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i ECTO

CHUYEN DE

A

1V

1. Chirng minh ding thire véc-to

~—

a) Quy tic ba diém: Chén C vao véc-to AB

Cong: AB = AC +CA.

Trx: AB=CB-CA.

b) Quy tic hinh binh hanh: Cho hinh binh hanh ABCD: DB = DA+ DC.

A B

¢) Tinh chat trung diém Néu 1 1a trung diém cua AB va M la diém bat ky: 2MI = MA+MB

M
A 7 B

d) Tinh chat trong tim: G 1a trong tAm cta tam giac ABC va M 1a diém bat ky.

GA+GB+GC =0

MA+MB +MC =3MG
2. Chitng minh ba diém thing hang, hai dwong thang song song.

Dua vao cac két luan sau:

* Badiém A, B, C thing hang < AB, AC ctng phuong < 3k e R: AB=k.AC.
AB =k.AC

* AB//CD <
AB = CD

Cau 65: Cho tam giac ABC. Goi M,N,P lan luot 13 cac diém théa man MB :ZM—C, NC :—ZW\,

PB =—4PA. Ching minh cac diém M, N, P thing hang.
Loi giai
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Cau 66:

Cau 67:

A
.IrT

B % M

Taco W=ZM—C<:>W—M—C=M—C<:>@=M—C.
NC =—2NA < NC—NA=-3NA < AC =-3NA.

PB = —4PA < PB— PA=-5PA < AB = -5PA.
m:mmw:@%ﬁ.

P = ME + BP = 2CB+ = BA = 2CB +(CA—CE) =2 CB-+=CA.
5 5 S 5

D& thdy MP = g(@ +§C—Aj = SW nén cac diém M, N, P thang hang.

Cho tam giac ABC, goi | la diém trén BC kéo dai sao cho IB=3IC. Goi J,K lan luot la
nhimg diém trén canh AC,AB sao cho JA=2JC;KB=3KA. Chang minh rang:
BC =—10Al —24JK.

Loi giai

A . 3_N

Ta co: ﬁ:ﬁ+§:ﬁ+§ﬁ:ﬁ+—<AC—AB):—AC—EE
2 2 2 2

K=AK_Aj-1AB_2AC.
4 3

d Fg Mg ¥
Al =2 AC-_AB {E:aﬁﬂzﬁ
Ry

Tir va ta 6 hé phuong trinh _ _ .
AB =16Al +36JK

K--2ac+in8
3 4

Tacé: BC = AC — AB =—10Al —24JK .

Cho ttr giac ABCD. Goi E, F, G lan luot 1a trung diém caa AB, CD, EF . Ching minh

MA+MB +MC +MD =4MG dung véi moi diém M .
Loi giai
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Ta co GA+GB =2GE va GC +GD = 2GF va GE +GF =0.

Suy ra, GA+GB+GC+GD=2(G?+GT)=6.

Mt khic GA=MA-MG, GB=MB-MG, GC=MC-MG, GD=MD-MG.

Do d6 MA+MB +MC +MD—4MG =0.

Vay MA+MB +MC +MD =4MG.

CAu 68: Cho tam giac ABC. Goi D,E,K lan luot thoa 3BD=2BC, AC =4AE, 3AK = AD. Ching
minh B, K, E thang hang.

Lai gii

B®

Vi AE=LAC. BD=2BC
4 3

= BE = BA+ AE - BA+ AC ~BA+(BC- BA)

ETAA(%@’_B—AjiﬁSB—A
4\ 2 8 4

Vi AK =2 AD nén BK —BA+ AK —BA+ AD — BA+(BD~BA) =3 BD +~ BA.

Do dé W:%ﬁ.

Vay B,K,E thing hang.
Cau 69: Cho tam gidc ABC c6 BM =-2AM, AN =3NC, MH +NH =0,
2DB +DC =0. Chung minh ring: HD =%E—§E+%@_

Léi giai
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A

Tacé: BM =—2AM < AM :%ﬁ.
-— . 3
AN:3NC<:>AN:ZAC.

26 + DC =0 < BD = BC .
Mt khic: HD =—AH + AD = —~(AM + AN )+ AB + BD

:-1(1E+§A—cj+ﬁ+1%=—1ﬁ+ﬁ—§ﬁ+1ﬁ
2\ 3 4 3 6 8 3

_2a8-3ac+lBc (dpcm).
6 8 3

Cau 70: Cho tam giac ABC ¢¢ 3W=2m, BA—Q:E,W+M=6,
BM +PM =0. Chitng minh 3 diém Q,H,P thing hang.

Lai gii

A

B P

M C
Taco: QH =QA+AH == AB+2 AM == AB + ~(AB + BM )
3 2 3 2

:_lﬁé(ﬁﬁﬁj:_1ﬁ+lﬁ+i(_ﬁ+rc):_Eﬁi;\—c.
3 2 5 3 2 10 15 10

@:@+@=EE+EE=3ﬁ+9(—E+A—C)=—§E+§A—C:4(—EE+EA—CJ
3 5 3 5 15 5 15 10

< QP =4QH . Viy suy ra 3 diém Q,H, P thing hang
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Cau 71: Cho tam giac ABC. Goi M,N,P lan luot 1a trung diém cua cac canh BC,CA, AB. Chiing

_— — — —s ——s ——

Léi gidi

A

Ta co:
OA+ OB +OC —OM +ON +OP < (OA~OM )+ (OB ~ON )+ (OC - 0P ) =6

MA+NB+PC=0< AM +BN +CP =0.

AN — AC +CM
Mt khic {BN = BA+ AN
CP-CB+BP

= AM + BN + P = (AC + CB+ BA) + (Wi + B+ AN ) ~CM + BP + AN.

BP = MN
Laicoy_.
AN =NC

_— s

Do d6 ta c¢6 diéu phai ching minh.

Céu 72: Cho tam giac ABC. Lan luot lay cac diém M, N, P trén cac doan thang AB,BC va CAsao cho

AM :%AB,BN :%BC,CP :%CA. Chung minh rdng: AN +BP +CM =0.

Lai gidi
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Cau 73:

Tacé,m:%ﬁ@m_ﬁ:%ﬁ(l)

el 1

CP=ZCA« BF-BC=2CA (2)

S T -

AM = AB < CM ~CA = AB (3)

Tir (1),(2),(3) ta suy ra: m+@+m—(ﬁ+ﬁ+@)=%(ﬁé+ﬁ+@)

@M+ﬁ+cﬂzg(ﬁ+ﬁ+@): 0=0.

w| s

Cho hinh binh hanh ABCD, goi G la trong tim cta tam giac ABD, goi | 1a diém thoa man
2IA+1C+1D =0, goi J 1a diém thoda man CA+CB+2JC =0. Chung minh rang 1,J,G thing

hang.

a) Chtng minh ring 1J =%E_%E; GJ :%ﬁ_%ﬁ_

b) Chttng minh rang ba diém 1,J,G thang hang.
Loi giai

a) Ching minh rang 1J =%E_%ﬁ; GJ =%ﬁ—%ﬁ.

Tacdé CA+CB+2JC=0<>CJ+JA+CJ+JB+2JC =0« JA+IB=0.

Suyra J 1a trung diém cua AB = AJ = %ﬁ

Vi G la trong tdm cua tam gidc ABD nén AG = 3 AB + 3 AD

Lai co 2IA+1C+1D=0 < 2IA+ 1A+ AC+ 1A+ AD =0 < 4Al = AC+ AD
< 4Al = AB+2AD @ﬁ:%ﬁ+%ﬁ.

Khido1G=A] Al=~AB-*aB-1aD-126_-1ap =17—128_1%D.
2 4 2 4 2 4 2

Gi=Aj AG=1nB-‘aB_-‘ap-1aB - lap—cGi-1ms-lap
2 3 3 6 3 6 3

b) Chitng minh rang ba diém 1,J,G thang hang.
Theo cau a ta co:

=2 AB - AD = 41J = AB-24D (1)
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Cau 74:

GJ ~ £ AB- AD = 66] = AB-2AD. (2)

Tu (1) va (2) suy ra 413 =6GJ = 1J %Q = 1J,GJ cung phuong suy ra 1,J,G thing

hang.
Cho tam giac ABC. Goi M,N 1a cac diém lan luot thuoc canh AB, AC sao cho AM = % AB,
AN =§AC va P 1a trung diém cua BC.Goi K 1a diém thoa man 2KN + KM =0.
, s 1l 2
a) Chirng minh rang AK :gAM +§AN.
b) Chitng minh rang ba diém A, K, P thang hang.
Loi giai

A

AN

a) Ching minh ring W:%m+§m

Tacod 2KN +KM =0 < 2AN —2AK + AM — AK =0

@3m:zm+m@m:%m+§m

b) Ching minh riang ba diém A, K, P thing hang.
. e Lo 2.
Theo cau a) ta co AK :éAM +§AN ,

O

sty ra AK = .%E+ AC@AK=2A5+%E@4R=E+E.(1)

0| w

Wl
wlnN

Vi P 1a trung diém cua BC nén 2AP = AB+ AC. (2)
Tir (1) va (2) suy ra 4AK =2AP < 2AK = AP.

