox = H(1;0;0)=1IH ~-\13
Ma HA = %AB -3.

Nén ban kinh mat cau can tim 12 R=1A =VIH? + HA? =4.

2

Khi d6, phuong trinh mat cau can tim 1a: (x—l)2 +(y+2)2 +(z—3) 16.
be 1(-2)3 3

. a
Vaygidtricia P=— =———=->=-15,
y gia tri R ) 5
x=1+t
Cho cac diém A(-2;4;1), B(2;0;3) va duong thing d:{y =1+2t . Goi (S) la mit cau di qua A, B
z=-2+t

va c6 tdm thudc duong thang d . Ban kinh ciia mat cau (S) la R=a/b, tinh giatri cia P=a+b?
Loi giai

Tra loi: 6

Tam [ ed = I(1+41+2-2+t).

E:(3+t;—3+2t;—3+t); Efz(—l+t;1+2t;—5+t).

Vi (S) di qua A,B nén ta co:

IA=IB & IA = 1B & (3+1) +(-3+2t) +(-3+1) =(-1+1) +(1+2t) +(-5+1)

S4=0o1t=0=IA=(3-3-3).

Suy ra, ban kinh mit cau (S): R=1A= \/32 +(—3)2 +(—3)2 =343.
Vay giatricia P=a+b=3+3=6.

Trong khdng gian Oxyz, cho dudng thang A : x—21 = % = 212 va miat phing (P) :2x-y+z-3=0.

Goi mit cau (S) c6 tam I(a;b;c) thuoc A va tiép xic véi (P) tai H(1;-10). Khi d6 gia trj

a* +b® +c* bang bao nhiéu?
Loi gidi
Tra loi: 14
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Cau 55:

Cau 56:
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x=1-2¢
Ta c6: phuong trinh tham sé cua A 13 y=2t . Vi IeA:>I(1—2t;2t;2+t).
z=2+t

Mat cau (S) c6 tam I(1-2t;2t;2+t)e A vatiép xic voi (P) tai H(1;-1;0) nén ta co:

(2t) +(-1-2t) +(-2-¢)

2(1-2t)-2t+(2+¢t)-3
d(I,(P))zIH@‘ 1-2) 5 ) ‘:\/
22 +(—1) +12

& (-5t +1) =6(9 +8t+5) <> —29t* ~58t ~29=0 & t =1.
t=—1=1(3;-2;1) =a=3b=-2,c=1,
Vay a’ +b° +c* =14.
Trong h¢ truc Oxyz cho trudce (don vi trén tryc la met), cho mot tram thu phat song 5G ¢6 ban kinh
viing phii s6ng cua tram & ngudng 600m dugc dat ¢ vi tri 1(200;450;60). Tim gi trj I nhat cua m
(lam tron dén hang don vi) dé mot ngudi dung dién thoai & vi tri A(m+100;m+370;0) c6 thé su
dung dich vu caa tram ndi trén.

Loi gidi
Tra loi: 512
Dé mot nguoi ding dién thoai & vi tri A(m+100;m+370;0) c6 the s dung dich vu cua tram thu
phét séng 5G ¢6 ban kinh ving phu song cua tram ¢ ngudng 600m dugce dat & vi tri 1 (200 ;450 ;60)
thi IA <600 < (m~100)" +(m~80)" +(~60) < 600”

180—-+/712400 . B 180++/712400
> <m< .

< 2m* —360m —340000< 0 <

2
Vay gié tri lon nhit cua m 1a 220 “2712400 ~512.
A . -2 _y-1 z-1
Trong khong gian Oxyz, cho duong thang A: 3 > 5 (P):x+2y-2z-2=0,

(Q):x+2y—2z+4=0. Goi mt cau S(I,R) c6 tam I thudc A va tiép xic véi (P),(Q). Khi do

duong kinh cia mat cau ¢ gid tri bang bao nhiéu?

Loi gidi
Tra loi: 2
x=2-3t
Ta co: phuong trinh tham s6 clia A 12 4y =1+2t. Vi Te A= 1(2-3t;1+2t;1+2t).
z=1+2t

Mt cau (S) c6 tam I(Z—Bt;1+2t;1+ 2t) thuoc A va tiép xuc véi (P ,(Q) nén ta co:

(1,(P))-d(1(Q) @\(2—3t)+\/%+2t)—2\ \(2—3t)+\/’;%+2t)+4\
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<:>|—3t| :|—3t+6|:>t:1.

Suy ra mt cau (S) c6 tam I(-1;3;3) vaban kinh R=1.

Vay duong kinh caa mat cau (S) bang 2.

Xx-2 y+4 z-3
1

thang d cat mat cau (S) tai hai diém phan biét trong d6 M (Xy,; Yy i 2y ) Vi Xy, >0

. buong

Cau57: Cho mat cau (S):(x-1)"+(y+2)" +(z-3)" =25 va duong thang d :

Gia tri biéu thac T =xZ +y?2 +z2 bang (Lam tron két qua dén hang phan mudi)
Loi giai
Tra loi: 70,5
Thay toa d¢ tdm 1 (1;,—2;3) vao phuong trinh duong thang d , ta duoc: —% # % 0.
Nén duong thang d khong di qua tim 1 (1;-2;3).
X=2+2t

