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Tw vaAn huéng nghiép cho hoc sinh bing phéin tich nhan twéng hoc — xem chi tay — tir vi

BAI @ BIEU THU’C TOA PO CUA CAC PHEP TOAN VECTO

™
YWY LY THUYET CAN NHO

. Biéu thirc toa dd ctiia phép toan cong, trir, nhan mot s6 thwe véi mot vecto

Trong khong gian Oxyz, cho hai vecto d = (x;y;2) va b = (x’; ¥ 2"). Khi dé ta cé:
o d+b=(x+x;y+y’z+2)
e d—bh= (x—x';y—y';z—z')
o kd = (kx; ky; kz) véi k 1a mot sb thyc.
Nhén xét: Vecto d = (x; y; z) cing phuong véi vecto b = (x';y’; z") # 0 khi va chi khi tn tai sé thuc k

x = kx'
sao cho{y = ky'
z=kz.

Biéu thirc toa dd tich vé hwéng cta hai vecto

Trong khong gian Oxyz, tich v hudng cua hai vecto d = (x;y; z) va b= (x";y'; z") duge xac dinh boi
cong thirc: d.b = xx' + yy' + zz'
Nhén xét:

e Haivectodvab vuong goc v6i nhau khi va chi khi xx' + yy' + zz = 0.

e Néud = (x;y;2) thi IEiI Va-d=x2+y2+z2

e Néud=(x;y;2)va b= (x';y'; 2z ) 1a hai vecto khac O thi

b xx +yy +zz
|d ||b| \/x2+y +22-\x%+y? + 72
Chii y: Néu A(X,;YaZ) va B(Xg;YgiZg) thi AB=‘E‘=\/(XB—xA)er(yB—yA)2+(zB—zA)2 .
Pic biét khi B tring O ta nhan dugc cong thirc OA= /X2 + Y2 +22..

cos(a b) =

Biéu thirc toa dd tich c6 hwdéng cua hai vecto
Trong khong gian Oxyz, cho hai vecto @ = (x;y;z) va b = (x;y; z') khong cing phuong. Khi d6 vecto
w=(yz' —vy'z;zx' — z'x; xy' — x"y) vudng gbc vai hai vecto d va b
»  Vecto xac dinh nhu trén goi 1a tich ¢6 huéng cua hai vecto @ va b ki hiéulaw = [&; B]
xy |

*  Quy udc |x’y' = xy' —x'y thi [@;b] = ( ;ljl ; |§i| ; |i§|> =z —yzzx' —zx;xy —

x'y)
= d khong ciing phuong véi b khi va chi khi [a; l_;] +0

Biéu thitc toa do trung diém cua doan thang, trong tAm tam giac

B A
/ %
A B K C

Trong khong gian Oxyz, toa d0 trung diém va trong tdm duoc xac dinh nhu sau:
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= Toa d6 trung diém M cua doan thiang AB 1a M (xA;xB ; yA;yB ; ZA;ZB)

A A N ., N Xatxpt+x + + ZptzZp+tz
= Toa do trong tdm G cua tam giac ABC laG( 4 3B C;yA J;B yc; A 33 C)

IS PHAN LOAI VA PHUONG PHAP GIAI TOAN

Dang 1: Toa dd cua cac phép toan vectd, toa dé diém, dd dai doan thang

BAI TAP TU LUAN

Bai tip 1: Trong khong gian Oxyz , cho vecto G =—-2i +3] + % k vavecto V = (3; —% ; 2).

a) Timtoadg ctia U . b) Biéu dién V theo cac vecto donvi i, J,K .

H

c) Timtoadd cia a=20+=-V

(JJ

Loi giai

a) Vi G=-21 +3]+-Kk nén U=(—2;3;%j.

Hlw

b) Vi \7=[3;—§;2j nén V=3T—§]+2|Z.
4 4

¢) Biéu dién @ qua céc vecto don vi:

7 2*+1* 2( 2*+3*+3E>+1<3* 5*+2E> 5+ 70 Br 5
= E— —_ _ —_— = — —_— =
a u v l ] 1 3 l 4] l 12] 6 a
( i 67 13
12°°6
Bai tap 2: Cho d=(2;-15),b =(0;3;-3),C =(L4;~2). Tim toa d¢ cua vecto 6:25-%6+3e.

Loi giai

Ta co 2a =(4; —2;10);%5 = (O;g;—gj;% =(3,12,-6).

Do dé d = 4—0+3;—2—§+12;10—(—§)+(—6) hay 6:[7;&5)
5 5 5'5

Bai tap 3: Trong khong gian Oxyz , cho ba vecto P =(3;-2;1),q =(6;-4;2),F =(2;1,-3).
a) Tim toa do cia vecto C=2p—-3G+T .
b) Tim hai vecto cung phuong trong cac vecto da cho.
Loi giai
a) Ta co: 2P =(6;—4;2),-3q =(-18;12;-6),F =(21-3).
Suyra € =2p-30+F =(-10,9,-7).

b) Taco 2P =(6;—4;2) =G suy ra hai vecto p,q cung phuong.

Do g;t TZ nén P,I khong cung phuong. Tuong tu hai vecto ¢, khong cung phuong.
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Bai tip 4: Trong khong gian Oxyz , cho ba vecto A(3; —1;2),B(1;2;3),C(4; —2;1).
a) Chirng minh ba diém 4, B, C khong thang hang. Xac dinh toa do trong tim tam giac ABC

b) Tim toa do diém D biét tu giac ABCD 1a hinh binh hanh
¢) Tim toa d6 giao diém E cta duong thing BC véi mit phing toa do (0xz)
Loi gii
a) Ta ¢6 AB = (=2;3;1) : AC = (1;—1;—1). Vi —= # = nén hai vecto AB, AC khong ciing
phuong hay ba diém A4, B, C khong thang hang.