Suy ra AK, AP cung phuong = A K, P thing hang.
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Céiu 75: Cho hinh thang ABCD c6 ddy AB, CD, CD=2AB.M, N lan luot 13 cac diém thugc canh
AD va BC saocho AM =5MD, 3BN =2NC . Goi P 1a giao diém ciia AC va MN, Q 1a giao

diém caa BD va MN . Tinh %JrQ_N

QM

Loi gidi

Goi E la giao diém ciia AD va BC.Tacé A,B lan luot 1a trung diém cua EC,ED.
Giasit PM =xPN : QN = yQM .
Ta Cé @:M

1-x

Tacd: AM :5MD:>W=%H5:>W:1—61§&.

3BN =2NC:W=§%:W=%§.

11— TX==
o = —EA-~EC
Dods: EF_EM-XEN 6 " 30~ _ 1 =  TX &=
1=x 1-x 6(1-x)  10(1-x)
11 7x -

Do P, A C thing hang nén

— =1<55-21x=30-30X & x=——.
6(1-x) 10(1-x) 9

vay FM _25
PN 9
— EN-yEM — 7 — 7-— —— 11— 11—
Tacs EO=—> VM ey_ ' Ec-Tg8, em - 2EA-LLED,
1-y 10 5 6 12
T 1ly—
_. EN-yEM gEB-L,FD 7 gy
EQ= _ - EB- ED.
1-y 1-y 5(1-vy) 12(1-y)

7 1y
5(1-y) 12(1-y)
QN _24 PM QN 341

Vidy =—=—.Suyra + = .
QM 5 PN QM 45

Do Q, B, D thang hang nén =1<84-55y=60-60y < yz—%.
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Cau 76: Cho tir gidc ABCD, O 14 giao diém hai dudng chéo. Goi G,,G,,G,,G, lan lugt 14 trong tim tam
giac OBA,OAD,ODC,OCB . Goi | la giao diém cua hai canh GG, va G,G, . Ly diém G thoéa
min GA+GB+GC +GD =0. Chang minh O, 1,G thing hang.

Lot giai

Theo dinh 1i Talet, ta duoc GG, = %@ va G,G, = %@ .

Suy ra G,G,G,G, 1a hinh binh hanh.

Do d6 1G, +1G, +1G, +1G, =0 = G,G +G,G +G,G +G,G =4IG .
Vi OG+BG+AG =3GG nén OG-GB-GA=3GG.

Tuong t OG - GA—GD —36,G ; OG- GD -GG ~36,G ; OG- GC —GB 36,6 .

Suy ra 40G —2(GA+GB +GC +GD) =3(GG +G,6 +GG +G,G),

Ma: GA+GB+GC+GD =0, GG +G,G +G,G +G,G = 4I1G
ta duogcC 0G =3IG.

Vay O,1,G thang hang.

CAu 77: Cho hinh binh hanh ABCD, c6 ngm va G la trong tAm tam gidc ABD, N la diém

thugc doan thang BC . Xac dinh vi tri cia N sao cho 3 diém M,G, N thang hang.
Lo gii
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A M

D

B
N C

Vi diém N thudc doan BC ta dit BN =k.BC .

Taco: MG=MA+AG=—2>AD+LAC=_2AD+ AB+AD=LAB_LAD.
5 3 5 3 3 3 15

w=m+m=_§ﬁ+m+m=_§ﬁ+m+kﬁ=(k_§jﬁ+m
Dé 3 diém M,G, N thang hang khi va chi khi

MN = xMG < (k-2 |AD+AB=x|tAB-L A0 | (X 1|AB-[ X +k_2|AD =5
5 3 15 15

3 5
& 3 1.
X 2 k==
—+k-==0 5
15 5

Viy diém N thudc doan BC sao cho BN =%BC.

Céu 78: Cho tam giac ABC va cac diém P,Q théa min P—1)4 = 2@, 367/1 + 2@ = (. Chtng minh
rang duong thang PQ di qua trong tdm tam giac ABC.

Léi giai

Tur gia thiét ta co ﬁ:%ﬁ va A_c'ng—Q.

Goi G la trong tdm tam giac ABC, M la trung diém cua BC.
Ta co:

GP = GA+ AP = —= AM + 2AB =~ (AB + AC )+ 2AB = 2 AB—~ AC , (1)
3 3 3 3
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GQ=GA+AQ=-2AM + 2 AC =—=(AB+ AC)+ 2 AC =~ AB+ = AC . (2)
3 S 3 5 3 15

Tir (1) va (2) suy ra GP = -5GQ hay 3 diém P,G,Q thing hang.
Vay PQ di qua trong tam G cuia tam giac ABC.

Cau 79: Cho tam gidc ABC c6 trong tim G. Goi M,N la 2 diém lan luot théa man dang thic

m%@; 2AM + AC = 0.

a) Ching minh ring W:%EJF%E va M—G':%EJFEA_C'.

b) Chuang minh rang M, N, G thang hang.

Lai gii

a) Chuing minh rang W:%ﬁg’+%ﬁ va M—GZ%EJrgE.

+Ta co6: AN ==NB :m:%ﬁ; 2m+A—C:6:>m:—%E.Suyra

1
4
o 1= 1—
MN:AN—AM:EAB+EAC.

— 1= 1= - 1 1— 1-— 1— 55—
+ Ta ¢c6 AG:éABJrgAC,suyra MG=AG—AM=%AB+%AC+%AC=%AB+%AC.

b) Chitng minh rang M, N, G thang hang.
Theo cau a ta co:

W:%Eﬁr%ﬁ:mwzzﬁwﬁ 1

M—ngrs'+§m:,6m:zm+src' >

Tir 1 va 2 suyra 10MN =6MG hay WZSWG, suy ra MN & MG ciing phuong hay

M,N,G thing hang.
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Cau 80: Cho ABC déu co canh bing 2023. Goi A 1a duong thing qua A va song song BC, diém M

di dong trén A . Tim gi tri nho nhét cua MA+2MB —MC]|.

Loi giai

IRIES

Goi E la trung diém AC.

L4y diém 1 saocho: IA+2IB—1C =0« 2IB=IC-1A < 2IB=AC < IB=AE

— | la diém th tu cua hinh binh hanh AIBE.

Ta co: ‘W+ZW—M—C‘:‘(W+ﬁ)+2<m+ﬁ)—(m+ﬁ)‘
= [2MI +(1A+2IB~1C)| = 2MI| = 2MI > 2d (1;).

DAu bang xay ra khi va chi khi M 1a hinh chiéu caa | trén A.

Khi d6: MAI = MAB - IAB = 60°— ABE = 60°—-30° =30°.

= IM = IA.sin30° = BE.sin30° = 20233 .sin30° = % .
Vay gia tri nho nhét cua [MA+ ZW—M—C‘ bang 202:\/5.

Cau 81: Cho hinh binh hanh ABCD, goi E la trung diém AD, AB=a, BC=2a, AC= a\/é . Tinh do

dai vecto §A+@+§ )
Loi giai
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B

2
Taco: BC? =(2a)’ =4a® =a” +(av/3) = AB”+AC?. Suy ra AABC vudng tai A.
Goi M la trung diém cua BC, G 1a trong tam AABC, F = AM NBE.
Khi dé ﬁ+@+E—CH3E\=3EG.
BM // AE (BC // AD)
Ta co: BC AD) = ABME 14 hinh binh hanh.
2

Mait khac AB=BM =a nén ABME Ia hinh thoi. Suy ra BE L AM .
AM AM AM 1 1 1 a

BM = AE(

Taco: FG=FM -GM = - = =-BC.==—2a=—
2 3 6 2 6 12 6
Tam gidc AME co AM :%:a: ME = AE nén AAME déu. Suy ra EF =_a;/§

a\/§ ) a ? aﬁ
Xét tam giac vuong EFG ta cé: EG =+EF? + FG? = (Tj +(—j ==

6 3

Vay |EA+ EB+EC| =[3EG|=3EG =3. 2~ ‘f aV7 .

Ciu 82: Cho tam giac déu ABC canh a ngi tiép dudng tron (O). Diém M thudc (O). Tim gié tri 16n
nhét, nho nhét cua ‘W\+W—M—C‘ .

Loi giai
/ / \ M // -/
/ O/ \

K /

Goi | la dinh thir tu cta hinh binh hanh ACBI .
Ta co ﬁ&@—ﬁzﬁ.
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Khi d6 ‘W+W—M—C‘:‘W‘:MI.