Ta c6 duong thang d 1<y =—4+t,(teR) véi M ed < M (2+2t;—4+1;3+3t)
z=3+3

Thay diém M (2+2t;—4+1;3+3t) vao phuong trinh mét cau (S), ta dugc:
& (2+2t-1) +(-4+t+2)" +(3+3t-3)" =25
& (2t+1)° +(t-2)" +(3t) =25

<14t +5=25
t:—m:M 2+2m;—4+m;3+3\/ﬁ
10 7 7 7 7
o t? :7<:>

2 2 2
Vay x5 +Yyo +27 :(2+2\/7%J +(—4 @j +(3+@j ~ 70,5
Cau 58: Cho 3 diém M (2;3;3), N(2;—1—1), P(-2;-1;3) va mit phiang («):2x+3y—z+2=0. Phuong trinh
mat cau di qua 3 diém M, N, P va c6 tdm thudc mit phang o cd ban kinh 1a:
Loi giai
Tra loi: 4
Phuong trinh mat cau (S) c6 dang: x* +y? +z% — 2ax—2by —2cz+d =0 voi
a’+b’+c*—d>0.
4a+6b+6c—d =22
Mt cau qua M,N,P=><4a-2b-2c-d =6
4a+2b-6c+d=-14

Mat cau c6 tam 1 (a;b;c) thudc mét phang ()= 2a+3b—c+2=0.
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Cau 59:

Céau 60:
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a=2
Giai hé ta dugc: <b=-1=1(2;-13).
c=3

Ban kinh ciamatcau la: R=1IM =4.
Trong khong gian véi hé toa do Oxyz, cho hai diém A(3;-2;6), B(0;1;0) va mit cau
(S): (x=1)?+(y—2)*+(z-3)* =25. Mit phiang (P):ax+by+cz—2=0 di qua A, B va cit (S)

theo giao tuyén 1a duong tron c6 ban kinh nho nhat. Tinh T=a+b+c=....
Loi gidi

Tra loi: 3

Mit cau (S) c6 tam 1(1;2;3), ban kinh R=5.
Mit phang (P) c6 vec-to phap tuyen fi, =(a;b;c)
Theo gid thiét B(0;,0)e(P):b-2=0<hb=2.
Tac6: AB=(-3;3,-6) cung phuong véi U =(1-12)
x=t
= Phuong trinh duong thang AB:{y=1—t
z=2t

Goi r 14 ban kinh dudng tron giao tuyén.
K 14 hinh chiéu vudng goc cua | 1én dudng thang AB,

H la hinh chiéu vudng goc cua | 1én (P)
Taco: K e AB= K(t;1-t;2t) = IK =(t-L-t-1,2t-3)
IKLAB:E.RzO:tzl:R:(O;—Z;—l)

r=R*-d?(1,(P)) = J25-d*(1,(P)) =v/25- IH?

Taco: r,;, < IHmax

Ma IH <IK=IH,, =IK &H=K=(P)LIK =i, va IK cing phuong.
a=0 a=0 0

= fi, =kIK = |b=—2k = k=—1:>{?;1 —T=a+h+c=0+2+1=3.
c=-k c=1

Mot qua bong rd duge dat & mot goc cua can phong hinh hop chir nhat, sao cho qua béng cham va tiép
xUc véi hai bire tuong va nén nha cua cin phong do thi c6 mot diém trén qua bong c6 khoang cach lan
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luot dén hai buc trong va nén nha 1a 17 cm, 18 cm, 21 cm (tham khao hinh minh hoa). Hoi d6 dai
duong kinh ciia qua bong bang bao nhiéu cm biét rang qua béng rd tiéu chuan cé duong kinh tir 23 cm
dén 24,5 cm? Két qua la tron dén mét chir s6 thap phan.

18 Y
21

Loi gidi
Tra loi: 23,9
Ta dat hé truc vao can phong sao cho c6 hai buc tuong la mat (Oxz),(Oyz) ,vanén la (Oxy) .

z A

o
Vay bai toan din dén viéc tim duong kinh cua mat cau tiép xdc véi 3 mat phing toa do va chira diém
M (17;18;21).

Ta c6 thé goi phuong trinh mat cau la (S) : (x—a)2 +(y—a)2 +(z—a)2 =a?,véi a>0 (do mat cau
tiép x(c véi cac mat phang toa do nén a=b=c=R).

Do M(17;18;21) & (S) nén (17-a) +(18-a) +(21-a) =a?
a=28-+257

a=28+ \/E

Vi qua bong rd tiéu chun cé duong Kinh tir 23 cm dén 24,5 cm nén a = 28—+/257 thoa.

Vay dudng kinh qua bong bang 2a =56 - 24/257 ~ 23,9(cm).

= 20> -112a+1054 =0 <

Cau 61: Trong khong gian Oxyz, cho mat cdu (S):x*+(y)’ +(z-2)" =3. C6 tit ca bao nhiéu diém
A(a,b,c) (a,b,c lacac so nguyén) thupc mét phang (Oxy) sao cho cd it nhét hai tiép tuyén cua (S)
di qua A va hai tiép tuyén d6 vudng goc voi nhau?
Loi giai

Tra loi: 12
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Cau 62:
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Mt cAu c6 tam 1(0;0;2), ban kinh R=+/3.
Vi Ae(Oxy) nén c=0. Cac tiép tuyén cia A dén mat cau (néu IA> R ) tao nén mot mat nén dinh

A.Dé mat nén nay c6 hai duong sinh vudng goc thi goc ¢ dinh cia mat ndn phai >90° hay 1A < Rv2

Vay R<IASRY2 ©3<a’+bh?+2<6<1<a’+b’<4
Taco cip s6 (a;b) theaman la (0;£1); (0;£2); (1 0);(+2;0);(L,1);(L-1); (-L1);(-L-1).