Toa d6 trong tdm G cua tam giac ABC khidé 1a G (g; —&; 2)

b) Tr gidc ABCD 1a hinh binh hanh khi va chi khi A D
4 — Xp = -2 Xp = 6
AB=DC(:){—2—yD=3=>{yD=—5

1 —Zp = 1 Zp = 0

Vay toa d6 cua diém D khi d6 1 D(6; —5; 0) ? ¢

¢) Vi E thudc mit phang Oxz nén toa do diém E = (x; 0; 2)

Taco AE = (x—3;1;,z—2)maA,B,E théng hang nén hai vecto E; AE cung phuong, do
( 7
. _m x—3=—2k
z—2=k LZ

=
I

. Vé

>
<
by
/N
w
o
w
N—

WINW ]|+~ w]

Bai tip 5: Trong khong gian Oxyz , cho ba vecto A(5; —3;0),B(2;1; —1),C(4; 1; 2).
a) Tim toa do cua vecto U = 24B + AC — 5BC

b) Tim toa do diém N sao cho 2NA = —NB
Loi giai
a)Tacod AB=(-3;4;-1); AC =(-1;4;2);BC =(2;0;3) =1 = (—17;12; —15)

b)GQiN(x;y;z)khid(’)m= (5—x;—3—y;—z);ﬁ= 2-x1—y;—1-2)

x =4
 2G-x0=-2+x _ 5 —
2NA=—-NB o {2(-3—-y)=-1+y e Y 3:>N(4;——;——>

. 1 3" 3
—2z=1+4+z _
7=-3

Bai tap 6: Mot phong hoc co thiét ké dang hinh hop chit nhat véi =
chiéu dai la 8m, chiéu rong la 6m va chi€u cao la 3m. Mot chiéc den
duogc treo tai chinh gitra tran nha cua phong hoc. Xét h¢ truc toa do !
Oxyz c6 goc O trung v6i mt goc phong va mat phang (Oxy) trung !
v6i mat san, don vi do dugc lay theo mét (Hinh minh hoa dwoi day). ! Y

~ A o a:R \ 3m 4 -
Hay tim toa do cua diém treo deén 7 & m

8m

Loi giai .
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Goi toa d6 cac diém B(3;0; 0); C(3; 6; 0); D(0; 6; 0) nhu hinh vé& z
dudi day:

) , .  NT
Goi N la trung diém ctia OC, N' 1a hinh chi€u cua N 1én mat phang : ;
tran nha suy ra N 1a diém treo dén. 3m OL:__L___::F-D Y

B ,:’_J_.N"‘-?::ﬂ_ 6 m
Khido N (3;3;0) = N'(3;3;3) sm C
2 2 x

Vay toa do cua diém treo dén 1a G' 3; 3)

BAI TAP TRAC NGHIEM
PHAN I. Cau trac nghiém nhiéu phwong an Iwa chon. Méi cau héi thi sinh chi chon mét
phwong an.

Caul: Trong khong gian Oxyz, cho @ = 2] — 3k, b = 47+ J + k. Tinh d6 dai ctia & = 24 — b
A.V74. B. 3v6. C. 5v2. D. /42.

Loi giai

Taco: ¥ =2d—b=2(2]—3k)— (41+]+k) =4 — 6k —4i—]—k = —47+ 3] — 7k

=0 =(-43;-7) = |5 =/(-4)2 + 32 + (=7)2 =74

Cau 2: Trong khong gian Oxyz, cho ba diém A(2;—-1;5), B(5;—5;7); M(x;y;1). Khi A,B,M thfmg
hang thi gia tri cia x; y la
A.x=4y=-7. B.x=—-4y=7. Cx=4y=7. D.x =—4;,y =-7.
Loi giai
Taco: AB = (3;—4;2); AM = (x — 2;y + 1; —4)
Dé ba diémA, B, M théng hang thi 363;2 = y_—+41 = _74 {;C/ Z ;4.
Cau 3: Trong khong gian Oxyz cho 3 diém A(1,2,—1),B(2,—1,3), C(—3,5,1). Toa d diém D sao cho
tor gidc ABCD 1a hinh binh hanh la
A. (=2,2,5). B. (—4,8,—5). C. (4,8 -3). D. (—2,8,—3).
Loi giai

Taco AB = (1,-3,4); AC = (—4,3,2) Suyra AB,AC khong cung phuong.

GQiD(x,y,z);D_C) =(-3—-x,5—-y,1—-2)
L —3—-x=1
Tu giac ABCD 1a hinh binh hanh & AB = DC & {5 —y = —3 = D(—4,8,-3)
1-z=4
Cau4: Trong khong gian vdi hé toa do Oxyz, cho tir dién ABCD véi A(1;—4;2),B(2;1;-3),
C(3;0; —2)va D(2; —5; —1). Diém Gthéa man GA + GB + GC + GD = 0 ¢6 toa d6 1a:
A.G(2;—-1;-1). B.G(2;—-2;-1). C.G(0;-1;-1). D. G(6; —3; —3).
Loi giai
Taco: GA+GE+GC+GD =0 GO+0A+GO+0B+GO+0C+GO+0D=0
—_— —_— —— —_— R — —_— 1 —_— P — —_— ey
& 40C = 04 + 0B + 0C + 0D & 0G = 7 (04 + 0B + 0C + 0D)

Xg =§(XA+XB+xC+xD) =2
1 A
=¥ = +¥s +yc +yp) = =2.Viy G(2;-2;-1).