Vay Ml Ién nhit khi M tring véi diém C va MI nho nhat khi M 1a giao diém cua Cl véi
dudng tron (O) (M khac C).

Goi H 1a tdm hinh thoi ACBI, suyra Cl =2CH = Zi_a\/é.

2 2aJ_ a\/§.

Mat khac MI =OC =—=CH =
3 32 3
Vay gié trj I6n nhit, nho nhét cua ‘W\er—m‘ an luot bing a~/3 , %.

Cho tam giac ABC c6 G latrong tam. Goi H la chan duong cao ha tir A sao cho BH = %H—C :

Piém M di dong trén BC sao cho BM =XBC. Tim X sao cho do dai vecto ‘M_A+@‘ dat gia

tri nho nht.

Lai giai

B

Dung hinh binh hanh AGCE .
Ta co Ez@,nén MA+GC = MA+ AE = ME.
Ké EF LBC, Fe BC:\M—A+@\=\W\2\§‘.

Do d6 \l\Tmﬁ\ nhé nhitkhi M = F .

Goi P la trung diém AC, Q 14 hinh chiéu cia P 1én BC. Tacé BP = % BE.

‘ BQ BP 3 - 4
ABPQ déng dang ABEF nd 2 S BF=280Q.
Q dong dang "' BF TBE 4 300

Mat khéc mzém:ngﬁ.
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Cau 84:

| O website: onthivip.com | 0 Kénh Youtube: UnixTL[1 CSKH (zalo): 081.234.2211

PQ la duong trung binh cia AAHC:>HQ EHC
Ta c6: BQ = BH+HO-1HC+1HC-2HC-2.3BC-28C.
3 2 6 6 4 8
:BF_f@_ﬂ§ BC-2BC = x=2.
38 6 6

Cho tam giac ABC déu canh bing a, diém M thoéa mén 2 W+W+W‘ = 3\m+ m\ Tim
gi4 tri nho nhét cua ‘m‘

Léi gidi

Goi G la trong tm tam giac ABC . Goi I, J, K lan luot 13 trung diém cua BC,CA, AB.

Ta ¢6: 2|MA+MB +MC|=3|MB +MC| < 2[3MG|=3[2MI| < MG = MI = Tap hop cac

diém M 1a duong trung truc d cua doan Gl . Nén AM nho nhat khi va chi khi M 14 hinh
chiéu vuong goc ciia A 1én d hay M 1a trung diém cta doan GI .

_AM. —AG+igI=2 3+a*/§—5aﬁ.

Khi do |AM]| . -
min 2 3 12 12

PHAN TiCH MOQT VECTO THEO 2 VECTO KHONG CUNG PHUONG.

57 | Ths. Lé Viét —

Dé phan tich mot vecto theo 2 vecto khong cting phuong, ta sir dung linh hoat quy tic ba diém,
quy tac hinh binh hanh, tich vecto véi mot s, tinh chét trung diém, trong tdm tam giac.

+ Quy téc ba diém: Cho ba diém A, B,C, khi d6 AB+BC = AC.

+ Quy téc hinh binh hanh: Cho hinh binh hanh ABCD, khi d6 AB+AD = AC .

* Tich vecto véi mot s6: Cho sb thuc k va vecto &. Khi do6 tich k.a 1a mot vecto, cung hudng
Véi vecto @ néu k >0, nguoc hudng véi vecto d néu k <0 va co do dai |k.d| =k|.|a].

+ Tinh chat trung diém
+ Piém M thuoc doan AB sao cho XAM = yBM (x,y>0) thi AM =—— AB va khi d6 véi
X+Y
xIA+yIB
X+y

moi diém I tacd IM =
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Céu 85: Cho tam gidc ABC. Goi N 1a diém nam trén canh AC sao cho NA=3NC, M la diém nam
trén doan BN sao cho BN =3BM . Phan tich AM theo G = AB va v = AC.
Loi giai

Tacé N 1a diém nim trén canh AC sao cho NA=3NC = AN = %A—C .
M 1a diém nim trén doan BN sao cho BN =3BM = BM = %W

Do ds AM ~ BV —BA~2 BN + AB ~Z (AN — AB) + AB — AN+ AB ~ AC + - AB

Vay AM :EU+1\7.
3 4

. \ . . 2.
Cau 86: Cho tam giac ABC. Goi E, F lan luot 1a hai diém trén hai canh BA, BC sao cho BE =—-BA,

ﬁ:%ﬁ.eoi I, J lan luot 14 hai diém trén hai doan EF, AC saocho IE =2IF, 2JC =JA

. Hay phén tich vecto 1J theo hai vecto BA va BC.

Lai gidi

Ta co:
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E—2IF — . . BE+28F 1. 2. 2. 8 __
L E-2F»Bi-BE*2BF _lge 2qF 285, 85c
| e EF 142 3 3. 9 15
A=2C — . . BA+2BC 1. 2.
— JA=—21C =B - BA¥2BC 1gx 25¢
JeAC 142 3.3

15 -87-Bi =[1BA+28c |- 2BA+ 2 BC |=1BA+ 2 BC
3 3 9 15 9 15

Viy 1J =2BA+-2BC.
9 15

Céu 87: Cho hinh binh hanh ABCD. Goi | 1a trung diém cia CD, G 1a trong tAm tam giac BCI . Hay
phan tich AG theo AB va AD .
Loi giai

D I C

=l

A a B
. 2, o = 1 — 1— ——
* 1 la trung diém cua CD nén: Al =EAC +§AD =§AB +AD .

s WA EHEB V
* G la trong tam tam giac BCl, AC = AB + AD va Al :EAB + AD nén

AG =ZAB +ZAC +ZAl =2 AB +=(AB + AD )+~ SAB +AD |=2AB +2AD
3 3 3 2 3 3l 2 6 3
Céu 88: Cho tam giac ABC, goi | la diém trén BC kéo dai sao cho IB=3IC. Goi J,K lan luot la
nhitng diém trén canh AC, AB sao cho JA=2JC, KB =3KA. Khi d6 BC =mAl +nJK . Tinh
tong P=m+n.
Léi gidi
1

Taco: Al = AB-+BI = AB+> BC = AB +—(AC— AB) =2 AC-Z AB (1)
2 2 2 2

R:R-ﬁ:%ﬁé-%ﬁ (2)

Al =2 AC-SAB {E=16N+3GR

Tu va ta 6 hé phuong trinh .
AC =6AIl +12JK

K=1aB_2AC
4 3

Tacé: BC=AC-AB=-10A1-24JK =m=-10,n=-24=P=m+n=-34.

Céu 89: Cho tam giac ABC. Piém M thudc doan thang BC sao cho MB =2MC . Hay phan tich vecto
CM theo hai vecto = AB, V=AC.
Loi giai
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. , — 11—
¢ Theo gia thié¢t M thudc doan thang BC va MB=2MC . Do d6 CM = ~3 BC.

* Ma BC = BA+AC nén OM =-(BA+ AC) <> CM = AB -2 AC & CM = U~

Cau 90: Cho tir giac ABCD, O la giao diém cua hai duong chéo AC va BD. Goi G, G’ theo thir tu 1a

trong tam cua tam giac OAB va OCD . Phan tich GG’ theo hai vecto AC va BD.
Loi giai

* Vi G’ 1a trong tAm ctia tam gisc OCD nén ta c6: GG’ = %(@+GTf + @) (1).
+ Vi G la trong tam cua tam giac OAB nén ta co: GO+GA+GB=0<GO= —(@+ @)
(2)

1

*Tir (1) va (2) =06’ =2 (GC -GA+GD-GB) =3(AC +BD).

Vay @=%(E+@).

CAu91: Cho hinh binh hanh ABCD, trén cac canh AB, CD lan luot Iéy hai diém M, N sao cho
12AM = AB, 2NC =CD. Goi G la trong tam tam giac BMN . Hay phan tich vecto AG theo 2

vecto ﬁ va E
Loi giai
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A M E B

N
* Vi G la trong tdm tam giac BMN nén ta co AG = %(ﬁ +AM + M) .

o Ma m%ﬁ va m=ﬁ+m=m+%ﬁ.

Suyra AG == AB+-~ AB+AD+~AB |= 2 AB+ 1 AD.
3 12 2 36 3

Céiu 92: Cho ti giac ABCD trén cac canh AB, CD lan luot lay cac diém M, N sao cho 3AM =2AB

va 3DN =2DC . Hay biéu dién vecto MN theo hai vecto AD, BC.
Loi giai

D D
A A
K
B I
I
N
M
B g gz C

¢ Ta chirng minh bai toan sau:

Néu E, F lan luot 1a trung diém cia MN, PQ thi ﬁ:%(Wymf).