Tir mit nude trong mot bé nudc, tai ba vi tri d6i mot cach nhau 4m, ngudi ta lan luot tha day doi dé
qua doi cham day bé. Phan day doi ( thang ) nam trong nudc tai ba vi tri d6 lan luot c6 d6 dai 8m;
8,8m; 9,6m. Biét day bé la phing. P4y bé nghiéng so véi mit phang nam ngang mot goc 1a (1am tron
t6i hang phan chuc) (don vi do)

Loi gidi

Tra loi: 21,8.

Goi 3 diém & trén mat nudéc lan luot 13 A, B,C va ba diém tuong tng ¢ day bé 1a A',B',C" sao cho
AA =8m,BB =8,8m,CC =9,6m. Chon hé truc toa d6 nhu hinh v&, O 1a trung diém cua AC

Taco A(0;2;0), B(2+/3;0;0),C(0;—2;0), A (0;2;8), B'(2+/3;0;8,8), C (0;—2;9,6) .

Taco AB =(243;-2:0,8), AC = (0;—4;16).
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S -2 0,8 - -
cs [ABAC = 0.8 23| |23 -2||_ o 16J§;_8J§ |
-4 16|16 0 0o -4 5
« 2 200 RA 1A 2 "o A LA . A1 = _—16\/5_
Mat phang day bé la mat phang (A BC ) cd mot vecto phap tuyen la n = (0; c ,—8\/§).

M3t phang nam ngang (mat nudc) chinh 1a mat phang (Oxy):z =0 c¢6 mot vecto phap tuyén la:
k =(0;0:2).

1643
10.0— : 0-8V3-1] 529

Do d6 cos((A’B'C'),(Oxy)) = -

29
\/02 LBy ey i

5
Suy ra ((A’B'C'),(0xy)) ~218".

Viay day bé nghiéng so véi mat phang nam ngang mot goc khoang 21,8

Cau 63: Cong nghé hd tro trong tai VAR (Video Assistant Referee) thiét Iap mot hé toa d6 Oxyz dé theo ddi vi
tri ctia qua bong M . Cho biét M dang nam trén mat san c6 phuong trinh z =0, dong thoi thuoc mit
cau (S): (x—22)° +(y—4)* +(z-13)* =194 (don vi do dai tinh theo mét). Goi J 1 hinh chiéu tam |
ctia mat cau (S) xudng mat san bong. Khoang cach tir vi tri M caa qua bong dén diém J 1a: ..........

Hinh 4

Léi giai

Tra loi: 5.

Mt cau (S) ¢ phuong trinh

(x—22)* +(y—4)*+(z-13)* =194
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Cau 64:

Céau 65;

Cau 66:
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nén c6 tam 1(22;4;13) vaban kinh R =+/194 .

Trong khong gian Oxyz, mat san c6 phuong trinh z =0 tring véi mat phang toa dd (Oxy), suy ra hinh
chiéu vudng goc cua diém 1(22;4;13) xudng mit san c6 toa do J(22;4;0).

Trong tam giac vudng IIM, taco 1J =13,IM =R=+v194, suy ra

IM =+ IM? - 132 =/194-169 =5
Vay khoang cach tir vi tri M cua qua bong dén diém J 125 m.
Trong hé truc toa &6 Oxyz , san nha cua mot cong trinh thugc mat phang Oxy , tay vin cua lan can cau
thang 12 mot duong thang di qua hai diém A(5;1;9) va B(2;1;12). GAc tao béi tay vin caa lan can cau
thang va mat san nha bang bao nhiéu d6?
Loi gidi
Traloi: 45.
Mt phing Oxy c6 mét vecto phap tuyén I1a k = (0;0;)
Puong thing AB nhan AB = (=3;0;3) la mét vecto chi phuong
|30+OO+3H 1
)2 +0? +:32 07 + 02 12 3«/_ V2

Taco: sin(AB,(Oxy))= ‘cos AB k ‘

Suy ra ( AB,(Oxy))=45°
Vay goc tao boi tay vin lan can cau thang va mat san nha bang 45°.
Phia trudc ciia mot san van dong, ngudi ta c6 dat mot qua bong da khong 16. Cach do khong xa, co
mot bong dén. Trong khong gian Oxyz (don vi do 1a mét), gia sir mat ngoai qua bong (S) c6 phuong
trinh (x—1)° +(y-1)°" +(z—~3)" =9 va béng dén & vi tri M (15;1;6) . Khi d6, khoang c4ch xa nhat ma
bong dén c6 thé chiéu dén mot diém trén qua bong bang MA , véi MA chinh la tiép tuyén ké tir M dén
(S) va A latiép diém. Vay MAbang bao nhiéu mét?

Loi giai
Tra loi: 14.

A
B& mat ngoai cua qua bong (S) 1a mot mat cau c6 tam 1(L1;3) va ban kinh R=3
Taco: MI =J(1-15)’ +(1-1)° +(3-6)’ =/205
Suy ra MA=+/MI2 - IA? =/205-9 =196 =14

Vay MA=14m.