ZG=%(ZA+ZB+ZC+ZD)=_1
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Cau 5:

Caiu 6:

Cau 7:

Cau 8:

Cau 9:

Tw vaAn huéng nghiép cho hoc sinh bing phéin tich nhan twéng hoc — xem chi tay — tir vi

Trong khoéng gian Oxyz, cho tam giac ABC c6 A(1; —1; —2) va trong tdm G (2; 1; —3). Toa do
clia vecto L = AB + AC 1a
A. (3;6;3). B. (3;6;—3). C.(3;-3;6). D. (3;2;1).
Léi gidi
Goi M 1a trung diém canh BC. Ta co: ii = AB + AC = 2.AM = 2.2.4G = 34G = (3;6; —3)

Trong khong glan v6i hé truc toa dd Oxyz, cho hai diém A(1;2; —1), B(2; —1; 3). Tim toa do
diém I théa man I4 + 2IB = 0.

A.I(—E;O;g). B.I(E;E;O). - g.:.l(g;o;g). D.I(O;g;g).
oi giai

GoiI(x;y;2).Khido: IA=(1—x;2—y;—-1—2),[B=2—x;—1—y;3 —2)
= 2IB = (4 — 2x; —2 — 2y; 6 — 22z). Nén I4 + 2IB = (5 — 3x; —3y; 5 — 32).
5
Taco: IA+2[B=0{-3y=0 o{y=0vayI(3;0:2).
3
Trong khong gian Oxyz, cho badiém E(1; 3; 2), F(0; —1;5), K(2; 4; —1) va tam giac ABC thda
man AE + BF + CK = 0. Toa do trong tdm G cua tam giac 4ABC 1a
A.G(1;2;2). B. G(—1;—4;3). C.G(2;2;1). D.G(1;1;-3).
Loi giai
Taco: AE +BF +CK =0 GE —GA+ GF —GB+GK —GC =0
& GE + GF + GK — (GA+GB + GC) =0 & GE + GF + GK = 0.
14042
(xG: 3 B
3-1+4

Suy ra Gceling 1a trong tam cua tam giac AEFK. Do do: { yg = >
=2

2+5-1
3

ZG:

Trong h¢ truc toa do Oxyz, cho hai vecto W =(0;1;-2), PR=(=2;—-1;0) va diém
M(1; —2; 2) trung diém ctua doan QR. Toa d¢ diém Q la
A.(—1;1;-2). B. (—2;2; -3). C.(0;1;3). D. (2;-1;1).
Loi giai
XQ - xR = 2
Tacé RQ = PQ — PR = (2;2; -2) suyrai¥Yo —Yr =2 (1).

Zg —Zgp = —2
XQ + xR = 2
Vi diém M(1; —2;2) trung diém cua doan ORnénsyo +yr = —4(2).
Zgtzgp =4

Tu (1) va (2) suyra Q(2; —1; 1).

Trong khong gian Oxyz, cho bdn diém A(2; 0; 0), B(0;2;0),C(0; 0; 2) va D(2;2;2). Goi M va
N lan luogt 1a trung diém ctia AB va CD. Toa do trung diém I ciia doan thang MN 1a:

A.1(1;1;0). B.I (—,—, 1) C.1(1;1;1). D. [(1;—1;2)
Loi giai

ViI(x;y; z) 1a trung diém MN néntaco: 2IM + 2IN=0 & IA+IB+IC+1D =0
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Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

_ 240+0+2
0+210+2 x=1
Suyra{y =—1—& y=1.Vay I(1;1;1).
_0+0+2+2 z=1

4

Trong khong gian v&i hé toa d60xyz, cho ba diém A(1;2;—1),B(2;—1;3),C(=2;3;3).
DiémM (a; b; ¢) 1a dinh thr tw cua hinh binh hanh ABCM, khi d6 P = a? + b? — ¢? ¢6 gi4 tri

bang
A. 42. B. —50. C. —48. D. 44.
Loi giai
L at+2=1-2 a=-3
T giAcABCM]1a hinh binh hanh khi va chi khi: CM = BA & i{b—-3=2—-(-1) © b =6.
c—3=-1-3 c=-1

Suy ra: P = a? + b% — c? = (=3)? + 62 — (~1)? = 44,
Trong khong gian Oxyz, cho diém A(2; 1; 3) va diém B(4; —3; 1). Toa d6 trung diém I cia doan

thang AB 1a

A. (6;—2;4). B. (3;—1;2). C.(1;,-2;-1). D. (2;—4;-2).
Loi giai

Ta c6 toa do trung diém I(xp;y5z) lagy, = yAJZryB = 1+(2_3) =-1=1(3;—-1;2).

Trong khong gian hé toa d Oxyz, cho ba vecto d = (3;4; 2):b = (=5;0;3):¢ = (1;2; —4).

Tim toa d6 ctia vecto % = 3d + 2b — ¢

A. U= (-2;10;16). B.u=(2;10;—-16). C.u = (—1;5;8). D.u = (-2;-10;16).
Loi gidi

Taco: 3d = (9;12; 6); 2b = (—=10;0; 6); —¢ = (—1; —2; 4)
Khido @ = 3d + 2b — & = (—2; 10; 16)

Trong khong gian v6i hé toa 36 Oxyz, cho a = (—3;5; 2),13 =(0;—-1;3),¢ = (1;—1;1) thitoa

460 =2d —3b+15¢1a

A. 7V = (-9;2;10). B.7=(9;-1;10). C.v = (9;2;10). D. ¥ = (9; —2; 10).
Loi giai

Ta c6 2d = (—6; 10; 4),3b = (0; —3;9), 15¢ = (15; —15; 15) suyra v = (9; —2;10).