Thitvay, ta ¢6 EF =2 (EP+EQ)=—(EN+ NP+ EM + M) = (MQ+NF),

* Goi |,K lan luot 1a trung diém caa AM,DN .
Khi d6, ap dung két qua bai toan trén ta co:

MN =2 (BC+IK)=2| BC+=(AD+MN) | = MN == AD + 2BC.
2 2 2 3 3
CAu 93: Cho hinh binh hanh ABCD. Goi M, N 1an luot 12 hai diém nam trén hai canh AB va CD sao

cho AB=3AM, CD =2CN . Hay phan tich vecto AG qua céc vecto AB va AC .
Loi giai

A M B
/T
D ,{l C
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Taco: AN = AC+CN = AC-Z AB,
Vi G la trong tdm tam giac MNB nén:

3A—e:m+m+m:%m+(m_%ﬁ]+ﬁzgﬁ+m

Suy ra AG = AB+1AC.
18 3

Cau94: Cho tam gidc ABC. Pat u=AB, v=AC. Ta dung cac diém M,N thoa man:

AM = %ﬁ, CN =—2CB. Hay phan tich MN qua cac vecto U vav.

Léi gidi

C — °N
VI T . . 1
Vi AM :§AB suy ra M thuoc canh AB va AM =§AB;

CN =-2CB, suyra N thugc tia BC va CN =2BC(C ¢ gitta Bva N).

Ta co: C—M:G&+A—:—A—C+%ﬁ:%ﬁ—§

AN = AB+BN = AB +3BC = AB +3(AC — AB) =—2u + 3v
e 1- - - 7- -~
Do d6 MN = MA+ AN :—gu—2u+3v:—§u+3v.

Céu 95: Cho tam giac ABC, trén canh BC ldy M sao cho W=—3C—M,trén doan AM liy N sao cho

AN = 7 AM .Goi G Ila trong tam tam giac ABC . Hay phan tich vecto MN qua cac vecto GA

va GB.
Loi giai

A
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Vi G la trong tdm tam giac ABC nén GA+GB+GC =0 suy ra GC =-GA—-GB

AM = AB+BM = AB+ BC = AB +(AC - AB) =~ AB+> AC
4 4 4 4

Do do M =2 Wi = -2( L 48 + 2 AC | - - (08 -GA) - 5 (6C-5A)
7 7\ 4 4 14 14

~ 1 (GB-GA)—->(~GA-GE-GA) = - GA+ = GE.
14 14 2 7
Ciu 96: Cho AD va BE 1a hai phén giac trong cta tam giac ABC D e BC, E € AC . Biétring AB=4

, BC =5 va CA=6. Hay phan tich vecto DE theo céc vecto CA,CB.
Loi giai

B°” 13 C
Vi AD la phén giac trong cia tam giac ABC nén
CO_AC_6_ CD _ 6
DB AB 4 CD+DB 6+4

_P_% _cp-3cE.
CB 10 5

Tuong tu, ta co E=§:>ﬁ=§@\.

CA 9 9

Khi dé, ta co ﬁ:ﬁ—ﬁ:%ﬁ—gﬁ.

Céiu 97: Cho tam giac ABC. M 1a diém trén canh AB sao cho AM =3MB, N diém ddi xtng caa M
qua B. Gia st CN =mAC +nBC . Tim gid tri nhé nhat ctia ham sé y = x? +8mx—4n.
Loi giai

C

c

v

A M B N

Gia s ton tai cap s6 (m,n) sao cho CN =mAC +nBC.

Ta c6 mzsm’:gw nén AC = AM —CM =§MN—CM.
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BM :—%W nén %:W_C—M:_%w_c—m.

Tir d6 suy ra CW:m(gW—C—Mj+n(—%W—C—M]:(:%m—ng—(m+n)C—M ).

Mt khéc ta c6 CN=CM +MN (2).

Tir (1) va (2) suyra (?—EJW—(mm)CM =CM +MN

@[%—g—ljwz(ernJrl)CW (3)

3_m_ﬂ_1_0 m:l
Vi MN, CM khong ciing phuong nén'tir (3) suyra{ 2 2~ < 45.
m+n+1=0 n=——
4
mol
Dodo CN=LAC-2BC={ 4
4", 5
n=-=
4

Khi do ta co ham s§ y=x*+2x+5, taco x* +2x+5=(x+1)" +4.

Vi (x+1)° 20,VxeR = (x+1)° +42>4,vxe R =miny=4 khi x=-1.

Ciu 98: Cho hinh binh hanh ABCD, ldy M trén canh AB va N trén canh CDsao cho

W:%ﬁ, W=%ﬁf.6()i I va J 1a cac diém thoa man ﬁ:mBT:,AT:nﬁ. Khi J 1a

trong tim tam giac BMN thi tich m.n bang bao nhiéu?
Loi giai

D N C
A M B

* J la trong tam tam giac BMN khi va chi khi H=%(AB +AM + AN )

1

* AM =—AB
3

* AN =DN-DA=-DC -(DC +CA) = AC-DC = AC -~ AB

*Kf:nﬁ:n(ﬁ+§):n(ﬁ+m@):n[@+m(ﬁ—ﬁ)}:n(l—m)ﬁ+m.nﬁ

Nén thay vao (1) ta co
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3(n(1_m)m+m.nrc):m+§ﬁ+rc_%m@3n(1_m)m+sm.m:§m+m

5\—— - 3n—3mn—§:0 1
= 3n—3mn—€ AB+(3m.n—1)AC:O = 6 c>m.n=§.

3m.n-1=0

Cau 99: Cho hinh chit nhat ABCD. F la trung diém cta canh CD, E 1a diém xac dinh bai AB =2EA.
Goi G la trong tam tam giac BEF . Phan tich vecto DG theo hai vecto AB , AD.

Loi giai
E A B
\ (&
M
D F C

* Goi M 14 trung diém cua AD.

. |[EA=DF . .
* Ma = M la trung diem cua EF =G e BM .

EA// DF

+ Xét ABEM : B_:g ma Ezg nén AG//EM , mat khac AC//EM .
BE 3 BM 3

A
GeAC AG 1

Do ds, =2
0l AS _270c T3
EM 3

*Viy DG =DA+AG = DA+~ AC = ~AD +(AB + AD) = - AB~ 2 AD.
3 3 3 3

Céu 100: Cho tam giac ABC. Goi D 1a trung diém cua canh BC va K 1a mot diém trén canh AC sao
cho AK :%AC .Goi | 1a giao diém cia AD va BK . Tinh ti sb %.

Léi giai

oDatﬂzx.Khidé Al =xAD.
AD
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Cau 101:

+ Ta s& biéu dién ﬁ W theo 2 vecto Ng AC :
] e (X e X
Bl = BA+ Al =—AB+XAD=—AB+X.§.(AB+AC): >~1|AB+2 AC.
N

BK:BA+AK:—AB+ZAC.

* Vi B, 1,K thing hang nén ton tai k =0 sao cho: Bl =kBK .
Khido: [ X-1|AB+ X AC k| -AB+1AC | o X1k |AB+[ XK )ac=0 ().
2 2 4 2 2 4

Vi AB, AC la hai vecto khong cung phuong nén tir (*) ta phai co:

X 2
2 k=0 X giox=0 |75
K <2 Rt 4
X_ X0 K = 2x k=2
2 4 5
vy M_2
AD 5
Cach 2:

* Pit Al Khido AD=ZAT.
AD X

* Taco: AD == (AB+AC) &= Al == (AB +4AK ) < Al =X AB+2xAK
2 X 2 2

* Vi B, | ,K thang hang nén §+2X:1C}>X:§.

vy AL_2
AD 5
Cach 3:

+ Ap dung dinh 1y Menelaus trong AACD ta c6:

BD IA KC
—_ =l=

1 1A A 2 Al 2
— 3=1=—= -
BC ID KA

—.—-3= — == —=—,

2 ID ID 3 AD 5

Cho tam giac ABC c6 trong tam G. Goi | 1a mot diém trén canh BC sao cho 2Cl =3Bl va J 1a
mot diém nam ngoai doan BC sao cho 5JB =2JC . Hay phan tich vecto AG theo cac vecto Al

va AJ.
Loi giai
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A

] B I M C
Goi M 1a trung diém cua canh BC.