Trong khong gian Oxyz (don vi cia cac truc toa do 12 mét), mot thiét bi phat song wifi dat tai vi tri
A(3;1) nhu hinh v&. Ving pha song tét nhét cua thiét bi ¢ ban kinh bang 11 (m). Hoi sé gia tri
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nguyén cua tham s6 m dé mot ngudi sir dung dién thoai tai diém E(-3;8;m) c6 thé bét duoc tin hiéu
wifi tot nhat cua thiét bj ndi trén.

£l o '\’
l' Il_‘J _l_.__\.\;\
-

© ; Q ,
v
‘mjz - sl
Loi giai
Tra loi: 13
Viing phu séng cua thiét bi da cho 1a mat cau (S) tm A(3;11), ban kinh R=11.

Taco AE = [62+7%+(m—1)" =/m’ —2m+86,

DPé dién thoai cia ngudi d6 bat dugc tin hiéu wifi tét nhat cua thiét bi noi trén thi

m>—2m+86>0
AE£R<:>\/m2—2m+86sll<:>{ , & -5<m<7.
m

-2m+86<121
Vi meZ nén me{-5-4,-3,..;7}.
Vay c6 13 gia tri nguyén caa m thoa man.

Cau 67: Trong The Transporter, Jason Statham dang & trén mot cay cot cao, cach mat dat khoang 50m, gdc

ciy cot 1a gbe toa d6 O ctia mot hé truc toa dd Oxyz cho trude, don vi trén méi tryc 13 1 mét, mit phang
(Oxy) 1a mat dat. Cach d6 khong xa, c6 mot bong dén ma pham vi chiéu sang cta n6 c6 dang hinh cau
(S)va hai diéem A(10;15;15), B(10;25;25) ludn thudc mét cau (S). Biét vi tri muc tiéu ma Jason
dang nham ban 1a diém tiép xuc ctia (S) va mat dat. Tim khoang cach xa nhat tir vi tri ctia Jason dén

muc tiéu cta anh ta (két qud tinh theo don vi mét va lam tron dén hang don vi).

XY
10, 20, 20

M 3 10, 10, 20
)

Tra loi: 62
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x=10
Goi {M}=ABN(Oxy)= M (a;b;0). Khid6, M € AB:{y =15+t = M (0;15+1;15+t).
z=15+t

MA =15+/2
MB = 2542

Do {M } =AB m(Oxy) Va tiép xtc véi miat phang (Oxy) tai C nén MC 1a mot tiép tuyén cua mat

Mit khac M €(Oxy)=15+t=0=t=-15=M (10;0;0):{

cﬁu.

Theo tinh chit cia phuong tich MC? = MA-MB =750 = MC =54/30 .

Do C thudc mit phang (Oxy) nén C thudc duong tron tim M bén kinh R = MC =5+/30.

Goi E (0; 0; 50) 1a toa d0 cua Jason Statham => EC =+ EO* +OC? 1a khoang cach tir Jason Statham

dén muc tiéu.

Tac6: OC <OM +MC =10+5y30 = EC s\/so%r(10+5J%)2 ~62(m).

Cau 68: Trong khdng gian Oxyz (don vi ciia cac truc toa do 1a ki — 16 - mét), dai kiém soat khong luu san bay
cO toa 6 (—64;128;64). My bay bay trong pham vi cach dai kiém soat khong qua 500 km thi s& hién
thi trén man hinh ra da. Mot may bay N xuét hién trén man hinh ra da va mot may bay M nam trong
mat phang (P):x—2y+2z-1458=0 sao cho hai mdy bay M,N thudc duong thing c6 vecto chi
phuong 1a ﬁ:(l;l;l). Khoang céch nho nhat giira hai may bay M, N la bao nhiéu km? (két qua lam
tron dén hang don vi).

Léi giai
Tra loi: 260
Goi toa diém dit dai kiém soat khong luu 1a 1(—64;128;64)
Vimay bay N xuat hién trén man hinh ra da nén IN <500, tec N nam trong hosc trén mat cau tam
| (—64;128;64), ban kinh R =500.
d(1;(P))=1IH =550>500 ( H la hinh chiéu vudng géc cua | 1én (P))

Taco: M e(P):x—2y+2z-1458=0 nén M nam ngoai mit cau.

M, N thudc dudng thing co vecto chi phuong la U = (L,3,2)

Tathay MN khong vudng goc véi (P), mat khéc: sin(d;(P))=‘COS(ad;E)

Ve
? .

Vay dé MN ngan nhat thi N ndm trén mat cau (S)va NelIH .
NH NH

Khi do, xét tam giac vuong NHI, c6 MN =— =— .
sinNMH ~ sin(d, (P))
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Trong & NH = IH — IN =550 -500=50; sin(d;(P)):%.
, 50
Do d6 MN === =150/3 ~ 260.
V3
9

Vay khoang cach nho nhét gitra hai may bay M, N 1a 260 km.