Trong mit phang toa dd Oxyz cho diém A(0; —2; —1) va B(1; —1;2). Tim toa do diém Msao
cho MA = 2MB?
2 4 1 31

A. M(g; -3 1). B. M(E; —5;5). C. M(2;0;5). D. M(—1;—3; —4).
Loi giai
(O_XM)_Z(l_xM)=O xM:2

Tacé: MA=2MB © MA—2MB =0 { (-2 —yy) —2(-1—yy) = 0 & {yy = 0= M(2;0;5).
(~1—2y) =22 —2y)=0 \zy=5

Trong khong gian Oxyz, cho hai diém A(1;3;4) va B(1;0;1). Piém M nam trén truc Oz va

cach déu hai diém 4, B c6 toa do 1a.
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Cau 16:

Cau 17:

Cau 18:

Cau 19:

A. (0;0; 4). B. (2;0;0). C. (0;0;2). D. (0; 4;0).
Loi gidi

Do diém M nam trén truc Oz nén M(0;0; 2).

Mit khac diém M cach déu hai diém A, B = MA = MB

SJ0-1)2+0-3)2+z-4)2=/0-1)2+0-0)2+(z—1)2 © 10 + (z — 4)?
=1+(z-1)?ez=4

Vay M(0; 0; 4).

Trong khf)ng gian voi hé toa 46 Oxyz, cho hai diém A(2;1;1),B(—1;2; 1). Toa do trung diém
cua doan thang AB 1a?
1, 2 31 13
A 1(313) B.1(=3;1;0). c.1(-3-20).  D.1(3:31)
Loi giai
aop (221,142 141 1.3,
Taco.l( SRRt ):>I(2,2,1).
Trong khong gian voi hé toa dd Oxyz, cho hai diém A(1;2;3), B(=2; —4;9). Piém M thudc

doan AB sao cho MA = 2MB. B¢ dai doan thfmg OM la
A.5. B. 3. C.+\/54. D.V17.

Loi giai
DétM(x;y;z),khidé:mz (1—x;2—y;3—z)vémz (—2—x;,-4—-y;9—2)

1-x=-2(-2-%) (x=-1

Tacé: MA=2MB = MA= —2MB © {2 —y=-2(-4—y) &y = -2 = M(-1;-2; 7).
3—z=-2(9-2) z=7

Khi d6: OM = (—1; —2; 7). Vay OM = V/54.

Trong khong gian Oxyz cho diém G (1; —2; 3) va ba diém A(a; 0; 0); B(0; b; 0); C(0; 0; c). Biét
G 1a trong tam cua tam giac ABC thi a + b + ¢ bang

A. 3. B. 9. C.6. D. 0.
Loi gidi
Xg = @ 1= % ,
. +yp+Yc b a=
Ta c6 trong tdm G cua tam giac ABC: { Y = “T S <=2 = 39 b = —6.
ZG — Zptzptzc 3 — E Cc = 9

3
Khidé:a+b+c=3+(—6)+9=6.

Trong khong gian vé6i hé toa do Oxyz, cho ba diém A(1;1; 1), B(2; 3; 2), C(3; —1; 3). Tim toa
d6 diém D sao cho bén diém A, B, C, D 1ap thanh mot hinh chit nhat.
A.D(4;3;4). B.D(4;-1;4). C.D(2;-3;2). D. D(4;1;4).

Loi giai A B

Ta co: AB = (1;2;1); AC = (2; —2;2), AB.AC = 1.2 +
2.(=2) + 1.2 =0nén AB L AC

Diéu nay cho thay 4, B, C khong thang hang va hinh chir nhat
tao ra phai la ABDC.

C D

GQiD(x;y;z),tacéC_l5= (x—3;y+1;z—-3).
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Cau 20:

Cau 21:

Cau 22:

Cau 23:

x—3=1 x=4
Tt giac ABDC 1a hinh chir nhat khi va chi khi 4B = CD & {y+ 1=2& {y =1=
z—3=1 z=4
D(4;1;4).
Véay D(4;1;4)

Trong khong gian véi hé toa do Oxyz, cho hai diém A(—2; 3; 1) va B(5; 6; 2). Puong thing AB
cit mit phang (Oxz) tai diém M. Tinh ti s& ;—z.

AM 1 AM AM 1 AM
e B.2Z = 2. c.2=2 D.22 =3
— BM 2 BM BM 3 BM
Loi giai

Didm M € (0xz) = M(x;0;2); AB = (7;3;1) = AB =59, AM = (x + 2;-3;z— 1) va

, _ . x+2=7k x=-9
A,B,M thang hang = AM = k.AB (k€ R) e {-3=3k & {-1=k=> M(-9;0;0).

z—1=k z=0
BM = (—14; —6; —2) ;AM = (—7;—3;—1) = BM = 24B.

Trong khong gian Oxyz, cho hai diém A(—45 1;5); B(1;5; —q3). Goi C 1a giao diém cua dudng
thang AB va mat phang (Oyz). Trong cac khang dinh sau, khang dinh nao dung?
A.AC = —24B. B. 4B = 5BC. C.AC = 4BC. D. AC = —4BC

Léi gidi
Goi C(0; a; b) 1a giao diém cua dudng thang AB va mit phang (0yz). Khi d6 A; B; C thiang
hang hay AC va AB cung phuong.