D —

Vi G 1a trong tAm ctia tam gidc ABC nén ta c6 AG = 3 AM = %(E + E) (*)

Ta co:

2C1 =3B . . 3 2.
& 2IC =-3IB < 2(AC— Al )=-3(AB— Al ) = Al =~ AB+ = AC (1)
| eBC 5 5
Mac khac:
5JB=2JC
©5J8=2]C < 5(AB-AJ)=2(AC-AJ) < 3AJ =5AB—2AC
JeBC
o AJ=2AB-2AC (2)
37 3
SAB+2AC=Al  (pio n
X , 5 3AB+2AC =5Al
T (1) &(2), taco 4 s il = U AN
55 _2ACG-Aj [5AB-2AC=3A]
3 3
AB=2Al+3A]
- 25 89 ()
AC=22AI-—AJ
16 16

Thay vao, ta cé AG == 2 AT+ AT+ 2 AT - L AT |=2ar-L a7,
3.8 8 16 16 48 16

CAu 102: Cho hinh binh hanh ABCD. L4y M, N sao cho C—M:%@, C—Nzéc—Dﬂ Goi I, J 1a hai diém

théa man Cl =aCD, BJ = 8Bl . Xac dinh «, 8 dé J 1a trong tAm tam gisc AMN .
Loi giai

B M

A
i

Tacd: JA+IM +IN=BA—BJ+JB+BM +JI +IN= ﬁ—2§+%%+§—ﬁ+m—ﬁ

:ﬁ+lﬁ+(—3ﬂ+l)ﬁ+cw—a=ﬁ+%ﬁ+(—3ﬁ+l)(@+ﬁ)+ﬁ—a
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—. (3 ey = o — (3 ey 1 __
= BA+(§—3,BJ(AC—AB)+CN —38CI = BA+(E—3ﬁj(AC—AB)+§CD—3a,BCD

= ﬁ+[g—3ﬂj(ﬁ—ﬁ)+(%—3aﬂjﬁ = [—%+3ﬁ+3aﬂjﬁ+(g—3ﬁjﬁ

Dé J 1a trong tim AAMN thi JA+IM +IN =0 @(—%+3ﬁ+3aﬁjAB+(——3ﬁjAC =0.

o —£+3ﬂ+3aﬁ 0 a=§
Mat khac, do AB, AC khong cung phuong nén suy ra 6 = J
§—Sﬂ—O ,B—l
2 2
A 8 1 . R
Vay voi a=§,ﬂ=§ thi J la trong tam AAMN .
A M B
.G
o N e

Taco: AN =AC +CN = AC—%CD E’—%E

W=m+m=_%E+(E—%ﬁj=[_%ﬁ—%ﬁj+ﬁ=_§E+E

Vi G la trong tdm tam gidc MNB nén

3%:W+M+E=%E+(E-%NB’)+E=@E—%E+E)+E=%E+E
Suy ra AG = > AB+ZAC.
18 3

XAC PINH VI TRi PIEM M THOA HE THU'C VECTO CHO TRUGC
Pé xac dinh vi tri diém M thoa man hé thirc véc to ta 1am nhu sau:
+ Bién dbi dang thic vé dang AM =u, trong d6 A va véc to U 1a ¢b dinh.
+ LAy A lam gbc dé dung véc to bing U, diém ngon chinh 1a diém M cin tim.

Cau 103: Cho ti giac ABCD. Tim diém M théa man MA—MB+MD+ AC =CD.
Loi giai
MA—MB +MD +AC =CD < BA+MD+ AC =CD < BC +MD =CD
< MD-CD=CB < MD+DC =CB < MC=CB «<CM =BC.
Vay M la diém dbi xirng cua Bqua C.

Céu 104: Cho tam giac ABC . Tim diém H thoéa man: 2.HA—HB+2.HC =0.
Loi giai
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A

Goi G la trong tdm cua tam giac ABC.
Goi M, | lan luot 14 trung diém cua BC va AC.

Taco 22HA—HB+2.HC =0 < 2.HA+2.HC-HB=0 < 4.HI —HB =0

IB < IH=-IG.

<:>4.m—(m+@):6 QB.W—@:()@m:—%
Viay 1a H 1a diém d6i xang voi G qua | .
Cau 105: Cho AABC. Xac dinh diém D théa man hé thic MA+2MB—3MC =CD véi M tuy §.
Loi giai

R

CD = MA+2MB —3MC = MA+2MB +2CM +CM =CA+2CB.
Goi E 1a diém sao cho CE =2CB.

Khi d6: CD =CA+CE.

Vay D la dinh cua hinh binh hanh ACED.

Cau 106: Cho AABC . X4c dinh diédm M sao cho: MA+MB +2MC =3BC.
Loi giai

* Cach 1:

M

B c D

Goi G la trong tam tam giac ABC.
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Ta c6: MA+MB +2MC =3BC <> MA+MB + MC +MC =3BC

< 3MG +MC =3BC <> 3MG + MG +GC =3BC < 4MG =3BC +CG
< 4MG =2BC + BC +CG < 4MG =2BC + BG.
Goi diém D ddi xang véi diém B qua C va E la dinh tht tu ciia hinh binh hanh BDEG .

Khi d6: @:2@:4@:@+%@4m=ﬁ@m=%ﬁ.

Piém M duoc x4c dinh nhu hinh vé.

* Cach 2:

M E

B c

Goi | 14 trung diém ciia AB va E la trung diém cua IC .

Ta c6: MA+ MB +2MC =3BC < 2MI +2MC =3BC @2(W+M_c’)zsﬁ
. g
< 2.2ME =3BC < ME :ZBC

Cau 107: Cho hinh binh hanh ABCD tam O. Xac dinh vi tri diém M thoa man OB +OC = AM .

Loi gii
E
%\C
[0
A D

Goi E la dinh thu tu cta hinh binh hanh BOCE . Khi d¢ tir giac DCEO ciing 1a hinh binh
hanh. Do d6 OE = DC = AB.

Xét hinh binh hanh BOCE , ta ¢6 OB +0C =OE .

Ma AM =OB+0OC =OE = AB.

Khi d6 AM = AB, suyra M trang véi dinh B.

CAu 108: Cho tam giac ABC. Tim diém M sao cho: MA+2MB+3MC =0.
Loi giai
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A

P

M
B 0

C

Tacod m+2m+3M—C:6®m+M—C+2(W+M—C):6(1).
Goi P 1a trung diém cia AC va Q la trung diém cua BC.

Khi d6 (1) < 2MP +4MQ =0 < MP = -2MQ .

Vay diém M nam trén doan thang PQ sao cho MP =2MQ.

Cau 109: Cho hinh binh hanh ABCD. Tim diém M sao cho: 2AM +3BM +MD =0.

Léi gidi

Ta co:
2AM +3BM +MD =0 <> 2(AM + BM )+ BM +MD =0 <> 2(AM + BM )+ BD =0(1).

Goi P 1atrung diém cia AB va Q 1a diém nam trén doan BD sao cho BD =4BQ.
Khi d6 (1) < 4PM +BD =0 < 4PM +4BQ =0« MP =BQ.
Vay M la diém sao cho tir giac MPQB 14 hinh binh hanh.

Cau 110: Cho tam giac ABC . Tim vi tri diém M sao cho:
a) 2MA+MB+MC =0. b) MA+MB—-MC =0.

Loi giai
a) Goi | 1a trung diém BC, suy ra: 2MA+MB +MC =0 <> 2MA+2MI =0 < MA+MI =0.
Vay M 1a trung diém cua Al .

b) Goi K 1a trung diém AB, suy ra: MA+MB—-MC =0 < MC = MA+ MB < MC =2MK

<MK =MC-MK < MK =KC.
Hay KM =—-KC.
Vay diém M 1a diém dbi xting cua diém C qua diém K.

Cach 2:
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MA+MB—-MC =0« MA=BC

Vay M la dinh tht tu cia hinh binh hanh ACBM .

Cau 111: Cho tir giac ABCD. Tim diém M thoa man: 2MA+3MB —MC +4MD =0.
Loi giai

2MA+3MB-MC +4MD =0 (1)

Goi P 1a diém thoa man: 2PA+3PB=0.Suy ra P c dinh.

(1) tro thanh: 5MP —MC +4MD =0 (2).

Goi Q 1a diém thoa man: 5QP —QC =0. Suy ra Q cé dinh.

(2) tré thanh: 4MQ +4MD =0. Suy ra M 14 trung diém cua QD.

CHU Y: Pt | 1a diém cb dinh théa man 21A+3IB—IC =0. Khi d6:

(1) tré thanh: 4MI +4MD=0<>MI+MD=0.Suyra M la trung diém cia ID.

Cach 2:

Goi | va J lan luot la trung diém cua AB va ID.
Ta c¢6: 2MA+3MB —MC +4MD =0 <> 2MA+ 2MB + MB — MC +4MD =0
< 4MI +CB +4MD =0 <> 8MJ = BC.

Piém M duoc dung nhu hinh v&.