Hé théng dinh vi toan cau GPS 1a mét hé théng cho phép xac dinh vi tri cua mét vat thé trong khong
gian. Trong cuing mot thoi diém, vi tri cua mot diém M trong khong gian s& duogc xac dinh boi bon vé
tinh cho trudc nho cac bo thu phat tin hiéu dat trén cac vé tinh. Gia su trong khdng gian vai hé toa do
Oxyz, ¢6 bon vé tinh lan luot dat tai cac diem A(3;4;4),B(L-10), C(3;,2,4), D(20;2); vi tri
M (a;b;c) ndm trén mat phang (Oxy) théa man P :(W.m)z +2MB? +3MC? —4MD? dat gia tri
nho nhat thi tong a+b+c¢ bang bao nhiéu?
Loi gidi
Traloi: 7
2 2 2 VT O34 h ARV o ARV
2MB? +3MC” —4MD? = 2(MA+ AB) +3(MA+ AC) —4(MA+ AD)
= MA’ + 2MA(2AB +3AC — 4AD ) + 2AB’ + 3AC’ — 4AD’
AB =(-2;-5,-4); AC =(0;-2;0); AD = (-1, ~4;,-2) = 2AB +3AC —4AD =0
— 2MB? +3MC? —4MD? = MA? +18
— . ——\2
Viy P =(MAMB) +MA’ +18 = MA® MB? cos*BMA + MA’ = MAZ(MBZ.COSZBMA+1)
Goi H 1ahinh chiéu ciia A 1én mat phang Oxy. Khi d6 ta co MA> AH =5;
Hon nita MB?.cos’BMA+1>1.
Do d6 P> AH? +18 =43
MA 1 MB
M=H

Dau " =" xay ra khi { M (3;4;0).

Dodé a+b+c=7.

Nguoi ta mudn thiét ké mot 1&u cam trai c6 dang 1a mot phan mat cau bang phan mém 3D (nhuw hinh

vé).

Cho biét phurong trinh bé mat cua léu 1a (S) :(x=3)? +(y—3)* +(z-1)* =9, phuong trinh mit phang
chia cira léu 13 (P): x = 2, phuong trinh chta san 1éu 1a (Q):z =0. Tinh tong ban kinh duong tron cira
léu va duong tron san 1&u (1am tron két qua dén hang phan tram)
Loi giai
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Cau 72;
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Tra loi: 5,66
Bé mit cua léu (S):(x—=3)* +(y-3)* +(z-1)*> =9 c6 tam 1(3;3;1), ban kinh R=3.
Goi d 1a dudng thang di qua | va vudng goc véi (P):x=2.
X=3+t
Ta c6 vecto chi phuwong ciia d 1a &, =(1,0;0), suyra d c6 phuong trinh tham s6: { y =3
z=1
Goi A(3+t;3;1) la hinh chiéu vudng goc cua | trén (P). Thay toa d6 cia A vao phuong trinh
(P):x=2,taduoc (3+t)—2=0,suyrat=-1,suyra A(2;3,1).

Bén kinh 1, ciia duong tron cua l8u 1a: r =+/R?*— 1A% =/9-1=22.
Goi d' 1a duong thang di qua | va vudng goc véi (Q):z=0.
x=3
Ta c6 vecto chi phuong ctia d’ 1a &, = (0;0;1), suy ra d’ c6 phuong trinh tham sé: {y =3
z=1+t.
Goi B(3;3;1+t) la hinh chiéu vudng goc cua | trén (Q). Thay toa d6 cia B vao phuong trinh
(Q):z=0tadugc 1+t=0,suyra t=-1, suy ra B(3;3;0).

Bén kinh r, cua duong tron san léu 1a: r, =vR*—1B? =4/9-1=24/2.
Vay tong ban kinh can tim 1a; 442 ~5,66 .

Trong cong nghé¢ VAR (Video Assistant Referee) thiép 1ap mot hé toa do Oxyz dé theo doi vi tri cua
qua bong M . Cho biét M dang nam trén mat san c6 phuong trinh z=0, déng thoi thudc mat ciu
(S):(X—SZ)2 +(y—50)2 +(Z —10)2 =109. Goi J 1a hinh chiéu cua tdm mat cau l1én mat san. Tinh
khoang cach tir vi tri M cuia qua bong dén diém J

Loi giai
Traloi: 3
Do J 14 hinh chiéu cua tAm mit cau | (32;50;10) 1én mat phing z=0=J (32;50;0)

Ta ¢ hinh minh hoa cho mit phang

Trong tam giac vuong 1IM ,taco 1J =10,IM =R, suy ra

IM =+IM?-1J% =4/109-100 =3

Hé thong dinh vi toan cau ( tén tiéng Anh Ia Global Positioning System, viét tit 1a GPS) 1a mot hé
thdng cho phép xac dinh chinh xac vi tri cia mot vat thé trong khong gian. Ta c6 thé md phong co ché
hoat dong caa hé théng GPS trong khong gian nhu sau: trong ciing mot thoi diém, toa d6 cia mot diém
M trong khong gian s& duoc xac dinh boi bon vé tinh cho trude, trén mdi vé tinh c6 mot may thu tin
hiéu. Bang cach so sanh su sai léch vé thoi gian tir ldc tin hiéu dugc phat di véi thoi gian nhan phan
hoi tin hiéu d6, mdi may thu tin hiéu xac dinh duoc mot khoang cach tir vé tinh dén vi tri M can tim
toa do.
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\nh: Vé tinh GPS dang bay trén quy dao
quanh Trdi Dt
(Nguon: hups:/vi.wikipedia.org)