Laicéﬁiz(s;z};—s);ﬁz(4;a—1;b—5)nén§=—=—<:>

AB = (5;4;-8)
Khi d6 { AC = (4225 —2) néndC = —4BC.
- (s

Trong khong gian Oxyz, cho vecto @ = (1;1; —3); b= (2;2;,-2);c=2T1+2]— 6k va d =
(1; 1; —1). Cap vecto nao sau day cung phuwong?

A.dvab. B.dvad. C.dvac. D.bvac.
Loi giai
11 =3 . . S P aA \
Vi S =5 #nén hai vecto a va b khong cung phuong.
11, -3 . . N DI \
Vi T=7%#— nén hai vecto a va d khong cung phuong.

Taco ¢ = (2;2;—6) = 2(1; 1; —3) = 2d suy ra d va ¢ cung phuong.

22 =2 .. TR N
Vi 5 =5 % nén hai vecto b va ¢ khong cung phuong.

Trong khong gian Oxyz, cho ba diém A(0; 1; —1), B(1; 2; 0);C(m; n; 0). Tim m, n sao cho ba
diém A, B, C thang hang.
Am=1n=1. Bm=1n=2. Cm=2n=1. D.m=2;n=2.

Loi giai

Tacé AB = (1;1;1); AC = (m;n — 1;1).
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Céu 24:

Cau 25:

Cau 26:

Cau 27:

i i . . m==k m=1 m =1
Badiém 4,B,C thing hang AC = kAB & n—1=k o in=2 = {7 7"
1=k k=1 =2

Trong khong gian Oxyz, cho 2 véc to @ = (—1; 2x — 1;1 — 3z) vab = (2 + 3y; —1; —2). Khi
@ = b thi tong T = x + 2y? + 323 bang

A. 2. B.5. C. 1. D. 4.
Loi giai
. —-1=2+3y y=-1
Tacbd=be2x—1=-1e{x=0 =>T=0+2.(-1)>+3.13=5.
1—-3z=-2 z=1

Trong khong gian v6i hé toa d6 Oxyz, cho ba diém A(1;2; —1), B(2; —1;3), C(—4;7;5). Toa
dd chan duong phan giac trong goc B cua tam giac ABC 1a
2 11 2 11 1 11
A. (=2;11;1). B. (—5 2 1) C. (g;?;g). D. (?;—2; 1).
Loi gidi

Taco BA =+V26;BC = 2v26.
BA

Goi D 1a chan duong phan giac trong goc B ta co g—? == % = DC = 2DA.

2xA+xC 2

Xp

2yA+yC 11

»)

ZZA+ZC

N
II
Uy

(
Vi D 1a chan dudng phan giac trong nén 2DA+DC=0>= ! y
%

A 2 11
vay D (-2;%51).
Trong khong gian Oxyz, cho hai diém A(6; —3; 4), B(a; b; ¢). Goi M, N, P 1an luot la giao diém
ctia dudng thiang AB vé6i cac miat phang toa d6 (0xy), (0xz) va (0yz). Biét rang M, N, P nam
trén doan AB sao cho AM = MN = NP = PB. Giatricuatonga + b + c 1a
A.17. B. —17. C.-11. D. 11.
Loi giai

Tacé: AB = (a— 6;b + 3;¢c — 4).

Vi M, N, P 1an luot 12 giao diém cua AB vé6i cac mat phang (0Oxy), (0xz) va (0yz) nén
M (x5 ¥u; 0), N(xy; 0; zy), P(0; yp; 2p).

Vi M, N, P nim trén doan AB sao cho AM = MN = NP = PB nén ta co:

4(xpy—6)=a—6 2(xy —6)=a—6
4AM =AB ©{4(yy +3)=b+3=>c=-12;2AN=AB ©{ 2(0+3)=b+3 =>b=3
40—4)=c—4 20zy —4) =c—4

~(0-6)=a—6
g(yp+3)=b+3=>a=—2.Vaya+b+c=—11.
S(zp—4) =c—4

W |
o
&
I
.
&
)

Trong khong gian Oxyz, cho A(—1;4; 2), B(3; 2; 1), C(—=2; 0; 2). Tim tat ca cic diém D sao cho
ABCD 1a hinh thang c¢6 day AD va dién tich hinh thang ABCD gap ba lan dién tich tam giac ABC.

A.D(9;8;0). B.D(—11;0;4) va D(9;8;0).
C.D(-11;0;4). D.D(11;0;—4) va D(—9; —8;0).
Loi giai
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Cau 28:

Cau 29:

Cau 30:

Gia sit D(xp; yp; zp). Khi do: AD = B c
(xp + 1;yp — 4; 2z, — 2); BC = (=5;-2;1).

h

Do AD//BC nén AD = tBC(t # 0) &

xD=_1_5t A D
yp=4—2t ;t#0. “
ZD=2+t

Vi dién tich hinh thang ABCD gap ba lan dién tich tam giac ABC

nén %h. (BC + AD) = 3. % h.BC,véi h 1a chiéu cao cua hinh thang va ciing chinh 1 chiéu cao
tam giac ABC ung véi canh BC.

Suy ra, AD = 2BC & (xp + 1) + (yp — )2 + (zp — 2)% = 4[(=5)% + (—=2)2 + 1?]

t=2=D(-11;0;4)

_ 2 _ 2 2 _ 2 =
= (=5t)*+ (-2t)*+t* =430t 4‘:’[t=_2=>D(9;8;0)'

Trong khong gian Oxyz, cho hai diém A(4;5;6); B(1;3;2). Goi H 1a hinh chiéu vudng goc cua
A 1én mat phang (0yz). Goi C 1a diém nam trén truc 0z sao cho BC va AH la hai duong thang
cat nhau. Xac dinh toa do diém C.