Céu 112: Cho tam giac ABC. Goi M 1a trung diém cua AB va N thudc canh AC sao cho NC =2NA.
Tim diém K thoa man: 3AB +2AC —12AK =0 va diém D théa min: 3AB+4AC —12KD =0.
Loi giai
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Cau 113:

Cau 114:

[AB=2aM @
¢Tacoé: 1 =3AB+2AC-12AK =0 < 3.2AM +2.3AN —12AK =0
AC =3AN

& AK = l(W+M) .
2
Suy ra K 1a trung diém cia MN .

¢ Ta co: 3@+4E—12@=6@3ﬁ+4ﬁ—12(ﬁ—ﬁ<’)=6

@3E+4E+12R=12E5@3E+4E+3E+2E=12E@E:%(E+E’).

Suy ra D 1a trung diém cua BC.

Cho AABC ysi BC=a AC=b AB=C Xic dinh diém | théa min ding thuc
alA+bIB+cIC =0
Loi giai

Ldy A’ trén BC sao cho 2’(? :% hay AA" la duong phéan gic.

Taco: alA+bIB+cIC =0« alA+(b+c)IA'=0

& I thude doan AA' va JA_D+Cc_ ¢ _BA

1A a ac BA’
b+c

= | 12 tim duodng tron ndi tiép AABC.

Cho tam giac nhon ABC tuy ¥, ndi tiép dudng tron tam O dudng kinh BD. Xéc dinh vi tri diém
E sao cho EA=CD.
Loi giai

o
=N

Vi BD la duong kinh nén AD 1 AB, CD L CB.

Tam giac ABC la tam giac nhon nén A, D,C khong thang hang, lai c¢6 EA=CD nén tt giac
ADCE 1a hinh binh hanh. Do d6 AE||CD va CE|| AD.

Két hop ta suy ra CE L AB, AE L CB.

Vay E 1a tryc tdm tam giac ABC.
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Cau 115: Cho tir gisc ABCD. Tim diém M sao cho: MA+2MB =3MC +4MD.
Loi giai

D

X%\

Ta c6 MA+2MB =3MC +4MD <> 4MD = MA + 2MB —3MC

W

B

< 4MD = MA—-MC +2(MB - MC) < 4MD = CA+2CB (1).

Goi P 1a trung diém caa AC va Q la trung diém cua BP.

Khi d6 (1) <> 4MD = 2CP +2CB < 4MD = 4CQ < MD = CQ.

Vay M la diém sao cho ta giac MDQC 14 hinh binh hanh.

Ciu 116: Cho tam giacABC déu, c¢6 <canh biang a. Tim diém M sao cho
MAMB + MBNC + MC MA=2
Lai giai

Goi G latrong tim AABC. Suy ra G 1a tim duong tron ngoai tiép AABC va G cb dinh.
Ta c6 MA+MB +MC =3MG :(W+W+WC)2 :Q(WG)Z

— MA’ + MB’ + MC" +2(W.W+W.WC+WC.W\):9MGZ.

Ma W2+W2+W2 :(Wﬁﬁ\)z +(m+@)2+

g

@
+
o

aa

—3MG? +GA? + GB2 + GC? +2.|\TG.(G—A’+G—B’+®)

2 aV3

2
=3MGZ+GA2+GBZ+GC2+2.M—G.6:3MGZ+3GA2:3MGZ+3(3. > J —3MG2+a?2.

Do d6 (1) < 3MG? +a? +z(m.m+m.w+m.m) = 9MG?

2 2
<:>a2+2.%=6MG2<:>MGZ:2i.

a2

Vay tap hop diém M 1a duong tron tim G ban kinh R = =

TiM TAP HQP PIEM THOA MAN PIEU KIEN CHO TRUOC
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Ap dung céac quy tic vé phép cong, trir cac vecto va cac két qua vé tap hop diém da hoc.

-Néu MA=MB thi tap hop diém M 1a dudng trung truc cua doan thang AB.
- Néu MI = AB thi tap hop diém M 1a duong tron tdm | , ban kinh AB.

- Néu MI = AB thi tap hop diém M 1a duong thang di qua | va song song véi duong thang

AB.

Cho tam giac ABC. Tim tip hop cic diém M théa min didu kién
Cau 117: |MA+MB+MC|=[2MA—MB - MC|.

Loi giai

B

I C

Goi G la trong tam tam giac ABC va | la trung diém doan BC, ta co:
MA+MB +MC =3MG ; 2MA—MB ~MC = 2MA—(MB +MC ) = 2MA—2MI = 2IA.

Do d6 [MA+ MB+MC‘:‘ZW—W—WC‘©3MG:2IA© MG =§IA<:> MG = GA.
Vay, tap hop diém M 1a dudng tron tam G, ban kinh GA.

Cho tur gidac ABCD . Tim tap hop cac diém M théa méan didu kién MA+MB +MC +3MD =k AB

. , k#0.
Cau 118: -
Lol giai

D
Goi G 1a trong tim tam giac ABC va | 1a trung diém doan DG, ta c6

MA+MB +MC =3MG :
MA+MB +MC +3MD =k AB < 3MG +3MD =k AB .

3(NG + VD) = kAB < 32MI ~KAB < Ml = AB.

Suy ra tap hop diém M 1a duong thang di qua trung diém | cua doan DG va song song voi
AB.
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Céu 119: Cho tam gidc ABC . Tim quy tich diém M théa man: ‘2m+ 3MB + 4M—C‘ = \m - m‘ .

Loi giai
Goi | 1a diém théa min 21A+3IB+41C =0, khi d6 ta co:
2MA+3MB +4MC =9MI + (21A+31B+41C) =9MI va MB—MA= AB nén
AB
| 2MA+3MB + 4MC |=| MB — MA || 9MI || AB | MI =

AB
Vay quy tich cuia M 1a duong tron tam | bén kinh e

Cau 120: Cho tam giac ABC. Tim tdp hop cic diém M thoa méan diéu kién:
MA+ MB = k(lvTA+ zm—sm) Véi k 1a s thuc thay ddi
Loi giai
Ta co m+2m—3m=m+2(m+ﬁ)—3(m+ﬁ)
—2AB—3AC = 2AB-2AH = 2HB.

Véila H diém théa man ngA_Cf.Suy ra m+m=k(m+zm_3W).

L4y E la trung diém cua AB <> 2ME = 2kHB < ME =kHB.
Vay tap hop diém M 1a duong thang di qua E va song song voi HB.
Ciu 121: Cho tam giac ABC. Tim tap hop cic diém M thoa méin dang thuac vecto:
W+W+2W‘=‘ﬁ‘.
Loi giai

B C

Goi N 1atrung diém cua AB va goi | 1a diém thoa man dang thirc vecto: IA+1B+2IC =0.
Khi d6: 1A+1B+2IC=0<2IN+2IC=0< IN+IC=0.

Nhu vay | 14 trung diém cia NC.

Ta co: \WHWQWHE\@\W+m+m+ﬁ+2W+ZEHE\

< [4MI +1A+ 1B+ 2IC|=| AB| < |4Mi| = | AB| < [MI| = ‘AB‘
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Cau 122:

Cau 123:

Cau 124:

. AB
Nhu vay tap hgp diem M 1a duong tron tam | va ban kinh r = i

Cho hinh thang ABCD(AB//CD), c6 CD=2AB, H la trung diém cta canh DC .Tim tap hop

cac diém M thoa mén dang thuc

M - AD| ~ |MH - HD)|.

Loi gidi

AB =DH

Taco: AB=DH =HC = 1 DC . Xét tr giac ABHD, ta co:
2 AB//DH

— Tt giac ABHD 12 hinh binh hanh = HB = DA. Ta c¢:
\W—E\ =\W—%\ @\W+@\:\W+%\ N \m\:\m\ < MB=MC.
Suy ra tap hop cac diém M thoa mén ding thire vecto 1a duong trung truc cua doan thang BC.
Cho tam gide ABC. Tim tap hop diém M thoa man [MA - 2MB +3MC| = 2|MB - MC|.
Loi giai

LAy diém | théa man hé thic IA—21B+3IC =0. Hé thuc tré thanh

(ﬁ+ﬁ)+2(ﬁ—ﬁ)=6 <2ID+2BC=0 <> DI =CB.

Hé thirc chting to 1 1a diém cé dinh.

Ta c6 bién ddi:

MA—2MB +3MC = (MI +1A)=2(MI +IB)+3(MI +IC ) = 2MI +(1A-21B+3IC ) = 2MI .
Gia thiét cua bai toan trg thanh [2MI| = 2|CB| < IM =BC.

Hé thtc ching t6 diém M thudc duong tron tim |, ban kinh R=BC.

Vay tap hop cac diém M can tim 12 dudng tron tdm | , ban kinh R=BC.
Cho ngii giac déu ABCDE. Tim tip hop cac diém M sao cho biéu thuc
T = 2|MA+ MB + MC| + 3|MD + ME| dat gia trj nho nhat
Loi giai
Goi P 14 trong tam tam giac ABC va Q Ia trung diém ctia doan thang DE . Tir gia thiét ta

thdy P va Q 1a cac diém cb dinh.
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Khi d6: MA+MB+MC =3MP va MD + ME =2MQ.