Bbn vé tinh duoc dat tai cac diém A 9;—2;7 , B 1;4:8 ,C 7;—3;—5, D —4;—11;12 . Mot con

tau dang & vi tri diém M x;y;z ma khoang cach tr n6 dén cac vé tinh lan luot Ia
MA =+/58, MB = /83, MC = +/173, MD = /97 . Khi d6 tdng binh phuong toa d diém M 12
Lai giai
Traloi: 78
Taco: MA= 9—x;—2—-y;7—12
= MA=1/58 < x? +y? + 7% —18x 44y —147 = —76 (1)
MB = 1-x;4—y;8—z2
= MB=+/83<x®+y>+72—2x—8y—162=2 (2)
WC: 7—X;—3—Yy;—5-12
= MC =173 & x> + y? + 22 —14x+ 6y +10z = 90 (3)
MD = —4—x;-11-y;12—z
= MD =+/97 < X* + y? + 72 +8x + 22y — 247 = —184 (4)
Tu (1), (2), (3), (4) ta cd hé phuong trinh:
X2+ y?+2*—18x+4y—147=-76 —16x+12y+2z=-78
X2 +y?+2722—2x—8y—16z=2 - 12x—14y — 26z = —88
x> +y? + 22 —14x+6y +102 =90 —22x—16y +34z =274
X2 4 y2 472 +8x 122y 247 — 184 |[X' 4y +2°—18x+4y-14z=-T76 *
X=2
& 1y=-5thoa *.
z=17

Vay T =x"+y*+2° =78,

Trong khéng gian Oxyz (don vi cta cac truc toa do la kildbmét), mot tram thu phat song dién thoai di
dong c6 dau thu phat duoc dt tai diém 1 (—2;1;—4). Biét ban kinh phu séng cua tram 1a 3km. C6 5
nguoi sir dung dién thoai tai cac diém A(2;-1;3),B(0;1,-4),C(-2;1-3),D(0;1;-3), E(-4;-21)
. Hoi trong sb 5 ngudi do, co bao nhiéu ngudi ¢ thé sir dung duoc dich vu caa tram n6i trén?
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Loi gii
Tri loi: 3
A=\ +(<2) +7* =69 > 3.
IB=+/22+02+0? =2<3.
IC =07 +0% +1* =1<3.
ID=v22+0?+1> =5 <3,
IE = (-2)° +(-3) +5° =/38 >3.

Vay c6 3 ngudi ¢6 thé sir dung dich vu cua tram néi trén

Cau 74: Hé thong dinh vi toan cau GPS la mot hé théng cho phép xac dinh vi tri cia mot vat thé trong khong
gian. Trong cling mot thoi diém, vi tri cia mot diém M trong khdng gian s& duoc xac dinh bai bén vé
tinh cho trudc nho cac bo thu phat tin hiéu dat trén céac vé tinh. Gia su trong khdng gian vai hé toa do
Oxyz, c6 bon vé tinh lan luot dit tai cac diém A(3;1,0), B(3;6;6), C(4,6;2), D(6;2,14); vi tri

M (a;b;c) théa man MA=3, MB=6, MC=5, MD=13. Khoang cach tr diém M dén diém O bang

bao nhiéu?
Loi giai
Tra loi: 3
Ta c6 hé phuong trinh sau:
MA=3 (a-3) +(b-1)"+c*=9 a?+b? +c?—6a—2b=-1
MB =6 (a=3) +(b-6) +(c—6)"=36  |a’+b’+c*—6a—12b—12c =—45
=

=
MC =5 (a—4)2+(b—6)2+(c—2)2=25 a’+b’>+c?-8a—12b—4c=-31
MD =13 (a—6)2+(b—2)2 +(c—14)2 —169 a?+b?+c?-12a—4b—28c =-67

Giai h¢ phuong trinh nay, ta tim dugc a=1,b=2,c=2

Do d6 khoang cach tir didm M dén diém O 1a: OM =~/a’ +b? +¢c2 =12 +2° + 22 = 3.

Cau 75: Hé thong dinh vi toan cau GPS (Global Positioning System) 13 mét hé thong cho phép xac dinh vi tri
ciia mot vat thé trong khéng gian. Trong cling mot thoi diém vi tri caa mot diém M trong khdng gian
s& duoc xac dinh boi bn vé tinh cho trudc nho cac bo thu phat tin hiéu dat trén cac vé tinh. Gia st
trong khdng gian Oxyz , ti Ié dai trén cac truc 1a 10km tinh cho mét don vi ti 18 trén mai truc, cho bén
vé tinh 0 toa d¢ lan luot 1 A(-12;-1),B(14;0),C(3;0;9), D(7;10;—1) dang tién hanh theo d&i vat
thé M (coi la mot chat diém). Cac vé tinh ding séng dién tir ¢6 tan s6 IMHz. G mot thoi diém ca 4 vé
tinh ban tin hiéu vé M thi sau nhan duoc tin hiéu tra vé ngay sau dé trong nhirng khoang thoi gian 1a
t, =0,4 ms,t, =0,2 ms,t_ =§ ms,t, = 0,4 ms. Tinh khoang cachtr M dén O (Biét rang van toc cua

song dién tir bang van téc anh sang ¢ = 3.10° m/s va két qua tinh duoc 1am tron dén hang phan trim)

Loi giai

Tra loi: 6,78

Tur vé tinh A s& phat tin hiéu dén diém M va sé thu tin hiéu quay vé A
ct,

Tir d6 ta c6 thé suy ra dugc: 2AM =ct, = AM = -
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8 -3
Do d6 AM = C;A _3.10%0,4.10

=60000m=60km va ta quy ddi trong hé truc Oxyz thi ta c6

AM =6.
Tuong tu: BM =3, CM =10, DM =6.
Tai thoi diém bén vi tinh ban tin hiéu vé diém M . Khi d6 ta c6 hé phuong trinh sau:

(a+1)"+(b-2)" +(c+1)" =36 (1) (2)— (1):—4a—ab—2c - 38

S (a_1)2+(b2_4) +C22=9 @) (3)-(1): -8a+4b—20c = 20
(3‘3)2+b +(C_29) :102 (3) (4)-(1):-14a—14b = -144
(a-7)" +(b-10)"+(c+1)" =36  (4)

Giai hé phuong trinh nay, ta tim duoc a=3,b=6,c=1= M (3;6;1)

Vay khoang céch tir M dén O 1a: {/(3-0)° +(6—0)" +(1-0) = /46 ~6,78.