A. C(0;0;2). B. C(o; 0;—2). C. C(0;0;4). D. C(0; 0; —4)
Léi gidi

Vi H 13 hinh chiéu vudng gbc cua A 1én mit phang (0yz) nén H(0; 5; 6).

Goi C(0; 0; ¢) 1a mot diém nam trén truc Oz va D 1a giao diém ctia BC va AH.

Khi d6 4, D, H nén AD = kHA = (4k; 0;0) suy ra toa do diém D(4k + 4; 5; 6).

7

4k +4—-1=1(0-1) k=-

Lai ¢6 B, D, Cthing hang nén BD = [BC & {5 —3 = 1(0 — 3) o -2
6—-2=1(c—2) 3

Vay C(0; 0; —4).

Trong khong gian v6i hé toa do Oxyz, cho ba diém A(=2;3; 1), B(2;1;0), C(-=3; —1;1). Tim
tat ca cac di€ém D sao cho ABCD 1a hinh thang ¢6 day AD va Sapcp = 3S44aBc

. D(-8; 71) D(8;7;—1) 1o, 1.
A.D(8;7;—1). B. [D(12 15 C. D(-12;-1;3)’ D. D(-12; —1;3).

L(‘)’i gidi
Ta c6: Sypcp =  (AD + BC).d(A, BC) & Syacp =3 (AD + BC). 2248¢,

© 3Spunc = %@ 3BC = AD + BC = AD = 2BC.

Ma ABCD 14 hinh thang c6 dy AD nén AD = 2BC (1).
BC = (—5;—2;1), 4D = (xp + 2;yp — 3; zp — 1).

xp+2=-10 (xp=—12
(1) & {yD —3=-4 o {yD =—1 .Vay D(-12;-1;3).

Znp—1=2 Zp =3
Trong khong gian véi hé toa do Oxyz, cho hinh vudéng ABCD trong d6 A(1;2;0),B(3;0;8)
vaC(—3; —6; 8). Hai diém M, N 1an lugt ndm trén hai canh AB, BC théa mian AM = BN = éBC.
Goi I(a; b; ¢) 1a giao diém ctia AN, DM. Tinh P = a + b + c.
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AL B.Z. .
5 = 5 D
c.2. D.5.
5 1
Loi gidi .
AN.DM = (AB +§BC>.<DA +§AB) =0= AN 1L DM
Tac6 BN = 2 BC = N(1;—2; 8). Hai tam giac AAIM va 4ABN . .
dong dang N
ar=22A5_ 1 g an =Yg o= an
= = = — [—pp—
AN \/10 3 10
4l = AN 1(1 : 12) p=2l
10 '5’’5 5

PHAN II. Cau trac nghiém dung sai. Trong méi y a), b), c), d) & méi cau, thi sinh chon dung
hoac sai.
Caul: Trong khong gian Oxyz, cho ba diém A(4;,2;1),B(2;1;3),C(—1;3;-2).

a) Toa dd trong tdm tam giac ABC béng(g; 2; 2)

b) Toa do trung diém doan thang AB bang (3 ; %; 2)

¢) Tt giac ABCD 1a hinh binh hanh thi toa d6 diém D = (1; 4; —4).

d) Ba diém 4, B, C thang hang.
Loi giai

a) bung: Toa d¢ trong tam tam giac ABC ( -

b) Piing : Toa d6 trung diém doan thang AB (ﬂ =, £) = (

2
) &y 5)
2
¢) bung: Tu gidc ABCD 1a hinh binh hanh:

44+2—-1 2+1+3 1+3-2 5
H)=(2
3
i3i2)
2—4=-1-xp xp =1

AB=DCe{1-2=3-y, yp=4 = D(1;4;—4).
3_1=_2_ZD ZD=_4‘
4B = (-2-1;2)
= (-5;1; 3)
Cau2: Trong khong gian Oxyz, cho ba diém A(3;5; —1), B(7;x; 1), C(9;2; y).
a) Ba diém A4, B, C thang hang thi x + y = 5.
b) Biém G (53, 3) la trong tam tam gide ABC thix = 1;y = 3,
¢) Tam giac ABC vuong tai A thi x = 13,y = —1.
d) Tich v6 huéng ciia AB.AC = —3x + 2y + 41.
Loi giai

d) Sai: Vi { aco:— ;t T e A, B, C khong thang hang.

a) Pung: Ta c6 AB = (4;x — 5;2), AC = (6; =3;y + 1)

4=k6 k=2
D¢ ba diém A, B, C thang hing & AB = k. AC & {x -5=k(-3) 4, -3
2=k(y+1) y =2

Vayx +y =5.

b) Bung : Ta co
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Cau 3:

Cau 4:

Cau 5:

Tw vaAn huéng nghiép cho hoc sinh bing phéin tich nhan twéng hoc — xem chi tay — tir vi

¢) Dlng: Tac6 AB = (4;x — 5;2), AC = (6; —3;y + 1)
Khi d6: AB.AC = 24 + (x — 5)(=3) + 2(y + 1). Véi {’y‘ _ 131 = AB.AC =0
d) Pung. ViAB.AC = 24+ (x — 5)(=3) + 2(y + 1) = —3x + 2y + 41.