Tir gi4 thiét ta duge: T = 2\M—A+W +W\+3\W+ W\ = 2‘3W‘+3.‘2M—Q‘ hay
T =6MP +6MQ = 6(MP + MQ) > 6PQ. Dau béng xdy ra khi va chi khi M thudc doan PQ.

Do d6 gia tri ctia biéu thirc trén nho nhit bang 6PQ véi P 1a trong tAm tam gidc ABC va Q la
trung diém cuia doan thang DE . Dang thirc xay ra khi va chi khi M thudc doan PQ.

Vay tap hop cac diém M can tim 13 doan thing PQ.
Cau 125: Cho hai diém A, B phan biét cd dinh. Tim tap hop diém M thoa man diéu kién
[MA - 3MB| = 2|MA- MB].
Loi giai

Goi | la diém théa min diéu kien 1A—3IB=0. Khi d6 | 1a diém cé dinh nhu hinh v&:

B A

Tu ‘W—BW‘= Z‘W—W‘ ta suy ra:
[MI -+ 1A—3MI —3IB| = 2|BA| :>‘—2W+(FA—3@)‘=ZBA — 2MI = 2BA = MI = BA.

Vay tap hop diém M 1a dudng tron (C) 6 tam | , ban kinh bang d¢ dai doan thang AB .

Céu 126: Cho tam giac ABC . Tim tap hop cac diém M sao cho MA+ MB +M—C‘ = g‘m +M—C‘ .
Loi giai
Goi G latrong tam AABC, ta co: MA+MB +MC =3MG.

Goi J trung diém BC, suy ra: MB+MC =2MJ .
Do dé W+W+W\=2\W+W\ < 3|MG|=3[MJ| = MG =MJ .

Vay tap hop cac diém M can tim chinh 1a duong trung truc doan GJ .
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Cau 127:

Cau 128:

Cho tt gidc ABCD. Véisd k tuy ¥, 1dy cac diém M va N saocho AM =kAB va DN =kDC
. Tim tap hop céc trung diém | cua doan thaing MN khi k thay dbi.
Léi giai

Goi 0,0’ lan luot 14 trung diém cia AD va BC, ta co: 00’ = %(ﬁ-i-ﬁf) :
Vi O va | lan luot 13 trung diém cia AD va MN nén
Of =~ (AM +DN) =X (AB+DC) = k00"
2 2
Suy ra O, 1,0’ thang hang.
Vay, khi k thay ddi, tap hop cac diém 1 1a duong thang OO’ .
Cho hinh thoi ABCD cb dinh tam O, canh biang a. Goi | la trung diém cia doan DO . Tim
tap hop diém M théa man diéu kién: W+W+W+W‘ = 4|m+ E‘
Loi gidi

Goi diém N saocho NA+ID=0

Khi d6 ta c6 MA+MB +MC + MD = 4MO + OA+OB +OC + 0D = 4MO
Vi ABCD Ia hinh thoi suy ra OA+0OB+0C +0D =0
Taco W+E=W+M+E=W

Turlva2suyra m+m+M—C+W‘:4‘m+ﬁ‘®‘M—O‘:‘W‘
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Suy ra tap hop diém M 1a duong trung truc cia doan ON .

Cau 129: Cho tam giac ABC. Tim tajp hop diém M sao cho biéu thac
T :‘4‘W\+W+WC‘—3‘W+3WH dat gia tri 1on nhét.

Léi gii

C

Goi G la trong tam cua tam giac ABC, ta c6: MA+MB+MC =3MG
Goi D la diém théa man DB =-3DA, tacé DB =-3DA <> MB+3MA=4MD.
Ta duoc T =[4[MA+ ME + MC|- 3|MB + 3VIA| =[12|MG| -12|MD| =12|MG - MD| <12GD .
Déau bang xay ra khi M nam trén duong thang GD.

Cau 130: Cho tir gidc ABCD. Hai diém M, N lan luot thay doi trén cac canh AB va CD sao cho
AM CN

2B D’ Tim tap hop trung diém | caa doan MN .

Loi giai

Tir gia thiét dat AM_CN o vsi o<k <1,
AB CD

Vidiém M thudc canh AB, diém N thudc canh CD nén AM =kAB va CN =kCD.

Goi P, Q lan luot 1a trung diém cta cac doan AC va BD. Ta co:
re g A A,“%]_‘,‘,‘%]_‘,‘,
Véi diém O bét ki thi O =§(0|v| +ON) va OP=§(OA+OC).
Trur theo vé cua cho ta duoc:
Of ~OF = >(OM ~OA+ON -0C) & PT =(AM +CN).
2 2

Tuong tu ta ching minh duoc @ = %(ﬁ + Cﬁ) .
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Tu, v AM =KAB, CN =KCD suy ra Pi =Z(KAB +kCB) - % (AB+CB) = kPQ.

He¢ thiee Pl =kPQ vé6i 0<k <1 chimg t6 ba diém P, | va Q thing hang va diém | thudc
doan thang PQ.

Vay tap hop cac diém | 13 trung diém cia doan MN 14 doan thing PQ véi P, Q lan luot 1a
trung diém cia cac doan AC va BD.

Caul131:Cho AABC ¢6 M 1a trung diém canh BC. Tim tip hop diém | thoa:
IA+(1-k)IB=AB+kAC,keR.
Loi giai

Taco: IA+(1-k)1B=AB+kAC < IA+(L-k)(IA+AB)=AB+kAC

< 1A+ (1-K)IA+(1-k)AB = AB+kAC < (2-k)IA=kAB+kAC

< (2-K)IA=2kAM < (k—2)Al = 2kAM
+) Véi k=2=0-Al =4AM < AM =0 = khong c6 diém | thoa d& bai hay tap hop diém
| 1atap rong.

+) Vi k¢2:>ﬁ:£m Vi i=2+i¢2,Vk7’&2 va phuong trinh
k-2 k-2 k-2

,Vm=2.,

2+i=m:>k=2+
k-2 m-—2

Nghia Ia ka

5 co tap gia tri la R\{2}.

Vay, khi k = 2, tap hop diém | 1a duong thing AM bo di diém 1, ma Al, = 2AM .

Cau 132: Hai ngudi cing kéo mot con thuyén vai hai lyc El =0A Ez —0B ¢6d6 lon bang nhau va bang

100N . Cho biét goc giita hai vecto 1a 60°. Tim dd 16n cta vecto hop luc F 1a téng cua hai lec

F ova F,

Léi giai

Theo quy tic hinh binh hanh, suy ra F, +F, =OC , nhu hinh v&.
Ta c6 AOB =60°, OA=0B =100, nén tam gisc OAB déu, suy ra OC =100+/3 .
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Vay |F, +F;|=[0C|=100v3(N).

Céu 133: Mot chiée thuyén duoc kéo vao bd bai 2 day thimg.

| /124'255 N

30°

DPé ¢ duoc luc kéo 255 N, thi d6 16n cua luc kéo & moi day thirng 1a bao nhiéu?
Loi giai
Biéu dién luc kéo la vector AC va hai Iic thanh phan 1a cac vector AB, AD, ta c6 hinh binh

hanh ABCD va cac goc duoc thé hién nhu trén hinh sau.

A D

Xét AABC, taco: AC =255;BAC =20°; BCA=CAD =30°; ABC =130°.

Apdungdinhlisintaduqc: _AB = _AC = _BC .
sin30° sin130° sin 20°

Suy ra: AB = AC?.sm 30 _ 25.5.Sln 30 ~166,439
sin130° sin130°

C_ A(.:.sm 20 _ 25§.S|n 20 ~113.9.
sin130° sin130°

Vay do 16n cua lyc kéo trén 2 day thurng lan luot 13: 166,4 N va 113,9 N.

CAu 134: Mot con lac don dang dung yén tai vi tri can bang M . Thuc tap vién tac dung mot luc F lén
con lic dua né dén vi tri | va giit yén nhu hinh vé.
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Cau 135:
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LLLLLy

T

2

P

Biét rang con lc dang chiu tac dong cua luc cang day T ¢ cuong dd 40N | trong luc P va

luc tac dung F. Hay xac dinh cuong do cua lyc F?
Loi giai

Giasit P=1IA; F = 1B ¢6 hop luc szﬁ, luc cang day T=IN.

Piat x, x>0 1a cudng d6 cua luc F, donvi N .

LLLL L/
(0]
N
T
| = 5
® R
M P
A C

D& thay 10OM = ICB suy ra ICB =30°.