Cau 76: Hé thdng dinh vi toan cau GPS (Global Positioning System) hién tai c6 24 vé tinh, mdi vé tinh cach
Trai Dat 20000 km, ta coi Trai Dt 1 khéi cau c6 ban kinh R =6 (nghin km) . Vi mot hé toa do Oxyz
dd chon, O 1a tdm Trai D4t va don vi trén mdi truc 1a nghin km, hai vé tinh c6 toa do
A(26;0;0),B(0;26;0). Xét diem M (x;y;z) thuoc bé mat Trai Dat. Tinh gid tri nho nhét cua
MA + MB theo don vi nghin km (Két qua lam tron dén hang don vi).

Loi giai

Traloi: 44
Mit cau (S) c6 phuong trinh: x* + y? + 22 =36 vagoi M (X;y;2)

Tacod: MA+ MB:\/(X—ZG)Z +y°+7° +\/x2 +(y—26)2 +2°

2\/(x+ y—52)2+(x+y)2+4z2 2\/(x+ y—52)2+(x+y)2 khi z=0
Dit x+y=t suyra f(t):,/(t—52)2+t2 VoI te[O;Gﬁ]
Do f'(t) <0 véi moi te|0;6v2 | nén min f (t)= f (6v2)~44,3

X=y
DAu “="xay ra khi { x+ y:Gﬁ@{X:gzgﬁ: M (3@;3\/5;0)
4
z=0

Vay gia tri nho nhit cia MA+ MB theo don vi nghin km 13 44 .

Cau 77: Trong khong gian véi hé truc toa 6 Oxyz , xét mot vung phong tha hinh
cau (S):x*+y?+z* =49 va mét hanh lang bay an toan duoc gi¢i han
bsi hai mat phang song song (R):Xx+y+z=5 va mit phang
(P,):x+y+z=-5. Mot may bay trinh sat bt dau xam nhap khu vuc tir

diem M, (6;0;0) va bay theo dudng thang A c6 vecto chi phuong &

u=(-LL1). Tinh chidu dai doan duang bay ciia may bay nim hoan toan

trong phan giao cua hanh lang bay an toan va ving phong tha hinh cau o
(don vi: km).
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Léi gidi

Tra loi: 10

Phuong trinh dudng thang A 1a: {y =

Giao diém cua dudng thang A va mat phang (R) la: (6-t)+t+t=5<t=-1

Khi d6 A(7:~L-1) suyra OA= /72 +(-1)’ +(-1) =+51>R
Giao diém cua duong thang A va mat phang (B,) 1a: (6—t)+t+t=-5<t=-11

Khi d6 B(L7;-1%-11) suy ra OA= 177 +(-11)° +(-11)° = /531> R

X=7+t
Tac6 AB=(10;-10;-10) /(L ~1~1) nén phuong trinh duong duong bay 1a(d):{y=-1-t
z=-1-t

Giao diém cia duong thing va mat cau la: (7+t)° +(-1—t)° +(-1-t)" =49

tl_—9+5\/§

S +18t+2=0c 3
9-5{3
==

Khidé M (7+t;-1-t;-1-t) va N(7+t,;-1-t,;—-1-t,)

Chiéu dai doan dudng bay ciia may bay la: MN = \/(t?_ ) +(t, 1) +(t,-t)

MN = /3(t, -t,)’ =\/3[(tl+t2)2 -4, |- 3(62 —4.%} =10
Vay chiéu dai doan duong bay cua may bay nam hoan toan trong phan giao caa hanh lang bay an toan
va viing phong tha hinh cau 1a 10km.

Cau 78: Trong khong gian OXyz (don vi cta cac truc toa do 1a ki — 16 - mét), dai kiém soat khong luu san bay
c6 toa do (—64;128;64). May bay bay trong pham vi cch dai kiém soat khong qua 500 km thi s& hién
thi trén man hinh ra da. Mot may bay N xuat hién trén man hinh ra da va mét may bay M nam trong
mat phang (P):x—2y+2z-1458=0 sao cho hai may bay M,N thu¢c duong thing c6 vecto chi
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phuong 1a ﬁz(l;l;l). Khoang cach 16n nhét gitta hai may bay M, N 1a bao nhiéu km? (két qua lam
tron dén hang don vi)
Loi giai
Tra loi: 5456
May bay N xuét hién trén man hinhradanén N thudc khdi cau (S) c6 tam | (—64;128;64), ban kinh
R =500.
X, —2Y, +2z, —1458|
JI2 422422
Goi a 1a goc tao bdi MN va mit phang (P) )

Taco d(l,(P))z| =550>R nén (P) va (S) khdng giao nhau.