Cho céc diém A(1; —2;3),B(=2;1;2),C(3; -1;2).

a) AB = (=3;3;-1). b) AC = (-2;-1;1).
C) AB = 3AC. d) Ba diém A, B, C khong thing hang.
Loi giai

a) bung: AB = (Xg —X4; Y — Va; 2 — 24) = (—3;3;—1).
b) Sai: ZZ: = (XC - xA; yC - YA;ZC - ZA) = (2, 1, _1)

¢) Sai: AB = (—3;3;—1),AC = (2; 1; —1). Hai vec to nay khong cung phuong nén khong tdn
tai s6 thuc k dé AB = kAC.

d) bung: Hai vec to AB va AC khong cung phuong nén ba diém 4, B, C khong thang hang.
Cho ba diém A(3;3;—6),B(1;3;2) va €(—1;—3;1). Goi M, N, K lan luot 13 trung diém cia

AB,BC va CA.
a) Toa do M(2; 3;2).

A

b) V6i G 1a trong tAm tam gidc ABC thi GC = 2+/5. ¥ .
¢) Trong tim tam giac MNK la E(1;1; —1).

B C
d) Véi D(—3; —3;9) thi tr gidc ABDC 14 hinh binh hanh. N

Loi giai

a) Sai: M la trung diém cua AB, suy ra M (xA;xB ; yA:yB ; ZA;LZB) hay M(2; 3; —2).

b) Sai: Taco G(1;1;—1). Suyra GC = /(=1 — 1)2 + (=3 — 1)2 + (1 + 1)2 = 2V/6.
¢) bung: Hai tam giac ABC va MNK c6 cung trong tam. Suy ra E trung vdi G(1; 1; —1).
d) bung: Ta c6 AC = (—4; —6; 7),@ = (—4;—6;7) suyra AC = BD.

Vay ABDC 1a hinh binh hanh.

Cho hinh hép ABCD.A’B'C'D’, biét diém A(0;0;0), B(1;0;0),C(1;2;0),D'(—1;3;5). Goi
M, N 1a tim cuta cac hinh binh hanh ABB'A, ADD A’
a) Toa do D(0;2; 0).

b) Toa do A'(—1;1;5).

¢) Toa dd MN = (—1;1;0).

d) [4B + 4D + cC'| = v29.
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Loi giai

a) Dulng: Theo qui tic hinh binh hanh, ta c6
AD = AC — 4B = (0;2;0) = D(0; 2; 0).

b) Pang: Tacé AA' = DD = (—1;1;5)

= A'(-1;1;5).

¢) Sai: Theo hinh vé MN = BC = (0; 2; 0).
d)Sai:Tacéﬁ=ZE+ﬁ+ﬁ=(0;3;5).
Xét Z§+ﬁ+ﬁ| =|Z§+E+ﬂ| = |E| =02 +32+52 =434

Ciau 6: Hai chiéc khinh khi cau bay 1én tir cling mot
dia diém. Chiéc thtr nhat cach diém xudt phat ®
2 km vé phia nam va 1 km v¢ phia dong, dong " Ty
thoi cach mit dét 0,5 km. Chiéc thir hai ndm A
cach diém xudt phat 1km vé phia bic va Y
1,5 km v& phia tay, ddng thoi cach mit dét 0,8 N ?

km.Chon hé truc Oxyz véi gbe O dit tai diém P R P
ac - I et

xudt phat cta hai khinh khi cdu, mat phing

(Oxy) trung v&i mat dat v6i trye Ox hudng ve . )

phia nam, truc Oy huéng vé phia dong va trye =~ A4 __________ el

Oz huéng thang dung lén tro1 (Hinh bén

dudi), don vi do lay theo kilomet. Bong

a) V6i hé toa 46 da chon, toa do khinh khi cau thir nhat 1a ( 2;1;0,5).

b) Véi hé toa do di chon, toa dd khinh khi cau thi hai 1a (—=1,5; —1; 0,8).

¢) Khoang céach tir diém xuét phéat dén khinh khi cau thir nhét bang V21 km.

d) Khoang cach hai chiéc khinh khi cau 1a 3,92 km (Két qua lam tron dén hang phan trim).
Loi giai

a) Pling: Chiéc khinh khi cau thir nhét c6 toa do 1a (2; 1; 0,5).

b) Sai: Chiéc khinh khi cau thtr hai ¢ toa d6 1a (—1; —1,5; 0,8).

¢) Sai: Khoang cach tir diém xuét phat dén khinh khi cdu thtr nhit bang/22 4+ 12 4+ 0,52 =
V21
—- (km)

d) Pung: Khoang cach hai chiéc khinh khi cau 1a

J(=1-2)2+(1,5-1)2 + (0,8 — 0,5)2 = /15,34 ~ 3,92( km).

PHAN IIl. Cau tric nghiém tra I&i ngan

Cau 1: Trong khong gian Oxyz, cho hai diém A(1; —2;5) va B(—2; —2; 1). Tinh do dai doan thang AB
Loi giai
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Cau 2:

Cau 3:

Cau 4:

Cau 5:

Caiu 6:

Tw vaAn huéng nghiép cho hoc sinh bing phéin tich nhan twéng hoc — xem chi tay — tir vi

Taco: AB =/(-2—1)2+(-2+2)2+ (1 -5)2 =5.

Trong khdng gian hé toa d6 Oxyz cho ti dién ABCD véi A(1; —4;2),B(2;1;-3),€(3;0; —2)
va D(2; —5; —1). Hoanh d6 diém G théa man GA + GB + GC + GD = 0 la bao nhiéu?

Loi giai
Xp+xp+xc+x 1+2+3+2
Xg = AtXptxctxp _ — 9
4 4
A 1:R . ~ Ya+yp+yc+yp _ —4+1+0+(-5)
Toa d6 diém G thoa man: < y; = " = Z =-2 =G62;-2;-1)
Zp+zg+zc+zp 2+(-3)+(-2)+(-1)

4 4

Trong khong glan Oxyz, cho ba diém A(3;2; —1), B(—1; —x; 1), C(7; —1; y). Khi 4, B, C thing
hang thi gi4 tri biéu thirc x + y bang bao nhiéu?
Loi giai

Ta co AB = (—4;—x —2;2); AC = (4;-3;y+1).