Ma ICB =CIA nén CIA=30°.

AC
sin 30°

Taco AC=IB=x=IC= =2X.

Do con l4c dung yén tai | nén luc cing ddy T c6 ciing cudng do vé6i hop luc F .

Nén 2x =40 < x=20.

Vay cudng do cua luc tac dung F bing 20N .

Mot toa xe hanh 1y dang duogc kéo vai mot luc V Vi do 16n 780N va tao voi huéng chuyén

dong mot goc 60°. Phan tich V' theo hai luc thanh phan ¢6 phwong ngang va phuong thang ding

va tim do lon cua hai luc doé.
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e —

L i

= — = 750

Lai gidi

Xét hé truc toa do Oxy nhu hinh v& véi OB =V va (Ox;OB) = 60°.

y

o

Trén truc OX xéc dinh diém A sao cho tam giac OAB vuong tai A. Khi do, ta co
OB =|V| =780, OA=0B"cos AOB =780-C0560° =390 va AB=0B"sin AOB =780-5in60°

—390+/3.
Hon nita, theo quy tic ba diém ta c6 OB = OA+ AB.

Nhu vy, véi hai luc U va W sao cho \U\ = 0A, y\ﬁ\ = AB thitaco V=U+W .
Vay phan tich luc V' theo hai luc thanh phan 1a U va W véi \U \ =390 N, y\Tv\ =39043 N.

Céu 136: Hinh v& bén mo ta mot khuc song co doan hep va doan rong, cu thé: AA =380m mét,
BB'=420m, MN =20m, AM =80m, NB=60m. Van tdc dong chay trén doan hep va trén
doan rong lan lugt 13 20 mét/phit (m/ p)va 10(m/ p). Mot chiéc thuyén xuét phat tir A Véi

van téc khong doi c6 phuong vudng goc véi dong chay va di dén B'.
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B'H
A-J
Chiéu dong chay
AR |'\:1_
NE B
Tinh quang duong thuyén da di.
Loi giai
J B’
-
Al
T T
xE— Y
vy <
Chiéu déng chay
Tl 4T
Al — M 1
v ! 1
2 M B

Quié trinh di chuyén, thuyén phai di qua diém X trén duong thing MN . Goi v 1a vec to van
téc cua thuyén.

Goi V1 1a vec to van téc thuc té cua thuyén trén doan hep va V2 1a vec to van tdc cua dong chay

trén doan nay, ta c6 Vi =V+V>.

Goi Vs 1a vec to van téc thuc té cua thuyén trén doan rong va Vs la vec to van tdc cua dong

chay trén doan nay, ta c6 V3 =V+Vas.
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Cau 137:

M, ‘Vl‘, ‘vg‘ c6 don vi la m/p.

Do ‘\72‘ =20m/p va AM =80m nén thoi gian thuyén di quing duong AX béng thoi gian nudc

chay tir vi tri A dén vi tri M va bang 4 phit.

Do ‘\74‘ =10m/p va NB =60m nén thoi gian thuyén thyuc hién quing duong XB'bang thoi

gian nu6ce chay tir vi tri N dén vi tri B van bang 6 phut.

Tir day c6 4‘\7‘+6M= AJ =400m=>v=40m/p.

AX =+/807 +160°
XB' = /602 + 2402

Quing duong thuyén di dugc 1a S = AX + XB' voi {

— S =80+/5 + 6017 ~ 426,27m.

MGt chat diém & vi tri diém O chiu tac dong bai ba luc: ‘Ifl‘: 6N, ‘Ifz‘ = 4N, ‘E‘: 24BN , goc

tao bai phuong cua hai vecto El va E 1a o =60°,. Hoi chat diém trén phai chiu tac dong tong
luc 1a bao nhiéu Newton?
F F

- £ =

A

()

A\
Fy\

Léi gidi

Ta dyng hinh binh hanh OABC, suy ra OB = F, +F, . Tuong tu, ta dung hinh binh hanh

ODEB, suy ra OE = El + Ez + E3 . Lyc tac dong 1én chat diém O 1a do 16n cua vecto OE .

Dung tam giac OGC vuong tai G, ta co:

COSaZ%:OG =0C.cosa =+/5N . Suy ra FC =+/5N .OF =+/15N

CE=CB-EB=0OA-OD=2N, FE=FC+CE=+5+2(N)

Do d6, OF =VOF? + FE? = [15+(2+5) =+/24+4J5 (N).
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Vay, vat chiu tac dong mot luc c6 do lon 1a y24+44/5 (N).

Cau 138: Hai luc El, EZ clng tac dong vao mot vat tai diém M lan luot c6 cudng d6 30N va 40N va

goc tao boi hai lyc 1a o . Tim s6 do goc «a dé cuong do luc téng hop cua hai lyc 1a 16n nhat, khi
d6 hay tim cuong do luc téng hop cua hai luc do.

Tir diém M, dung céc vée-to MA=F,,MB = F,

suy ra F,+F, =MC v6i MACB 14 hinh binh hanh va AMB =a hay MBC =180° -«

Ap dung dinh 1i cosin cho tam giac MBC , ta ¢

[F+F|=MC= JMB? +BC? —2.MB.BC.cos MBC = \/‘Elr +|E2‘2 - 2[R [F]-cos (180° - )
Suy ra |F; + F,| 16n nhat khi cos(180° - &) = -1 & =0°

Hay hai vécto El, EZ cung huong.

Khi do [, +F,| = /30° +40° ~2.30.40.(~1) = 70N .

Céu 139: Treo mot vat vao diém chinh giita cia day thép AB. Khdi lugng cua vat 1a Skg. Biét
AB =4m, CD =20cm. Tinh lyc kéo mdi nira soi day.

Léi gidi
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Cau 140:

Vit tac dung 1én didm D mét luc chinh bang trong luong cua vat 1a P

Ta phén tich P thanh 2 luc thanh phan F;F, , hai lyc nay c6 tac dung lam cing day DA va
day DB. Do diém dit cia trong luc P & trung diém cua diy AB va phuong P thing ding

nén ta co ‘El‘ =‘€‘ =F.
V& hinh thoi c6 2 canh 1a d6 16n cia F,;F, va \E\ -P

Tacd: P=2Fsina=2FsinCBD.

vasncep_CP___ €D 02 _ 02
BD CD?+CB® /0,2°+2> /4,04
Vaytaco F=— " mg __ 510 o104,

2sinCBD  2sinCBD  2.sinCBD

Mot gia d& hinh tam dwgc gan vao tuong nhy hinh v&. Tam giac ABC vudng can tai B . Nguoi
ta treo vao diém A mot vat ngng 10 (N ). Tinh do 16n cia cac luc tic dong vao tuong tai B va

C.

B A
10N
C
Loi giai
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Cau 141:

"l

|

Hg chat diém can bing nén Fy +(-F; )+P = 0 < F =-P = |F|=|P|=10(N).

Tam giac ABC vudng can tai B suy ra:

o ~[Fel-F P00
F -

-F|=|F ¥z =[P V2 =102 (n)

Mot ngudi chéo thuyén mudn bing qua con kénh rong 3 km va mudn ghé vao bo tai vi tri cach
diém xuat phat 2 km vé phia thuong ngudn. Van tdc dong nude 1a 3,5 km/h va van téc cua thuyén
1a 13 km/h.

a) Nguoi 4y nén 1ai theo hudng nao?

b) Chuyén di s& kéo dai bao lau?

Lai gidi

Thugng nguén
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a) Giasir A la diém xuat phat, C 1a diém can dén, B 1a diém bén kia bd song ngang véi Vi tri
XUt phat.

Goi v 1a van toc caa thuyén. Vector van téc duoc phan tich thanh 2 thanh phan: phan tha nhat
theo phuong vudng goc vaéi bo song co do lon v, phan thir hai theo phuong song song véi bd

song c6 d¢ lon v,. Diéu kign: v, >0, v, > 0. Don vi: km/h.

Taco: v +V2 =v’ =169,

Thoi gian tinh theo phuong AB la t= 3 .
V.

1

Vi thuyén di 1én thuong ngudn nén van tdc theo phuong BC 1a v, —3,5.

Thoi gian tinh theo phuong BC la t = 2 :
v,-3,5
Ta co 2__3 =V, =1,5v, —5,25. Thay vao ta dugc (1,5v, -5, 25)2 +Vv7 =169
v,-35 v

< 3,25v; —15,75v, -141,4375=0 =V, ~9,4509.

Goi a la goc giita hudng di cua thuyén va bo song.

V.
Tacod COSa =—2 = o ~ 43,365°.
Vv

Viy nguoi d6 1ai thuyén theo huéng tao véi bo song mot goc 43,365°.

b) Thoi gian cua chuyén dila t = ~ 0,336 gio =20,160 phat.

V, =9,
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