Goi H 1a hinh chiéu cia N 1én mit phang (P) .

u-n,

1
n,| 3V3'

—

Mit khac MN cting phuong véi véc-to U = (L11) va n, = (L,-2;2) suyrasina =
u

-n

~d(1.(P))+R
Khido MN = S5 Ny _ ( ( ) _550+500 _ /s
sina sina sina 1

33

Trong khdng gian véi hé truc Oxyz, gia st mat dét tring véi méat phang (Oxy). Mot bong den trang tri

dang khdi cau c6 tam | (-12;4) va ban kinh R duoc treo cé dinh 1én tran nha (don vi trén mdi truc
toa d6 12 m). Mot con kién bo tity ¥ trén bong dén va mot con kién khac bo tiy y trén mat dat, gia st
X y+1 z-2

vecto tao bai toa d vi tri ciia 2 con kién ludn ciing phuong véi duong thang A :I EErE (coi

mdi con kién 1a mot diém). Biét Iic 2 con kién gan nhau nhat c6 khoang céch bang %(m) . Ban khi

cau c6 do dai bao nhiéu cm .

Léi gidi

Tra loi: 20
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(Ozy)

+ Goi a l1a géc tao boi A va mat (Oxy) suy ra: sina =§. Goi H 12 hinh chiéu cua I 1én (Oxy), goi

K, la giao diém cua (IH) vakhéicau (1,R). K, 1a giao diém cua dudng thang qua K, va song song
A véi (Oxy).

Vi K,H 1a do dai ngan nhat gitra khoi cau (1,R) va (Oxy) nén ltc 2 con kién gan nhau nhat thi mot
con ¢ K, vamétcon o K, .

+ Theo gia thiét: KK, :% , suy ra: K,H :§ .Vay R= 4—% = % =0,2(m)=20(cm)

Cau 80: Hé théng dinh vi toan cau GPS hién tai ¢ 24 vé tinh, mdi vé tinh cach trai dat 20000 km, ta coi
Trai dat 1a mot khéi cau co ban kinh R =6 (nghin km). Vi hé toa &6 Oxyz da chon, O 1a tam trai dat
va don vi trén mdi truc 1a nghin km, hai ve tinh c6 toa do A(26;0;0), B(0;26;0). Xétdiém M (x;y; z)
thuoc bé mat Trai Pat. Tinh gia tri nho nhat cia MA+MB theo don vi nghin km (1am tron dén hang
don vi).

Loi giai

Traloi: 44
Phuong trinh mit cau (S) X +y +2°=36.

Taco MA+MB :\/(x—26)2 +y?+2° +\/x2 +(y-26) +2°.
Ap dung bat dang thac Minkowski ta co:
MA+MB :\/(X—ZG)Z +y?+7° +\/x2 +(y—26)2 +7° > \/(x+ y—52)2 +(x+ y)2 +47°

2\/(x+ y—52)2+(x+ y)2 .

Pidu kién dd MA+MB = \[(x+y—52)° +(x+y)’ lakhi z=0,khido x*+y? =36

Mat khac, vi M (X;y;Z) thudc mat cau tdm O, ban kinh bang 6 nén -6 < x;y;z <6 d6 d6 x+y >-12

Ap dung bt dang thic Bunhiacopxki, ta cé x+y < \/(12 +12)(x2 + y2) =+/2.36 =642

Pt t=x+y=-12<t <62, khi do f(t)=MA+MB=/(t-52)° +t* =+/2t* ~104t +527 .
2t-52
f'(t)= .
) J2t? ~104t +52?
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D& thdy ham s6 f'(t)<0 khi ~12<t<6+2.Dod6 f(t) datgi4 tri nho nhit trén —12 <t <642 khi

t =6+/2 vabing f(6\/§):\/2t2—104t+522 = 27766242 ~ 44.

Cau 81: Trong khong gian h¢ truc toa do Oxyz , dai kiém soat khong luu san bay 6 toa d6 O(0;0;0),méi don
vi trén truc eng véi 1km. May bay trong pham vi cach dai kiém soat 417km s& hién thi trén man hinh
ra da. Mot may bay dang & vi tri A(222; 565, 8) chuyén dong theo dudng thang d c6 véc to chi phuong
0(91;,75;0) va huéng vé dai kiém sodt khong luu (nhu hinh v&). Toa do cua vi tri sém nhat ma may

bay xuat hién trén man hinh ra dala M (@;b;c). Khi d6 a+b+cbang bao nhigu?

Léi gidi

Tra loi: 463
Vuing pha song Rada dwgc phéat ra tir tram kiém soét 1a tap hop nhimg diém cach tam 0(0;0;0) khdng
qui 417km. DPay 1a nhiing diém nam trén bé mat va bén trong khéi cau c6 phuong trinh
X2 +y?+22 =417 < x* +y* +2° =173889 (*).
X =222-91t
Quy dao chuyén dong cua méy bay la mot dwong thang c6 phuong trinh d ;4 y =565-75t(t e R)
z=8
May bay bat dau thugc ving kiém soét cia ra da khi M (222 —91t;565—75t;8) thoa man (*)
t=2

= (222-91t)" + (56575t )’ +8? =173889 «>13906t —125154t +194684 = 0 <> L -

t=2= M (40;415;8) = AM* =55624
t=7= M (-415;40;8) = AM? = 681395
Vay M (40;415;8) = a+b+c=463.
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