—4 = k.4 k=-1
Dé A, B, C thing hang thi AB = kAC & {—x —2 =k.(—3) & {x = 5.
2=k.(y+1) y=-3

Viyx+y=-5-3=-8.

Trong khong gian toa d6 Oxyz cho hai diém A(1; —2;3), B(4; 1; —1). biém M(a; b; ¢) thoa
man MA.MA = 4MB. MB. Gia trj biéu thirc a + b + ¢ bang bao nhiéu?
Loi giai

Do MAMA = 4MBME nén MA cung huéng MB.
MAMA = 4AMBMB = MA? = 4MB? & MA = 2MB = B la trung diém AM = M(7;4; —5).
Khidba+b+c=7+4+(-5)=6

Trong khong gian véi hé toa do Oxyz, cho hai diém A(1;2;3), B(=2; —4;9). Piém M thudc
doan AB sao cho MA = 2MB. Binh phuong d¢ dai doan thing OM bang bao nhiéu?
Loi giai
Goi M (x; y; z).
Vi diém M thudc doan AB sao cho MA = 2MB nén
3.(-2—x) = -3 x=—1
AB=3MB ©{3.(-4—y)=-6o{y=-2
3.9—-2) =6 z=17.

= M(=1;,-2;7) = OM =VI1+ 4+ 49 = V54 = OM* = 54.

Trong khong gian Oxy, cho ba diém A(1; —1; 1), B(3; 1; 2) va C(—1; 0; 3). C6 bao nhiéu diém
D sao cho tur gidc ABCD la hinh thang c6 2 canh day AB, CD va c6 goc tai D bang 45°.
Loi giai

Goi D(x; y,z)kh1doAB—(221) DC—( 1-—x;— —z)
Tt gidc ABCD 1a hinh thang c6 2 canh dady AB, CD nén AB,DC cung phuong.
—1—x _ Ty Eﬁ{x=22—7

2 2 1 y=2z—-6
{E= (x—l;y+1;z—1):{ﬁ=(22—8;22—5;z—1)
CD =(x+1;y;z—3) =(2z—-6;2z—6;z—3)

cos(AD,CD) = =—= E—
J9(z2 —6z+10)./9(z—3)?2 VzZ—6z+10 V2

=
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Cau 7:

Cau 8:

Cau 9:

2 _ 2 7 =4 x=1Ly=2
=2(z2—62+9) =2z 6z+10(:>[2=2:>[x=_3;y=_2.

Vay D(1;2;4) hoac D(—3; —2;2).

Trong khong gian Oxyz cho hinh thang ABCD vudng tai A va B. Ba dinh A(1;2;1),B(2;0;

— 1)C(6; 1; 0) va hinh thang c6 dién tich bang 6v/2. Gia st dinh D(a; b;¢). Tinha + b + ¢
Loi giai

Taco AB = (1;-2; —2) = |4B| = 3; BC = (4;1;1) = |BC| = 3V2.

Theo gia thiét ABCD 14 hinh thang vudng tai A va B va c6 dién tich bang 6v/2 nén

~AB(AD + BC) = 6vZ & .3.(AD +3V2) = 6¥Z = AD = V2 = AD = - BC.

Do ABCD la hinh thang vuong tai A va B nén AD = gﬁf

Gia st D(a; b; ¢) khi do6 ta co !b—Z = (:)!
L ¢

Trong h¢ truc toa d6 Oxyz cho 3 diém A(5;—-2;0),B(4;5;—2) vaC(0;3;2). biém M di chuyén
trén truc Ox. Pat Q = 2|m + MB + W| + 3|W + W| Biét gia tri nho nhat ciia Q ¢ dang
av/b trong d6 a, b € N va b 1a s6 nguyén t6. Tinh a + b.

Loi giai

Q
I
[EEN
Il
Q
Il

>a+b+c=06.

Wik Wk w|s
[y
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Ta ¢6 Q = 2|MA + MB + MC| + 3|MB + MC| = 2|3MG + GA + GB + GC| + 3|2MI + 1B +
i

Véi G(3;2; 0) 1a trong tAm ctia tam giac ABCva I(2; 4; 0)1a trung diém BC, ta c6:

Q = 2|3MG| + 3|2Mi| = 6(MG + M),

Do G va I nam cung phia so v6i Ox nén goi G'(3; —2; 0) 1a diém d6i xtmg cua G qua Ox.

Khi d6 Q = 2|3MG| + 3|2MI| = 6(MG + MI) = 6(MG' + MI) > 6G'I = 6v/37.

Ding thirc xay ra khi M 1a giao diém cua G'I va Ox.

Trong khong gian Oxyz, cho ba diém A(=2;3;1), B(2;1;0), C(—3;—1;1). Goi D(a; b; c) la
diém sao cho ABCD 1a hinh thang c6 canh day AD va diét tich hinh thang ABCD bang 4 1an dién
tich tam giac ABC. Tinh a + b + c.

Loi giai

Ta ¢6 Sapcp = 4Sapc < 5d(BC,AD)(BC + AD) = 4.2d(BC, AD)BC
& BC + AD = 4BC & AD = 3BC. Do ABCD 14 hinh thang ¢6 ddy AD = AD = 3BC
a+2=-15 a=-17
©{b-3=-6 ©@{b=-3 =2a+b+c=-16.
c—1=3 c=4
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